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Nearly fifty years ago an American critic, reviews Qe first 
volume (1888) of Lie’s Theorie der Transformationsgru pen, set 
his own pace (and ours) in the following rem: 


\ 
‘There is probably no other science which press uch different appear- 
ances to one who cultivates it and one who does as mathematics. To [the 
noncultivator] it is ancient, venerable, and coi a body of dry, irrefutable, 


unambiguous reasoning. To the mathemati n the other hand, his science 
is yet in the purple bloom of vigorou: math, everywhere stretching out 
after the “attainable but unattained,”sand full of the excitement of nascent 
thoughts; its logic is beset with aml ies, and its analytic processes, like 
Bunyan’s road, have a quagmire ofl-ene side and a deep ditch on the other, 
and branch off into innumerable By-paths that end in a wilderness,* 


Once we ventur yond the rudiments, we may agree that 
those who cultiva ‘athematics have more interesting things to 
say than those erely venerate. Accordingly, we shall follow 
the cultivato: their explorations of a Bunyan’s road through 
the development of mathematics. If occasionally we have no 
eyes for, purple bloom, it will be because we shail need all our 
faculties to avoid falling into the ditch or wandering off into a 
wii ess of trivialities that might be mistaken for mathematics 
or ff its history. And we shall leave to antiquarians the difficult 
and delicate task of restoring the roses to the cheeks of mathe- 
matical mummies. 

The course chosen in the following chapters was determined 
by two factors. The first was the request from numerous corre- 
spondents, principally students and instructors, for a broad 
account of the general development of mathematics, with par- 


+ C,H. Chapman, Bulletin of the New York Mathematical Society, 2, 1892, 61. 
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ticular reference to the main concepts and methods that have, 
in some measure, survived. The second was personal association 
for several years with creative mathematicians in both the pure 
and the applied divisions. . 

Not a history of the traditional kind, but a narrative of the 
decisive epochs in the development of mathematics was wanted. 
A large majority asked for technical hints, where possible with- 
out too great detail, why certain things continue to interest 
mathematicians, technologists, and scientists, while others are 
ignored or dismissed as being no longer vital. Many who planned 


to end their mathematical education with the calcul Or even 
in some instances earlier, wished to be shown sométhing of the 
general development of mathematics beyond. outstanding 


landmark of seventeenth-century thought, asert’of a civilized 
education. Those intending to contac mathematics or 
science or technology also asked for a RSF general treatment 
with technical hints. They gave tw ditional reasons, the 
second of singular interest to an essed teacher. They be~ 
lieved that a survey of the main directions along which living 
mathematics has developed would enable them to decide more 
intelligently in what particular field of mathematics, if any, they 
might find a lasting satisigetion. 


The second reatongd their request was characteristic of a 


generation that has gtown rather tired of being told what to 
think and Thome spect. These candid young critics of their 
would-be educatots hoped that a cursory personal inspection of 
the land promjsed them, even from afar off, would enable them 
to resist t landishments of persuasive ‘subdividers’ bent on 
selling Own tracts to the inexperienced. We seem to have 
come along way since 1873, when that erudite English historian 
of hematics and indefatigable manufacturer of drier-than- 
college textbooks, Isaac Todhunter (1820-1884), counseled 
eck docility, sustained by an avid credulity, as the path of 
intellectual rectitude: 


If he [a student of mathematics 
tutor, probably {in Todhunter’: 
knowledge, recognized ‘ability 
irrational, and manifests a want 
fatal to his success in that bra 
cultivating. 


] does not believe the statements of his 
's day at Cambridge] a clergyman of mature 
and blameless character—his suspicion is 
of the power of ap, preciating evidence, a want 
inch of science which he is supposed to be 


Be the wisdom of Todhunter’s 


e th admonition what it may, it is 
astonishing how few students entering serious work in mathe- 


TO ANY PROSPECTIVE READER vii 


matics or its applications have even the vaguest idea of the 
highways, the pitfalls, and the blind alleys ahead of them. 
Consequently, it is the easiest thing in the world for an enthusi- 
astic teacher, “of mature knowledge, recognized ability and 
blameless character,” to sell his misguided pupils a subject that 
has been dead for forty or a hundred years, under the sincere 
delusion that he is disciplining their minds. With only the 
briefest glimpse of what mathematics in this twentieth century 
—not in 2100 s.c.—is about, any student of normal intelligence 
should be able to distinguish between live teaching and déa 
mathematics. He will then be less likely than his confidi g)som- 
panion to drown in the ditch or perish in the wilderne x 
Many asked for some reference to the social impye tions of 
mathematics. A classic strategy in mathematics is-fhe reduction 
of an unsolved problem to dne already solved. Ingééms plausible 
that more than half ‘the problem of math cs and society 
is reducible to that of the physical scienpga tnd society. There 
being as yet no widely accepted solution OF the latter problem, 
we shall Jeave the former with the r tion indicated. Anyone 
will thus be able to reach his own cenefusions from that solution 
of the scientific problem im gee exon Proposed solutions 


range from Platonic realism e extreme to Marxian deter- 
minism at the other. Occasjohal remarks may suggest an inquiry 
into the equally difficult tion of what part civilization, with 
its neuroses, its war its national jealousies, has played in 
mathematics. Thes eS es may be of interest to those intending 
to make mathe! its their lifework. Incidentally, in this con- 
nection, I was that I might write for adults. Chronological 
age is not cay may a measure of adulthood; a first-year student 


in a univérsity may be less infantile, in everything but mathe- 
matics, than the distinguished savant lecturing at him. 

copics selected for description were chosen after con- 
a) fon with numerous professionals who know from hard 
pefgonal experience what mathematical invention means. On 
their advice, only main trends of the past six thousand years are 
considered, and these are presented only through typical major 
episodes in each. As might be anticipated by any worker in 
mathematics, the conclusions reached by following such advice 
differ occasionally from those hallowed by the purely historical 
tradition. Wherever this is so, references to other accounts will 
enable ‘any reader to form his own opinion. There are no abso- 
Lutes (except possibly this) in mathematics or in its history. 
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Most of the differences reflect two possible and sometimes 
divergent readings of mathematical evolution. Whoever has him- 
self attempted to advance mathematics is inclined to be more 
skeptical than the average spectator toward any alleged antici- 
pation of notable progress. From his own experience and that 
of others still living, the professional mathematician suspects 
that often what looks like an anticipation after the advance was 
made was not even aimed in the right direction. From many a 
current instance, he knows further that when at length progress 
started, it proceeded along lines totally different from those 
which, in retrospect, it ‘should’ have followed. YY 

Nothing is easier, on the other hand, than to fit céptively 
smooth curve to the discontinuities of mathem: invention, 
Everything then appears as an orderly pro ion from the 
Egypt of 4000 s.c. and the Babylon of 2000 o the Gottingen 
of 1934 and the U.S.A. of 1945, with ieri, for instance, 
indistinguishable from Newton in hia eighborhood of the 
calculus, or Lagrange from Fourier that of trigonometric 
series, or Bhaskara from Lagrangs m the region of Fermat’s 
equation. Professional historia ay sometimes be inclined to 
overemphasize the smoothaegg pt the curve; professional mathe- 
maticians, mindful of ic Scary part played in geometry by 
the singularities of curyes}attend to the discontinuities. This is 
the origin of most differences of opinion between the majority 
of those who oee mathematics and the majority of those 
who do not. T' Nich differences should exist is no disaster. 
Dissent is gi r the souls of all concerned. 

No apo need be tendered the thousands of dead and 
living mathematicians whose names are not mentioned. Only a 
meani 8 catalogue could have cited a tenth of those who have 

mathematics. Nor, when between 4,000 and 5,000 
8 and books devoted to mathematical research—the cre- 
n of new mathematics—are being published every 365 days, 

g there any point in attempting to minimize the omission of 
certain topics that have interested, and may still interest, 
hundreds of these unnamed thousands. However, what a suffi- 
cient number of competent men consider the vital things are at 
least mentioned. Anyone desirous of following the detailed his- 
tory of certain major developments will find the technical 
meee pea topics, waite by mathematicians formathe- 
technical ‘histories tnd oo kandi ee caine 

ndreds of pages, a few to thou- 
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sands; they refer to the labors of thousands of men, most of 
whom are all but completely forgotten. Yet, like the tiny crea- 
tures whose empty frames survive in massive coral reefs that can 
wreck a battleship, these hordes of all but anonymous mathe- 
maticians have left something in the structure of mathematics 
more durable than their own brief and commonplace lives. 

As to the mechanical features of the book, the inevitable foot~ 
notes have been kept to a minimum by the simple expedient of 
throwing hundreds away. Some direct those seeking furth 
information on the relevant mathematics to works by create’ 
mathematicians. Other things being equal, preference is-giyen 
works containing extensive bibliographies compiled by; rts 
having firsthand knowledge of the subjects treated. BEN SD 
number indicates a footnote; all are collected for eas’ nce just 
before the index, All should be ignored till a possi x turn to some 
point. SY 

The index wil! be found helpful. M apg anitials and dates 
(except a very few, unobtainable with ytiuindue labor), seldom 
repeated in the text, are given in the x; cross references to 
definitions, etc., are avoided by th ie means. 

Nationalities are stated; if m@re than one country has a 
claim to some man, the place where he did most of his work is 
given, On a previous tr it Men of mathematics, Simon & 


Schuster, New York, 19, I almost precipitated an inter~ 
national incident by a Pole a Russian. I trust that few 
such disastrous bivade will be found here. The book mentioned 
contains full-len; 29 iographies of about thirty-five leading 
mathematicians ofthe past. 

Dates text appended to mathematical events serve 
two mapa first of which is obvious. The second is to 
avoid elaborate references. The date, if later than 1636 and 
sariegyra 1868, will usually enable anyone seriously interested 
to e the matter concerned in the collected works of the 
authdr cited; if later than 1867, and whether or not collected 
works are available, the exact reference, with a concise abstract 
of the work, is given in the annual Jahrbuch tiber die Fortschritte 
der Mathematik. For the period beginning in 1931, the Zentralblatt 
fiir Mathematik und ihre Grenzgebicte serves the same purpose. 
The American Mathematical Reviews, 1940-, is of the same 
general character as the German abstract journals. Compara- 
tively scarce early periodicals, likely to be found only in specialized 
libraries, are not cited, although they were frequently con- 
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sulted. This omission may be partly compensated by tefer- 
ring to the German and French mathematical encyclopedias 
listed in the notes. Other references to sources before 1637 are 
‘iven in the proper places. 
is For the period before 1637, the works of professional his- 
torians of mathematics have been used for some matters on 
which the historians are in approximate agreement among them- 
selves, Theirs is a difficult and exacting pursuit; and if con-~ 
troversies over the trivia of mathematics, of but slight interest 
to either students or professionals, absorb a considerab; rt of 
their energies, the residue of apparently sound factsno doubt 
justifies the inordinate expense of obtaining it. Without the 
devoted labors of these scholars, mathematici: eAwould know 
next to nothing, and perhaps care less, abou’ first faltering 
steps of their science. Indeed, an eminen Regrich analyst of the 
twentieth century declared that neithe: nor any but one or 
two of his fellow professionals had t ightest interest in the 
history of mathematics as conceiy, i. istorians. He amplified 
his statement by observing that theonly history of mathematics 
that means anything to a mathematician is the thousands of 
technical papers cramming the journals devoted exclusively to 
mathematical research. e, he averred, are the true history 
of mathematics, and geonly one either possible or profitable 
to write. nda ae am not attempting to write a history 
of mathematics; The e only to encourage some to go on, and 
decide for ba ie whether the French analyst was right. 
Preferen «has been given in citing purely historical refer- 
in English, French, or German, as these are the 
ges of which those interested in mathematics are 
"to have an adequate reading knowledge. For those 
ly interested in geometry, Italian also is necessary. 


n historical works are included in the bibliographical 
aterial of the histories listed, 


pportunity to do something a little off 
the beaten track to show prospective readers how the mathe- 
Matics familiar to them got where it is, and where it ig going 
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from there. I trust that students will tolerate the departure from 
the traditional textbook. For one thing, at any rate, the more 
sensible should be grateful: only the most ingenious instructor 
could set an examination on the book. 

It has, unhappily, been necessary in writing the book to 
consider many things besides the masterpieces of mathematics. 
Rising from a protracted and not always pleasant session with 
the works of bickering historians, scholarly pedants, and con- 
tentious mathematicians, often savagely contradicting or me 
disparaging one another, I pass on, for what it may be worth, 
the principal thing I have learned to appreciate as neve: ou Te. 
It is contained in Buddha’s last injunction to his folldwers: 

Believe nothing on hearsay. Do not believe in traditvons because 
they are old, or in anything on the mere authority, yself orany 
other teacher. 


S E. T. Ber, 


Nore To THE seco Porro 
About fifty pages of new matérial have been added in this 
edition. The additions include erous short amplifications of 
miscellaneous topics from G mathematics to mathematical 
logic, with longer notes on-gymbolism, algebraic and differential 
geometry, lattices, and r subjects in which there have been 
striking recent advagé os 


E. T. Brew. 
Catrrornta Instirypi-Or Tecunotocy, 
Pasapena, C. iia, 
July, 194, 
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The Development 
of Mathematics 


CHAPTER 1 


General Prospectus 


=~ 
S 

In all historic times all civilized peoples hay Sttiven toward 
mathematics. The prehistoric origins are as HS rable as those 


of language and art, and even the ot pat beginnings can only 
be conjectured from the behavior of _ cadtine peoples today. 


Whatever its source, mathematics has ¢ down to the present 
by the two main streams of numberand form. The first carried 
along arithmetic and algebra, the d, geometry, In the seven- 
teenth century these two uni forming the ever-broadening 
river of mathematical analy » We shall look back in the 
following chapters on thig’g! eat river of intellectual progress 
and, in the SERGE «pi menal of time, endeavor to see the 
more outstanding of. ¢ elements in the general advance from 
the past to the p ot which have endured. 

‘Form,’ it ma@yWe noted here to prevent a possible misappre- 
hension at the @vtset, has long been understood mathematically 
in a sense méré general than that associated with the shapes of 
plane fig @Pand solid bodies. The older, geometrical meaning is 


still p nt. The newer refers to the structure of mathematical 
tel and theories. It developed, not from a study of spacial 
fornivas such, but from an analysis of the proofs occurring in 
geometry, algebra, and other divisions of mathematics. 
Awareness of number and spacial form is not an exclusively 
human privilege. Several of the higher animals exhibit a rudi- 
mentary sense of number, while others approach genius in their 
mastery of form. Thus a certain cat made no objection when she 
was relieved of two of her six kittens, but was plainly distressed 
when she was deprived of three. She was relatively as advanced 


arithmetically as the savages of an Amazon tribe who can count 
3 
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up to two, but who confuse all greater numbers in a nebulou 
‘many.’ ; 

Again, the intellectual rats that find their way through thi 
mazes devised by psychologists are passing difficult examination 
in topology. At the human level, a classic puzzle which usually 
suffices to show the highly intelligent the limitations of thei 
spacial intuition is that of constructing a surface with only on 


side and one boundary. 
Although human beings and the other animals sua on: 
8 it ha: 
on a fai 


common ground of mathematical sense, mathemati 
been understood for at least twenty-five centuri 
higher plane of intelligence. 


Necessity for proof; emergence of malidratcs 


Between the workable empiricism of rly land measurers 
who parceled out the fields of ancient pt and the geometry 
of the Greeks in the sixth century e Christ there is a great 
chasm, On the remoter side lies w] preceded mathematics, on 
the nearer, mathematics; and Reta is bridged by deductive 
reasoning applied conscious: id deliberately to the practical 
inductions of daily life. ut the strictest deductive proof 
from admitted assumptions, explicitly stated as such, mathe- 
matics does not exist, "Fhis does not deny that intuition, experi- 
ment, induction, plain guessing are important elements 
in mathematical Gd¥ention. It merely states the criterion by 
which the is product of all the guessing, by whatever name it 


be dignified udged to be or not to be mathematics, Thus, for 
example, seful rule, known to the ancient Babylonians, that 
the ar a rectangular field can be computed by ‘length times 


breadth,” may agree with experience to the utmost refinement of 
P. al measurement; but the rule is not a part of mathematics 


X It may be significant to record that this sharp distinction 
between mathematics and other sciences began to blur slightly 
under the sudden impact of a greatly accelerated applied mathe- 

> in the second world war. Semiempirical pro- 
d by their Pragmatic utility in 
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sciences. Others, of a more conservative persuasion, deplored 
the passing of the ideal of strict deduction, as a profitless con- 
fusion of a simple issue which had at last been clarified after 
several centuries of futile disputation. One fact, however, 
emerged from the difference of opinion: It is difficult, in modern 
warfare, to wreck, to maim, or to kill efficiently without a con- 
siderable expenditure of mathematics, much of which was 
designed originally for the development of those sciences and 
arts which create and conserve rather than destroy and Waste, 

It is not known where or when the distinction between indut 
tive inference—the summation of raw experience—and - 
tive proof from a set of postulates was first made, b GY was 
sharply recognized by the Greek mathematicians 
550 .c, As will appear later, there may be some: 
believing that the Egyptians and the Babylonia 
p.c, had recognized the necessity for ded e proof. For 
proof in even the rough and unready cal ions of daily life 
is indeed a necessity, as may be seen from he mensuration of 
rectangles, 

If a rectangle is 2 feet broad and¥-long, an easy proof sus~ 
tains the verdict of experience, fo d on direct measurement, 
that, the area is 6 square feet. But if the breadth is V2 and the 
length \3 feet, the area t be determined as before by 
cutting the rectangle intg@“Wnit squares; and it is a profoundly 
difficult problem to 18ge that the area is V6 feet, or even to 
give intelligible, u bs meanings to V2, V3, V6, and ‘area.’ 
By taking smallep\frd smaller squares as unit areas, closer and 
closer approximations to the area are obtained, but a barrier is 
soon reache beyond which direct measurement cannot proceed, 
This raises‘@’question of cardinal importance for a just under- 
standi the development of all mathematics, both pure and 
applied? 

Céntinuing with the 2 x V3 rectangle, we shall suppose 
that refined measurement has given 2.4494897 as the area. This 
is correct to the seventh decimal, but it is not right, because ‘V6, 
the exact area, is not expressible as a terminated decimal frac- 
tion. If seven-place accuracy is the utmost demanded, the area 
has been found. This degree of precision suffices for many 
practical applications, including precise surveying. But it is 
inadequate for others, such as some in the physical sciences and 
modern statistics. And before the seven-place approximation 
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can be used intelligently, its order of error must be ascertained. 
Direct measurement cannot enlighten us; for after a certain 
limit, quickly passed, all measurements blur in a common uncer- 
tainty. Some universal agreement on what is meant by the exact 
area must be reached before progress is possible. Experience, 
both practical and theoretical, has shown that a consistent and 
useful mensuration of rectangles is obtained when the rule 
‘length times breadth’ is deduced from postulates abstracted 
from a lower level of experience and accepted as valid. Thelast 
is the methodology of all mathematics, » 

Mathematicians insist on deductive proof for rActically 
workable rules obtained inductively because they. ose that 
analogies between phenomena at different levels, ‘experience. 
are not to be accepted at their face value. Dedi@tive reasoning 
is the only means yet devised for isolating amd’gkamining hidden 
assumptions, and for following the subtle impltations of hypoth- 
eses which may be less factual than theyseem. In its modern 
technical uses of the deductive meshefb mathematics employs 
much sharper tools than those of t ‘aditional logic inherited 
from ancient and medieval times,\ - 

Proof is insisted upon for er eminently practical reason. 
The difficult technology on ‘ay is likely to become the easy 
routine of tomorrow; a: vague guess about the order of 
magnitude of an unavaige le error in measurement is worthless 
in the technological Rrecision demanded by modern civilization. 
Working technol $ cannot be skilled mathematicians. But 
untess the rule: ¢ men apply in their technologies have been 
certified math@wratically and scientifically by competent experts, 
they are t angerous for use, 

TheteS still another important social reason for insistence 
on meee ‘atical demonstration, as may be seen again from the 
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parts of the physical sciences from which the industries of twenty 
or a hundred years hence may evolve. 

Now, contrary to what might be supposed, modern trigonom- 
etry did not develop in response to any practical need. Modern 
trigonometry is impossible without the calculus and the mathe- 
matics of V=1. To cite but one of the commoner applications, 
over a century and a half elapsed before this trigonometry 
became indispensable in the theory and practice of alternating 
currents, Long before anyone had dreamed of an electric dynamo, 
the necessary mathematics of dynamo design was available It 
had developed largely because the analysts of the ei nth 
century sought to understand mathematically the hat 
meager legacy of trigonometry bequeathed them byithe astron- 
omers of ancient Greece, the Hindus, and the mathématicians 
of Islam. Neither astronomy nor any other Ace of the eight- 
eenth century suggested the introduciN V=1, which 
completed trigonometry, as no such scienoss er made any use of 
the finished product. 

The importance of mathematicagidm Babylon and Egypt 
to the present, as the primary source workable approximations 
to the complexites of daily life iSgenerally appreciated. In fact, 
a mathematician might belie Nt is almost too generally appre- 
ciated, It has been preach the public, in school and out, by 
socially conscious educ Ors until almost anyone may be par- 
doned for believing Re he rule of life is rule of thumb. Because 
routine surveying, sayy’ requires only mediocre intelligence, and 
because surveyi eS a minor department of applied mathe- 
matics, theref nly that mathematics which can be manipu-~ 
lated by ratH@rordinary people is of any social value. But no 
growing my can be sustained by rule of thumb. If new 
application of a furiously expanding science are to be possible, 
ca and abstruse mathematical theories far beyond the 


c level must continue to be developed by those having the 
requisite talents. In this living mathematics it is imagination 
and rigorous proof which count, not the numerical accuracy of © 
the machine shop or the computing laboratory. 

A familiar example from common things will show the neces- 
sity for mathematics as distinguished from calculation. A 
nautical almanac is one of the indispensables of modern naviga- 
tion and hence of commerce. Machines are now commonly used 
for the heavy labor of computing. Ultimately the computations 
depend upon the motions of the planets, and these are calculated 
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from the infinite (non-terminating) series of numbers given by 
the Newtonian theory of gravitation. For the actual work of 
computation a machine is superior to any human brain; but no 
machine yet invented has had brains enough to reject nonsense 
fed into it. From a grotesquely absurd set of data the best of 
machines will return a final computation that looks as reasonable 
as any other. Unless the series used in dynamical astronomy 
converge to definite limiting numbers (asymptotic series also 
are used, but not properly divergent), it is futile to calculate by 
means of them. A table computed by properly divergent\series 
would be indistinguishable to the untrained eye from, by other; 
but the aviator trusting it for a flight from Boston toNew York 
might arrive at the North Pole. Despite its inefgant accuracy 
and attractive appearance, even the mosyphighly polished 
mechanism is no substitute for brains. ‘THe°research mathe- 
matician and the scientific engineer s: y the brains; the 
machine does the rest. 

Nobody with a grain of common Qe would demand a strict 
proof for every tentative appli n of complicated mathe- 
matics to new situations. Occ isl in problems of excessive 
difficulty, like some of those utclear physics, calculations are 
performed blindly withouttreference to mathematical validity; 
but even the boldest cailator trusts that his temerity will 
some day be certifie ionally. This is a task for the mathe- 
maticians, not Soy rests And if science is to be more than 
a midden of uagot ated facts, the task must be carried through. 


Coed Necessity for abstractness 


With “recognition that strict deductive reasoning has both 
practie@) and aesthetic values, mathematics began to emerge 
aN centuries before the Christian era. The emergence was 
c ete when human beings realized that common experience 

or complex for accurate description. 

Again it is not known when or where this conclusion was first 

‘ometers of the fourth century B.c. 
is shown by their work. Thus Euclid 


center, within the figure 
There is no record of 


I any such fi id’s ci 
having beet denen E Ly gure as Euclid’s circle ever 


any human being. Yet Euclid’s ideal 
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circle is not only that of school geometry, but is also the circle of 
the handbooks used by engineers in calculating the performance 
of machines. Euclid’s mathematical circle is the outcome of a 
deliberate simplification and abstraction of observed disks, like 
the full moon’s, which appear ‘circular’ to unaided vision. 

This abstracting of common experience is one of the principal 
sources of the utility of mathematics and the secret of its scien- 
tific power. The world that impinges on the senses of all but 
introverted solipsists is too intricate for any exact description yet 
imagined by human beings. By abstracting and simplifyii 
evidence of the senses, mathematics brings the worlds o! ence 
and daily life into focus with our myopic pane Ss and 
makes possible a rational description of our experiences which 
accords remarkably well with observation. 

Abstractness, sometimes hurled as a reproa at mathe- 
matics, is its chief glory and its surest titleNe”practical useful- 
ness. It is also the source of such beauties may spring from 
mathematics. \“ 


.°) 
History and ay 


In any account of the devel ent of mathematics there is a 
peculiar difficulty, exemplifi the two following assertions, 
about many statements concerning proof. 

(A) It is proved in osition 47, Book 1, of Euclid’s Ele- 
ments, that the squ qt the longest side of a right-angled tri- 
angle is equal to tl Nm of the squares on the other two sides 
(the so-called P. orean theorem). 

(B) Euclid@roved the Pythagorean theorem in Proposition 


47 of Book is Elements. 

In ore discourse, (4), (B) would usually be considered 
equivalent both true or both false. Here (4) is false and (B) 
true ra clear understanding of the development of mathe- 
mat is important to see that this distinction is not a quibble. 
It i also essential to recognize that comprehension here is more 
important than knowing the date (c. 330-320 n.c.) at which the 
Elements were written, or any other detail of equal antiquarian 
interest. In short, the crux of the matter is mathematics, which is 
at least as important as history, even in histories of mathematics. 

The statement (4) is false because the attempted proof in the 
Elements is invalid. The attempt is vitiated by tacit assumptions 
that Euclid ignored in laying down the postulates from which he 
undertook to deduce the theorems in his geometry, From those 
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same postulates it is easy to deduce, by irrefragable logic, spec 
tacularly paradoxical consequences, such as “‘all triangles are 
equilateral.” Thus when an eminent scholar of Greek mathe- 
matics asserts that owing to the “inerring logic” of the Greeks, 
“there has been no need to reconstruct, still less to reject as 
unsound, any essential part of their doctrine,” mathematicians 
must qualify assent by referring to the evidence. The “essential 
part of their doctrine” has indeed come down to us unchanged, 
that part being insistence on deductive proof. But in the specific 
instance of Euclid’s proofs, many have been demolished ail, 
and it would be easy to destroy more were it worth thettouble. 

The statement (B) is true because the validity, dfa proof is 
a function of time. The standard of mathematica of has risen 
steadily since 1821, and finality is no longer t or desired. 
In Euclid’s day, and for centuries there: , the attempted 
proof of the Pythagorean proposition satisfied all the current 
requirements of logical and mathematical’rigor. A sound proof 
today does not differ greatly i outward appearance from 
Euclid’s; but if we inspect the postahytes required to validate the 
proof, we notice several which Ruclid overlooked. A carefully 
taught child of fourteen todayan easily detect fatal omissions 
in many of the ay age. in elementary geometry accepted 
as sound less than fift ats ago. 


3 It is clear that ey ust have some convention regarding 
proof,’ Otherwis few historical statements about mathematics 


certain resul: 


as in (B), way 


professio; 


will have sl ig- Whenever in the sequel it is stated that a 


proved, this is to be understood for the sense 
ely, that the proof was accepted as valid by 
Dmathematicians at the time it was given. If, for 
is asserted that a work of Newton or of Euler contains 
he binomial theorem for exponents other than positive 
the (4) meaning, true for the 
t mathematicians gave in the 


Paragement of the great work of 
ee very defects have inspired work as 
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Failure to observe that mathematical validity depends upon 
its epoch may generate scholarly but vacuous disputes over 
historical minutiae. Thus a meticulous historian who asserts that 
the Greeks of Euclid’s time failed to solve quadratic equations 
by their geometric method because they ‘overlooked’ possible 
negative roots, to say nothing of imaginaries, himself overlooks 
one of the most interesting phenomena in the entire history of 
mathematics. 

Until positive rational fractions and negative numbers, were 
invented by mathematicians (or ‘discovered,’ if the inv: Wis 
happened to be Platonic realists), a quadratic equatiox ith 
rational integer coefficients had precisely one root, or(precisely 
two, or precisely none. A Babylonian of a sufficiently remote 
century who gave 4 as the root of x? = x + 12, solved his 
equation completely, because —3, which we nomsay is the other 
root, did not exist for him. Negative numbers were not in his 
number system, The successive enlarg ts of the number 
system necessary to provide all algel quations with roots 
equal in number to the respective di of the equations was 
one of the outstanding landmarks if mathematical progress, and 
it took about four thousand y: of civilized mathematics to 
establish it. The final necessazy*extension was delayed till the 
nineteenth century. “A 

An educated algebraist today, wishing to surpass the meticu- 
lous critic in pedant ould point out that “how many roots 
has x? =~?” is a\meaningless question until the domain in 
which the roots, Sie has been specified. If the domain is that 
of complex nu 8, this equation has precisely two roots, 0, 1. 
But if the d n is that of Boolean algebra, this same quadratic 
(since 18 as had ” roots where 2 is any integer equal to, or 
greater.than, 2. Boolean algebra, it may be remarked, is as legiti- 
mat province of algebra today as is the theory of quadratic 
fons in elementary schoolbooks. In short, criticizing our 
predecessors because they completely solved their problems 
within the limitations which they themselves. imposed is as 
pointless as deploring our own inability to imagine the mathe- 
matics of seven thousand years hence. 

Some of the most significant episodes in the entire history of 
mathematics will be missed unless this dependence of validity 
upon time is kept in mind as we proceed. In ancient Greece, for 
example, the entire development of by far the greater part of 
such Greek mathematics as is still of vital interest stems from 
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this fact. The discontinuities in the time curve of acceptable 
proof, where standards of rigor changed abruptly, are perhaps 
the points of greatest interest in the development of mathe- 
matics. The four most abrupt appear to have been in Greece in 
the fifth century 3.c., in Europe in the 1820’s and in the 1870's, 
and again in Europe in the twentieth century. 

None of this implies that mathematics is a shifting quicksand. 
Mathematics is as stable and as firmly grounded as anything in 
human experience, and far more so than most things. Enclid’s 
Proposition I, 47 stands, as it has stood for over 2,208y' ars, 
Under the proper assumptions it has been rigorously préyéd. Our 
successors may detect flaws in our reasoning an eate new 
mathematics in their efforts to construct a Prop satisfying to 
themselves. But unless the whole process of m: atical devel- 
opment suffers a violent mutation, ther l remain some 
proposition recognizably like that whickeSeclid proved in his 


generation, S) 
Not all of the mathematics of th t has survived, even in 
suitably modernized form. Much een discarded as trivial, 


inadequate, or cumbersome, an 


me has been buried as defi- 
nitely fallacious. There could 


io falser picture of mathematics 
than that of “the science whi€A has never had to retrace a step.” 


Tf that were true, mathentaiics would be the one perfect achieve- 
ment of a race admitted} incapable of perfection. Instead of this 
absurdity, we HAN deavor to portray mathematics as the 


constantly growi uman thing that it is, advancing in spite of 
its errors and ly because of them. 


& 
& Five streams 


E Qeture will be clearer if its main outlines are first roughly 
blog in and retained while details are being inspected, 
nto the two main streams of number and form flowed many 
tbutaries, At first mere trickles, some quickly swelled to the 
dignity of independent tivers. Two in particular influenced the 
whole course of mathematics from almost the earliest recorded 
history to the twentieth century. Counting by the natural num- 
bers 12,3, . 2% introduced mathematicians to the concept of 
discreteness, The invention of irrational numbers, such as v2, 
; 3, V6; attempts to compute plane areas bounded by curves or 
y incommensurable Straight lines; the like for surfaces and 


volumes; also a long struggle to give a coherent account of 
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motion, growth, and other sensually continuous change, forced 
mathematicians to invent the concept of continuity, 

The whole of mathematical history may be interpreted as a 
battle for supremacy between these two concepts. This conflict 
may be but an echo of the older strife so prominent in early Greek 
philosophy, the struggle of the One to subdue the Many. But the 
image of a battle is not wholly appropriate, in mathematics at 
least, as the continuous and the discrete have frequently helped 
one another to progress. Ss 

One type of mathematical mind prefers the problem, O- 

exes of 


ciated with continuity. Geometers, analysts, and a 
mathematics to science and technology are of this, e, The 
complementary type, preferring discreteness, takes turally to 
the theory of numbers in all its ramifications, tqélgebra, and to 
mathematical logic. No sharp line divides. two, and the 
master mathematicians have worked with et ease in both the 
continuous and the discrete. 2 

In addition to number, form, diggedeeness, and continuity, 
a fifth stream has been of capital i rtance in mathematical 


history, especially since the seven: century. As the sciences, 
beginning with astronomy and. neering in ancient times and 
ending with biology, psycholegy, and sociology in our own, be- 


demands on mathem 1 inventiveness, and were mainly 
responsible for a age art of the enormous expansion of all 
mathematics since; . Again, as industry and invention be- 
came increasin, entific after the industrial revolution of the 
late eighteent, oe) early nineteenth centuries, they too stimu- 


came more and more e¢: Sa they made constantly increasing 


lated math ‘ical creation, often posing problems beyond the 
existing rces of mathematics. A current instance is the 
proble: turbulent flow, of the first importance in aerody- 


namits.’Here, as in many similar situations, attempts to solve 
sentially new technological problem have led to further ex- 
pansions of pure mathematics. 


The time-scale 


It will be well to have some idea of the distribution of mathe- 
matics in time before looking at individual advances. 

The time curve of mathematical productivity is roughly 
similar to the exponential curve of biologic growth, starting to 
rise almost imperceptibly in the remote past and shooting up 
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with ever greater rapidity as the present is approached. The 
curve is by no means smooth; for, like art, mathematics has bad 
its depressions. There was a deep one in the Middle Ages, owing 
to the mathematical barbarism of Europe being only partly 
balanced by the Moslem civilization, itself (mathematically) a 
sharp recession from the great epoch (third century n.c.) of , 
Archimedes. But in spite of depressions, the general trend from 
the past to the present has been in the upward direction of a 
steady increase of valid mathematics, * 

We should not expect the curve for mathematics Plow 
those of other civilized activities, say art and music, igh Borely. 
Masterpieces of sculpture once shattered are difficult-to restore 
or even to remember. The greater ideas of mathefifatics survive 


and are carried along in the continual flow, pe ent additions 
immune to the accidents of fashion. Being-expressed in the one 
universally intelligible language as yet de by human beings, 


as those of literature are not. Who, y except a few scholars 
is interested or amused by the anci€it Egyptian novelette of the 
two thieves? And how many canmderstand hieroglyphics suf- 
ficiently to elicit from the y whatever significance it may 
once have had for a people.deai all of three thousand years? But 
tell any engineer, or an cschoolboy who has had some mensura- 
tion, the Egyptian r for the volume of a truncated square 
pyramid, and he Asst ecognize it instantly. Not only are the 
valid creations ofmathematics preserved; their mere presence in 


the stream gress induces new currents of mathematical 
thought. <> 


The 
measu th 
time Surve ri 

jnid on this question is nec 
ematical history as the 

any who hav 
beyond the calculus believe on 


the creations of mathematics are aoe ent of national taste, 


but reasonable a, i i 
‘Pportionment of the time- 
scale of mathematical development cuts all history into three 
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periods of unequal lengths. These may be called the remote, the 
middle, and the recent. The remote extends from the earliest 
times of which we have reliable knowledge to a.p. 1637, the mid- 
dle from 1638 to 1800. The recent period, that of modern mathe- 
matics as professionals today understand mathematics, extends 
from 1801 to the present. Some might prefer 1821 instead of 
1801. 

There are definite reasons for the precise dates. Geometry 
became analytic in 1637 with the publication of Descartes’ - 
terpiece, About half a century later the calculus of Newto, ei 
Leibniz, also the dynamics of Galileo and Newton, ay to 
become the common property of all creative math 
Leibniz certainly was competent to estimate the 
this advance. He is reported to have said that, of 
from the beginning of the world to the tim 
Newton had done was much the better half) 

The eighteenth century exploited the Methods of Descartes, 
Newton, and Leibniz in all departme: mathematics as they 
then existed. Perhaps the most signi: feature of this century 


iclans, 
hitude of 
athematics 
ewton, what 


-was the beginning of the abstract, completely general attack. 


Although adequate soalinition the power of the abstract 
method was delayed till the tw@htieth century, there are notable 
anticipations in Lagrange’a ¥ ork on algebraic equations and, 
above all, in his analytic@Mechanics. In the latter, a direct, uni- 
versal method unifi ‘SNchanics as it then was, and has re- 
mained to this day of the most powerful tools in the physical 
sciences. There vigh tothing like this before Lagrange. 

The last dats, 1801, marks the beginning of a new era of 
unpreceden’ nventiveness, opening with the publication of 
Gauss’ m, piece. The alternative, 1821, is the year in which 
Cauchy an the first satisfactory treatment of the differential 


and ral calculus. 
4 ‘one instance of the greatly accelerated productivity in the 
ninéteenth century, consequent to a thorough mastery and 


amplification of the methods devised in the middle period, an 
episode in the development of geometry is typical. Each of five 
men—Lobachewsky, Bolyai, Plicker, Riemann, Lie—invented 
as part of his lifework as much (or more) new geometry as was 
created by all the Greek mathematicians in the two or three 
centuries of their greatest activity. There are good grounds for 
the frequent assertion that the nineteenth century alone contrib- 
uted about five times as much to mathematics as had all pre- 


.o) 
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ceding history. This applies not only to quantity but, what is of 
incomparably greater importance, to power. . 

Granting that the mathematicians before the middle period 
may have encountered the difficulties attendant on all pioneer- 
ing, we need not magnify their great achievements to universe- 
filling proportions. It must be remembered that the advances of 
the recent period have swept up and included nearly all the valid 
mathematics that preceded 1800 as very special instances of 
general theories and methods. Of course nobody who works in 
mathematics believes that our age has reached the aes La- 
grange thought his had just before the great ouwJubst of the 
recent period. But this does not alter the fact th@® most of our 
predecessors did reach very definite ends, ase “too no doubt 
shall. Their limited methods precluded fur significant prog: 


ress, and it is possible, let us hope p le, that a century 
hence our own more powerful methods vil have given place to 
others yet more powerful. @ 

Seven ds 


A more conventional divigion of the time-scale separates all 
mathematical history into seven periods: 


(1) From the earliegtdimes to ancient Babylonia and Egypt, 
inclusive. 


(2) The Gree! tribution, about 600 B.c. to about A.D. 
300, the best bain n_the fourth and third centuries z.c. 
' (3) The oriental and Semitic peoples—Hindus, Chinese, Per- 
sians, Mos! a Jews, etc., partly before, partly after (2), and 
rope during the Renaissance and the Reformation, 


4 
cog) the fifteenth and sixteenth centuries. 
XS) The seventeenth and eighteenth centuries. 


Se (6) The nineteenth century, 


(7) The twentieth century. 
This division follows loosel: 
Western civilization 


Possibly (6), (7) are only one, although profoundly significant 


rtly after 1900. In the sequel, we 
have been the main contribution 
A few anticipatory remarks here 
seeing it for the first time. 

e Near East were more active than 
third of the seven periods, mathe- 


Although the peoples of the 
the Europeans during the 
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matics as it exists today is predominantly a product of Western 
civilization. Ancient advances in China, for example, either did 
not enter the general stream or did so by commerce not yet 
traced. Even such definite techniques as were devised either 
belong to the trivia of mathematics or were withheld from 
European mathematicians until long after their demonstrably 
independent invention in Europe. For example, Horner’s method 
for the numerical solution of equations may have been known to 
the Chinese, but Horner did not know that it was. And, as.a 
matter of fact, mathematics would not be much the pooreaif 
neither the Chinese nor Horner had ever hit on the meth 

European mathematics followed a course appr ately 
parallel to that of the general culture in the several\countries, 
‘Thus the narrowly practical civilization of ancie; ome con- 
tributed nothing to mathematics; when Italy ‘eat in art, it 
excelled in algebra; when the last surge of theFlizabethan age 
in England had spent itself, supremacy i thematics passed 
to Switzerland and France. Frequent tbwever, there were 


sporadic outbursts of isolated genius: olitically minor coun- 
tries, as in the independent creation of non-Euclidean geometry. 
in Hungary in the early nineteeg® century. Sudden upsurges 
of national vitality were occasipnally accompanied by increased 
mathematical activity, as int Napoleonic wars following the 
French Revolution, also in| A Germany after the disturbances of 
1848. But the ror Pot 1914-18 appears to have been a 
brake on ace SMprogress in Europe and to a lesser degree 
elsewhere, as sy, re the subsequent manifestations of na- 
tionalism in Ru Germany, and Italy. These events hastened 
the rapid re s which mathematics had been making since 
about 1891 ¢ United States of America, thrusting that coun- 
try into ahuding position. 
ee between mathematical excellence and bril- 
other aspects of general culture was sometimes negative. 
‘al instances might be given; the most important for the 
development of mathematics falls in the Middle Ages. When 
Gothic architecture and Christian civilization were at their 
zenith in the twelfth century (some would say in the thirteenth), 
European mathematics was just beginning the ascent from its 
nadir, It will be extremely interesting to historians eight cen- 
turies hence if it shall appear that the official disrepute into 
which mathematics and impartial science had fallen in certain 
European countries some years before the triumph of medieval 
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ideals in September, 1939, was the dawn of a new faith about 
to enshrine itself in the unmathematical simplicities of a science- 
less architecture. Our shaggy ancestors got along for hundreds 
of thousands of years without science or mathematics in their 
filthy caves, and there is no obvious reason why our brutalized 
descendants—if they are to be such—should not do the same. 

Attending here only to acquisitions of the very first magni- 
tude in all seven of the periods, we may signalize three. a will 
be noted in some detail later. * 

The most enduringly influential contribution to Gyematics 
of all the periods prior to the Renaissance was the inven- 
tion of strict deductive reasoning. Next in mat tical impor- 
tance is the Italian and French development cfgynoelc algebra 
during the Renaissance. The Hindus ol seventh to the 
twelfth centuries a.p. had almost invent igebraic symbolism; 
the Moslems reverted in’ their classic a; an almost completely 
rhetorical algebra. The third majoradvance has already been 
indicated, but may be emphasi here: in the earlier part of 
the fifth period—seventeenth ry—the three main streams 
of number, form, and contiftity united. This generated the 
calculus and mathemati nalysis in general; it also trans- 
formed geometry and le possible the later creation of the 
higher spaces necessa¥y for modern applied mathematics. The 
leaders here weg RORch, English, and German. 

The fifth i is usually considered as the fountainhead of 


modern pure,thathematics. It brackets the beginning of modern 
science; a: ‘other major advance was the extensive applica- 
tion of newly created pure mathematics to dynamical 
astronémy, following the work of Newton, and, a little later, to 
Aa sciences, following the methodology of Galileo and 
ton. Finally, in the nineteenth century, the great river 
9 rst its banks, deluging wildernesses where no mathematics 
had flourished and making them fruitful. 

Tf the mathematics of the twentieth century differs signifi- 
cantly from that of nineteenth, possibly the most important dis- 
tinctions are a marked increase in abstractness with a consequent 
eats in generality, and @ growing preoccupation with the mor- 
P cloey and comparative anatomy of mathematical structures; 
. 2 nce eee insight; and a dawning recognition of the 


classical deductive reasoning. If ‘Ii e 
gests frustration after abou 
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true that the critical evaluations of accepted mathematical 
reasoning which distinguished the first four decades of the 
twentieth century necessitated extensive revisions of earlier 
mathematics, and inspired much new work of profound interest 
for both mathematics and epistemology. They also led to what 
appeared to be the final abandonment of the theory that mathe- 
matics is an image of the Eternal Truth. 

The division of mathematical history into about seven 
periods is more or less traditional and undoubtedly is illuminat- 
ing, especially in relation to the fluctuating light which we tal. 
civilization. But the unorthodox remote, middle, and. febent 
periods, described carlier, seem to give a truer presenfation of 
the development of mathematics itself and a more vivic sugges~ 
tion of its innate vitality. D> 

\S 


Some general characteristies 


In each of the seven periods there £2 well-defined rise to 
maturity and a subsequent decline Qyebch of several limited 
modes of mathematical thought. Without fertilization by crea- 
tive new ideas, each was doomed tA sterility. In the Greek period, 
for example, synthetic metric gemetty, as a method, got as far 
as seems humanly possible “ our present mental equipment. 


It was revivified into so ng new by the ideas of analytic 
geometry in the sev ‘th century, by those of projective 
geometry in the s Ncenth and nineteenth centuries, and 
finally, in the ei th and nineteenth centuries, by those of 
differential geo! 

Such revi. ions were necessary not only for the con- 
wth/of mathematics but also for the development of 
hts it would be impossible for mathematicians to 
the subtle complexities of the geometries applied to 
science by the methods of Euclid and Apollonius. And in 
pureYmathematics, much of the geometry of the nineteenth 
century was thrust aside by the more vigorous geometries of 
abstract spaces and the non-Riemannian geomctries developed 
in the twentieth. Considerably less than forty years after the 
close of the nineteenth century, some of the geometrical master- 
pieces of that heroic age of geometry were already beginning to 
seem otiose and antiquated. This appears to be the case for much 
of classical differential geometry and synthetic projective geome- 
try. If mathematics continues to advance, the new geometries 
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of the twentieth century will likely be displaced in their turn, 
or be subsumed under still rarer abstractions. In mathematics, 
of all places, finality is a chimera. Its rare appearances are 
witnessed only by the mathematically dead. 

As a period closes, there is a tendency to overelaboration of 
merely difficult things which the succeeding period either ignores 
as unlikely to be of lasting value, or includes as exercises in more 
powerful methods. Thus a host of special curves investigated 
with astonishing vigor and enthusiasm by the early aha of 
analytic geometry live, if at all, only as problems in ee entary 
textbooks. Perhaps the most extensive of all ematical 
cemeteries are the treatises which perpetuate artiffeially dificult 
problems in mechanics to be worked as if L; cahge, Hamilton, 
and Jacobi had never lived. <' 

Again, as we approach the present, j@W provinces of mathe- 
matics are more and more rapidly stsipped of their superficial 
riches, leaving only a hypotheticak“tother lode to be sought 
by the better-equipped prospec of a later generation. The 
law of diminishing returns opefates here in mathematics as in 
economics: without the intreddction of radically new improve- 
ments in method, the ii e does not balance the outgo. A 
conspicuous example is ¢h@ highly developed theory of algebraic 
paebaipan aay ot Quajor acquisitions of the nineteenth cen- 
tury; another, the sical theory of multiply periodic functions, 
of the same hee The first of these contibuted indirectly 
to the emergetige of general relativity; the second inspired much 
work in ai is and algebraic geometry. 

Ala nomenon of the entire development may be noted. 
At firstythe mathematical disciplines were not sharply defined. 
Ase . wledge increased, individual subjects split off from the 


Be mass and became autonomous. Later, some were over- 
Ca cen and reabsorbed in vaster generalizations of the mass from 
which they had sprung. T) 


v hus trigonometry issued from survey- 
inB: astronomy, and geometry only to be absorbed, centuries 
later, in the analysis which had generalized geometry. 


This recurrent escape and recapture has inspired some to 


dream of a final, unified mathematics which shall embrace all. 
Early in the twentieth centu: 


: a ty it was believed by some for a 
time that the desired unification had been achieved in mathe- 
matical logic. But mathematics, too irrepressibly creative to be 
restrained by any formalism, escaped, 
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Motivation in mathematics 


Several items in the foregoing prospectus suggest that much 
of the impulse behind mathematics has been economic. In the 
third and fourth decades of the twentieth century, for obvious 
political reasons, attempts were made to show that all vital 
mathematics, particularly in applications, is of economic 
origin. 

‘To overemphasize the immediately practical in the develop- 
ment of mathematics at the expense of sheer intellectual curiogity 
is to miss at least half the fact. As any moderately co ent 
mathematician whose education has not stopped spe ch 
the calculus and its commoner applications ma: rify for 
himself, it simply is not true that the economic robe has been 
more frequent than the purely intellectual j creation of 
mathematics. This holds for practical mathext QS as applied in 


commerce, including all insurance, science, the technologies, 
as well as for those divisions of mathematic hich at present are 
economically valueless, Instances be multiplied indefi- 


nitely; four must suffice here, one fromi the theory of numbers, 
two from geometry, and one from@igebra. 

About twenty centuries b the polygonal numbers were 
generalized, and considerablyJater applied to insurance and to 
statistics, in both instan hrough combinatorial analysis, the 
former by way of the m@fhematical theory of probability, their 


amusing peculiarities "were extensively investigated by arithme- 
ticians without the‘least suspicion that far in the future these 


numbers were ti ve useful in practical affairs, The polygonal 
numbers app. to the Pythagoreans of the sixth century z.c. 
and to th mused successors on account of the supposedly 


mystical Virtues of such numbers. The impulse here might be 
called fehgious. Anyone familiar with the readily available 
histofy of these numbers and acquainted with Plato’s dialogues 
cai\trace for himself the thread of number mysticism from the 
crude numerology of the Pythagoreans to the Platonic doctrine 
of Ideas. None of this greatly resembles insurance or statistics. 

Later mathematicians, including one of the greatest, regarded 
these numbers as legitimate objects of intellectual curiosity. 
Fermat, cofounder with Pascal in the seventeenth century of the 
mathematical theory of probability, and therefore one of the 
grandfathers of insurance, amused himself with the polygonal 
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and figurate numbers for years before either he or Pascal ever 
dreamed of defining probability mathematically. 

As a second and somewhat hackneyed instance, the conic 
sections were substantially exhausted by the Greeks about seven- 
teen centuries before their applications to ballistics and astron- 
omy, and through the latter to navigation, were suspected. These 
applications might have been made without the Greek geometry, 
had Descartes’ analytics and Newton’s dynamics been available. 
But the fact is that by heavy borrowings from Greek conics the 
right way was first found. Again the initial motive was-igttellec- 


tual curiosity. ’ 

The third instance is that of polydimension, Dice, In 
analytic geometry, a plane curve is represented by*an equation 
containing two variables, a surface by an e ion containing 
three. Cayley in 1843 transferred the lan: of geometry to 
systems of equations in more than three wi aS es, thus inventing 
a geometry of any finite number of dimehsions. This generaliza~ 
tion was suggested directly by the iétmal algebra of common 
analytic geometry, and was elab ‘d for its intrinsic interest 
before uses for it were found, in>thermodynamics, statistical 
mechanics, and other depart $ of science, including statistics, 
both theoretical and industrigt, as in applied physical chemistry. 
In passing, it may be n that one method in statistical me- 
chanics makes incide@tal use of the arithmetical theory of 
partitions, which xe of such problems as determining in how 
many ways a givédpositive integer is a sum of positive integers. 
This theory sah inated by Euler in the eighteenth century, 
and for ov: years was nothing but a plaything for experts 
in the pi ly useless theory of numbers. 

TI ¢ fourth instance concerns abstract algebra as it has 
developed since 1910. Any modern algebraist may easily verify 
that inuch of his work has a main root in one of the most fantas- 
re ally useless problems ever imagined by curious man, namely, 

nn Fermat 8 famous assertion of the seventeenth century that 

et FA ie, is impossible in integers x, y, z all different from 
aecbrona ine integer greater than two. Some of this recent 

a quickly found use in the physical sciences, particularly 

in modern quantum mechanics. 


10¢ ntum . It was developed without an: 

Suspicion that it might be scientifically useful, Indeed not one 
of the algebraists concerned was competent to make any signifi- 
cant application of his work to science, much less to foresee that 
such applications would some day be possible. As late as the 
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autumn of 1925, only two or three physicists in the entire world 
had any inkling of the new channel much of physics was to 
follow in 1926 and the succeeding decade. 


Residues of epochs 


In following the development of mathematics, or of any 
science, it is essential to remember that although some partic~ 
ular work may now be buried it is not necessarily dead. Each 
epoch has left a mass of detailed results, most of which are my 
of only antiquarian interest. For the remoter periods, these 


survive as curiosities in specialized histories of mathemati ‘or 
the middle and recent periods—since the early decad€$ of the 
seventeenth century—innumerable theorems and highly 


developed theorics are entombed in the technic: urinals and 
transactions of learned societics, and are sel if ever men- 
tioned even by professionals. The mere exis of many is all 
but forgotten, The lives of thousands of rs have gone into 
this moribund literature. In what sens. these half-forgotten 
things live? And how can it be truth: said that the labor of 
all those toilers was not wasted? . > 

The answers to these somewhat discouraging questions are 
obvious to anyone who workg’s mathematics. Out of all the 
uncoordinated details at last @merges a general method or a new 
concept. The method or oncept is what survives. By means 
of the general metho aborious details from which it evolved 
are obtained unifo and with comparative ease. The new 
concept is seen t more significant for the whole of mathe- 
matics than arty obscure phenomena from which it was 
abstracted. Brit Such is the nature of the human mind that it 
almost Pas ly takes the longest way round, shunning the 


straight to its goal. There is no principle of least action in 
scienti iscovery. Indeed, the goal in mathematics frequently 
is rceived until some explorer more fortunate than his 


rivalé blunders onto it in spite of his human inclination to follow 
the crookedest path. Simplicity and directness are usually the 
last things to be attained. 

In illustration of these facts we may cite once more the 
theory of algebraic invariants. When this theory was first de- 
veloped in the nineteenth century, scores of devoted workers 
slaved at the detailed calculation of particular invariants and 
covariants. Their work is buried. But its very complexity drove 
their successors in algebra to simplicity: masses of apparently 
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isolated phenomena were recognized as instances of simple 
underlying general principles. Whether these principles would 
ever have been sought, much less discovered, without the urge 
imparted by the massed calculations, is at least debatable. The 
historical fact is that they were so sought and discovered. 

In saying that the formidable lists of covariants and invar- 
iants of the early period are buried, we do not mean to imply 
that they are permanently useless; for the future of mathematics 
is as unpredictable as is that of any other social activit; 
the methods and principles of the later period make i 
to obtain all such results with much greater ease they 
ever be required, and it is a waste of time and e! re today to 
add to them. 

One residue of all this vast effort is the co: t of invariance, 
So far as can be seen at present, invari: is likely to be il- 
luminating in both pure and applied ematics for many 
decades to come. In our survey we shalQendeavor to observe the 
methods and the concepts whic eave been sublimated from 
other masses of details, and w) offer similar prospects of 
endurance, It is not epochs ¢ atiniatter, but their residues. Nor, 
as epochs recede into the gist, do the men who made them 
obscure the permanence impersonality of their work with 
their hopes, their fea s,their jealousies, and their petty quarrels. 
Some of the greatesyth ngs that were ever done in mathematics 
are wholly anonyiiials. We shall never know who first imagined 
the numbers 1 y+ ++, Or who first perceived that a single 
‘three’ isola what is common to three goads, three oxen, 
three god; ee altars, and three men. 

Tw ent opinions on the general history of science are 
app for that of mathematics, and may stand here as an 
introduction to what is to follow. In his Autobiographia (1923), 


& Spanish histologist Santiago Ramén y Cajal had this to say 
O scientific history: 


Tn spite of all the allegations of self-love, the facts at first associated with 
the name of 2 particular man end by being anonymous, lost forever in the 
ocean of Universal Science. Thus the monograph imbued with individual 
human quality becomes incorporated, stripped of sentimentalisms, in the ab- 
Stract doctrine of the gencral treatise, To the hot sun of actuality will succeed 
—if they do succeed—the cold beams of the history of learning. 


The next is singularl: i i i 
'Y pertinent, coming as it does from the 
man who advanced beyond Newton in the mathematical theory 


~ 
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of gravitation. Speaking of Newton’s work in optics, Einstein 
says: 

Newton’s age has long since passed through the sieve of oblivion, the 
doubtful striving and suffering of his generation have vanished from our ken; 
the works of some few great thinkers and artists have remained, to delight 
and ennoble those who come after us. Newton’s discoveries have passed into 
the stock of accepted knowledge. 

Finally, we shall try to observe the caution suggested in the 
observation of an M.D. and writer who is not a mathemati ia, 
Halladay Sutherland: “There is always the danger of seci Ke 
past in the light of a golden sunset.” % 


CHAPTER 2 


The Age of Empiricism 
__¢ 
—— = = 


it was first per- 
is as useful as lan- 


It is not known where, when, or by 4 
ceived that a mastery of number and {i 
guage for civilized living. The histori cord begins, in Egypt 
and in Mesopotamia (Babylonia, i ing Sumer and Akkad), 
with both number and form far anced beyond the primitive 
stage of culture, and even here “the cardinal dates have been 
disputed. Those dates are git 200 B.c. at the earliest and 
2781 Bc. at the latest gypt,’ and about 5700 s.c. for 
Mesopotamia. Both refer to the earliest calendric reckoning, 
and each is more or legs substantiated by astronomical evidence. 
__ The basis of be he Egyptian and the Mesopotamian civi- 
lizations was Iture. In an agricultural economy a reliable 
calendar is a seesity A calendar implies both astronomical and 
ae curacy far beyond the facilities of mythology and 
haphazard servation, 
sce peoples who have never been driven to farming have 

of 


onl: 


have had a workable elementary arithmetic. 
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preceded the other. Arithmetic of some sort necessarily came 
before numerology. 

For Egypt, the early historical record is somewhat more de- 
tailed. The more liberal of rival Egyptian chronologies assigns 
4241 .c. as the earliest precise date in history, this coinciding 
with the adoption of the Egyptian calendar of twelve thirty-day 
months with five days of feasting to complete the 365. This date 
also is supported by inconclusive astronomical evidence, correlat- 
ing the heliacal rising of the Dog Star Sothis, our Sirius, with the 
date at which the annual inundation by the Nile coul Be 
expected, Here again the impulse to develop astronomy and 
hence also arithmetic, was agricultural necessity 2 of 
course, it was astrology. a 

The geographical location of Sumer was more prépitious than 
that of Egypt for a rapid development of the “aS matics con- 
ceived in agriculture and born in astrono: gypt lay far 
off the main trade route between Eas d West. Sumer, 
the non-Semitic predecessor of Semi ylonia, lay directly 
across the path of the merchants at t rth end of the Persian 
Gulf. Commerce stimulated mathenfatical invention in Sumer 
and ancient Mesopotamia as it probably never has since. Europe 
of the late Middle Ages also ted mathematically through 
trade; but the gain was in a.djfusion of knowledge rather than 
in the creation of new m. matics necessitated by commerce. 

Possibly of greater rtance than trade for the develop- 
ment of mathematic: the demands of primitive engineering. 
Both the Babylonfaps’ and the Egyptians were indefatigable 
builders and s irrigation engineers, and their extensive 
labors in thes lds may have stimulated empirical calculation. 
But it wouldybe gratuitous generosity to infer that because the 
Egyptia: NOY, succeeded in raising huge obclisks, they were 
therefore\éngineers in any sense that would now be recognized 
as sci€ptific. Ten thousand slaves can muddle through the work 
of head; and the apparent marvels of ancient engineering 
that impress us today may be only monuments to a lavish 
expenditure of brawn and a strict conservation of brains. The 
Israelites and others whom the Egyptians persuaded to take up 
practical engineering do not seem to have been greatly impressed 
by the technical skill of their overseers, 

Reliable evidence shows that arithmetic and mensuration in 
Babylonia developed from the early work of the non-Semitic 
Sumerians. This gifted people also invented a pictorial script 
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which evolved into the efficient cuneiform characters that were to 
prove adequate for the expression of their arithmetic and mensu- 
ration. The political absorption of the Sumerians by physically 
but not intellectually more vigorous peoples occurred about 2000 
z.c. Astronomy and arithmetic continued to flourish and, what 
is of singular significance, a sort of algebra evolved with incredible 
speed. This early appearance of algebra is one of the most re- 
markable phenomena in the history of mathematics. 

For all that is known to the contrary, other carly Giviliza- 
tions may have made progress toward mathematics COptearable 
to that of Mesopotamia and Egypt, records of the Se having 
survived largely by physical accident. The se Sa climate of 
Egypt and the inordinate reverence of thee tians for all 
their dead, including bulls, crocodiles, cat; d human beings, 
united to preserve the papyri that aevhave perished in a 
harsher atmosphere, and kept the m s of common things 
colorful for thousands of years on thew ls of tombs and temples. 
Some of the most interesting ical documents as yet re- 


covered from the past ome “only because the Egyptian 


morticians discovered that useless papyri made excellent stuffing 


to plump out the mum: of sacred crocodiles to lifelike 
obesity. 


The Babylonian pressed their records on a yet more 
durable mediu tablets, cylinders, and prisms, baked in 


Sharpened sticks, one like an implement still 
[ in modeling, indented the wedge-shaped charac- 
ters in the clay, and the baking fixed a record more durably 
inters’ ink on the toughest paper. Wars and the long 

decadehgé of a great civilization for once conspired to preserve 
<n the best in that civilization. The baked tablets, resistant 
‘mp, rust, and pressure, and immune to the attacks of worms 

of insects, were buried beneath the mud ruins of dissolving 
temples and libraries. It would be easier for some science-hating 
zealot to obliterate modern mathematics than it would be for us 

to destroy the mathematical records of Babylonia. There is no 


reason to suppose that all the mathematical bricks have been 
exhumed. 


the sun or in 
used by child 
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talents. Several points of interest are still in dispute among the 
scholars who since 1929 have finally broken the seals on ancient 
Babylonian mathematics, We shail not find it necessary to use 
any of this disputed material in order to give an idea, sufficient 
for our purposes, of what the Babylonians accomplished. What 
remains after the few doubtful items are discarded is impressive 
enough. 

Those far-off centuries in Babylon and Egypt are the first 
and last great age of the empiricism that led to mathematics. 
Above a multitude of details, five epochal landmarks sUrviRS 
for the guidance of later centuries. Number was subdued e 
service of astronomy and commerce; the perception of ingens 
clarified in an empirical mensuration and applied to ronomy, 
surveying, and engineering; the vast extensions fats natural 
number system which mathematics uses today wet initiated; a 
method more powerful than arithmetic was cen in an algebra 
more than well begun; and last, also perhap, st significantly, 
practical difficulties in mensuration co! led some of those 
early empiricists to grapple at least su ciously with the con- 
cept of the mathematical infinite. Krein that day to this, a 
stretch of nearly four thousand yeeks, the struggle to compass 
the infinite has continued, and«the record of the struggle is 
mathematical analysis. AY " 

Possibly of greater significance for the future of the race than 
all the technical sévancpgovard mathematics was another for 
which that advance was te be largely responsible. It dawned on 
the human mind th ig might dispense with the thousands 
of capricious deiti eated by human beings in the childhood 
of their race, an, € a rational account of the physical universe. 
Although an icit statement of this possibility was to be re- 


served for of the earliest and greatest of the Greek mathe- 
maticiang) it was anticipated by the astronomers and scientists 
of E nd Babylon, and it was there that our race began to 
gro’ 


Arithmetic® to 600 3.c. 


Since 1929 our knowledge of mathematics in ancient Baby- 
lonia has been increased many times over all that was previously 
known, largely through the pioneering work of O. Neugebauer 
(1899-). Apart from their great intrinsic interest, these new 
accessions are extremely suggestive as possible clues to the 
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origins of Greek mathematics. If, as now seems probable, the 
Greek mathematicians of the sixth and fifth centuries B.c. were 
directly indebted to the Babylonian tradition, the development 
of living mathematics can be traced with scarcely a break for 
about four thousand years. 

To anticipate, and at the same time indicate what is to be 
noticed in later chapters, the clue is through the first recorded 
empirical observation concerning similar figures, to the arith- 
metization of geometrical ‘magnitudes’ by the Pytha, ns 
in the fifth century a.c.; thence, inversely, to the geomebges on 
of number by Eudoxus in the fourth century B.c., felling the 
revolt of the Greek sophists; and finally, durig@ ‘and after 
the seventeenth century a.p., back to the arithmetization of 
form in analytic geometry and mathematical ; ee From the 
wealth of detailed material now availabl: shall select only 
enough to substantiate this suggested ack pment. ‘The general 


character of the early evidence must be noted. 

The mathematical records of lonia cover about two 
thousand years, from the first Bpeain dynasty, 2186-1961 
B.C., almost to the beginning ie Christian era, the greatest 
number belonging to the peridthof about 2000-1200 z.c. Records 
of eclipses compiled in reign of Sargon about 2700 z.c. 
might also be includ it the most significant contributions 
fall in the interval stdted. As already remarked, the Sumerians 
of approximately, 35 2500 3.c. were responsible for the initial 
ideas, The ric of the period of the great legislator Ham- 
murapi (c. 2 -.) suggests that arithmetic and algebra were 
already ol n the Sumerians were absorbed by more aggres- 
sive peoples’ But without extrapolating from the tangible evi- 
dene aked mathematical texts to an undiscovered antiquity, 
an incontrovertible mass of facts on which expert 
selOlars are in substantial agreement, These, fortunately, are 
Oftciey those items of cardinal importance for any attempt 


trace the development of vital mathematics. We shall consider 
first the arithmetic, 


we 
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the sexagesimal (60 as base), with a slight admixture of the 
decimal system with 10 as base. 

It has been conjectured that the 10 commemorates finger 
counting, while the 60 is 6 X 10, the 6 being adopted so that 
the useful fractions 1/2%3°S¢ (a, b, c non-negative integers) would 
be expressible in finite terms. Traces of the sexagesimal system 
survive in our reckoning of time and in the corresponding divi-~ 
sian of the circumference of a circle into 6 X 60 degrees. But it 
is no longer universally supposed that such considerations in- 
duced the Sumerians to choose 60 as a base, and still tessa 
the zodiac influenced their choice. YX 

The place-value system was used for both positive fd ga- 
tive powers of the base. Thus, in the appropriat Scifcom 
symbols, 17, 35; 6, 1, 43, the semicolon indiesting he begining 
of the fractional part, denotes 17 X 60 + 35 46/60 + 1/602 
+ 43/608, The method of writing sometinjeh Introduces am- 
biguities; but the pertinacity of modern schelatship has removed 
these and made sense of the residue. A ing to the mood of 
the scribe, a blank might or might Pa dicate absence of the 
corresponding power of 60. This p. ular difficulty was over- 
come by the introduction of a sp ‘character for zero but not, 
probably, until the time of th eeks, 

The great practical inventto of zero has usually been attrib- 
uted to the Hindus, reset still be debatable whether they 


or the Babylonians were-Grst. If, as seems highly probable, the 
Babylonians were ori in their invention, zero is an interest- 
ing example of the fhdéependent origins of mathematical ideas in 
different culturesZeto also appeared in the arithmetic of another 
gifted people, Mayas of Central America, who used 20 as a 
base and system of place-value. The Maya numeration 
has teenaged to the period a.p. 200-600. Their calendric 
cycles ack to 3373 .c., but this does not imply that the 
M ere civilized or even in existence that early. 

¢ Babylonians were among the most indefatigable com- 
pilers of arithmetical tables in history. Since it was easier to 
multiply than to divide, they tabulated 1/n for integers n 
adapted to the base 60. Other reciprocals, “rregulars,’ like $, zy, 
naturally caused more trouble, but were competently avoided 
by manufacturing problems in which such awkward divisors 
would automatically drop out in the course of the work. This is 
not the only instance in Babylonian mathematics where the 
teacher or the pupil appears to have applied a technique once 


32 THE DEVELOPMENT OF MATHEMATICS 


classical in mathematical physics: given the solution, find the 
problem. There were also multiplication tables for such multi- 
pliers as 7, 10, 124, 16, 24, etc. Tables of squares appropriately 
read served as tables of square roots, and likewise for cubes, 
Another table listed values of n*+ n? form = 1,2,..., 30. 
The peculiar significance of this strange tabulation will appear 
when we come to Babylonian algebra. 

From all this and a great deal more of a similar character, it 
is evident that the Babylonians of about 2000 z.c. were highly 
skilled calculators, It may not be too generous to cri ditthem 
with an instinct for functionality; for a function ha ‘Den suc- 
cinctly defined as a table or a correspondence. 

Historically, the most remarkable thing this rapid 
progress in the subjugation of number is thatdPlppears to have 
been ignored by the Greeks of the sixth tury B.c. For what 
now seems to us the simplest, most natYral development of 
mathematics this was a calamity. TheMact that it happened 
casts a slight shadow of doubt on the'waunted intelligence of the 
carly Greek mind. But since to Pp this point would be tanta- 
mount to historical blasphemy, -we merely suggest that the 
mathematically informed obéciver examine the evidence and 
reach his own conclusiongy\even at the risk of upsetting sacro- 
sanct tradition. 

Egyptian arithm ici even more starkly its laboriously 
empirical Origin. $e atly as 3500 3.c., the Egyptians freely 
handled numb. the hundreds of thousands. Their hiero- 
glyphics of this early date actually record the capture of 120,000 
human prisghets, 400,000 oxen, and 1,422,000 goats. The last is 
re Aandi flight of the conqueror’s imagination—the 


catalogue’occurs on a royal mace—for even today the experts of 


the US, Census Bureau would be exercised to enumerate that 
goats in the brief j 


only by comparison with the arithmeti 
peoples well beyond barbarism toda 


Egyptian numeration followed the de 


cimal ith- 
out place-values. The arithmetic of abo: Sadeghi) 


ut 1650 B.c. was capable 
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of addition, subtraction, multiplication, and division, and was 
applied to numerous extremely simple problems involving all 
these operations. In fractions, 3 was denoted by a special symbol; 
other fractions were reduced to sums of fractions of the form 
1/n, m an integer. In the Rhind papyrus of about 1650 z.c., 
copied by the scribe Ahmes (A’h-mose) from an older work, divi- 
sions are performed by means of these ‘unit fractions,’ the 
technique being the expression of m/n, m > 1, as a sum of unit 
fractions; for example, #2 = ds + ghy + 74¢. How such curi- 
ous resolutions were first obtained seems not to be known. T; 
may represent the fossil experience of centuries carefull, - 
served in tables for future use, as we today store up ogi 
Ahmes transmitted resolutions of all fractions 2/2) Where n 
is any odd number from 5 to 101. These could havpfech derived 
from successive applications of the solution in si ive integers 
of the so-called optical equation, 1/x + 1/: NS) /n, but it is 
most improbable that they were. Of the manyyother conjectures, 
none is acceptable to a majority of com t scholars. 

All of the problems solved are ¢ ly simple, Some are 
quite delightful for their unintention&Prevelations of Egyptian 
manners and customs, as when ’s goes into the arithmetic 
of bartering beer for bread and versa. Either the Egyptians 
were less puritanical in their sehéols than we, or Ahmes intended 
his treatise only for experxmmathematicians. Less inflammatory 
problems are concerne oh the rationing of oxen and various 
kinds of birds from_g to cranes and quail. A more fanciful 
kind, obviously of @ earthly use to anyone, recalls the older 
type of English\@famination question and the more antique 
efforts of our alee Entrance Examination Board. Loaves of 
bread are paftitioned among several imaginary beings who are to 
receive agipons in arithmetical progression. There is nothing 
new, provided it be silly enough, under the sun. 

P most significant detail for the development of mathe- 
matigal thought in all the Egyptian arithmetic is the occasional 
checking of a calculation. This seems to show that the Egyptians 
of at latest the seventeenth century B.c. understood the value of 
proof in arithmetic. If this is a justifiable conclusion, those 
ancients were well on their way to mathematics when, un- 
accountably, they stopped. 

It is said that the Egyptians’ arithmetic was sufficiently 
advanced for the simple demands of their daily affairs. Of greater 
interest, perhaps, for the evolution of mathematics are those very 
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problems of Ahmes and other ancients which can be called Prac 
tical only by courtesy, These hint at an awakening of curiosity 
about numbers for their own interest, one of the strongest his- 
torical impulses toward the creation of mathematics, both 
pure and applied. Ahmes, for example, asked for a number 
which, added to its fifth, makes 21, and gave a singularly cumber- 
some verbal solution, Conceivably this might be of some prac- 
tical value, but the next, dated between 2200 and 1700 z.c., 
is above suspicion of utility. In current symbolism the problem 
is to solve ** + y* = 100, y = $x for x, y, one of theSarliest 
instances of a simultaneous system. The Egyptian ) solved 
these equations used a method, later called f position, 
which survived well into the fifteenth cent ot our era. 
‘Algebra,’ to the beginner today, connotes a: tic, algoristic 
symbolism, although he may not realize, the notations he 
manipulates so glibly do most of his ing for him; false 
position would severely strain his i y, and his progress 
in the art of solving easy equa ight be inconsiderable. 
For reasons such as these, a mo ‘student of algebra is some- 
times rather puzzled to learn thatthe rhetorical solutions offered 
by all but a few of the p: €essors of Vieta (sixteenth century 
A.D.) were indeed algebra Without symbolism as it exists 
today, much of even é) tary algebra and arithmetic would 
be beyond the capagities of all but the most highly gifted in 
reasoning ability, ibe more honor, then, to the ancients who 
persevered thr i jungles of words to attain what the moderns 
reach with 2 Ge alos mechanical strokes of the pen. 

We hayes served for the last items in this sketch of pre- 
Greek arithmetic two outstanding achievements of the Babylo- 
nian mathematicians. All of twenty-five centuries ahead of its 
timg,one was the first recorded hint of our modern generalized 

ption of number. Negative numbers appear in their own 
Of as numbers on a parity with positive numbers in at least 
wree instances where the problem is that of solving a pair of 
simultaneous equations in two unknowns. If this is not contro- 

3 fhe by. eel reading of the texts concerned, and 

the Babylonians od, a remote possibility of this, it shows that 

Some conception of negative numbers as 

numbers, 
Less significant perhaps, but still far ahead of its time, was 
the explicit use by the Babylonian astronomers of the fourth 
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century B.c. of the correct rules of signs in multiplication. How 
the Greeks overlooked all this is a mystery. 


Algebra without symbolism? 


Passing on to Babylonian algebra of about 2000 B.C., We come 
to what historians consider the most remarkable anticipation 
in the development of mathematics. 

First is the question of proof, without which mathematics in 
the accepted sense does not exist. Did the Babylonian successors 
of the Sumerians have any conception of deductive reasoning? 
No categorical answer can be given. So far (1945) there R@for 

‘em- 


been discovered any Babylonian record of a mathematical 


onstration. But this is not necessarily conclusive agaist at least 
a mute intuition for proof, evidence for which is opening. 

To put the case as favorably as seems justi y the undis- 
puted evidence, we may picture a teacher of entary algebra 
today grading an examination on quad; equations. The 
pupils have been asked to solve 12x? = —1, Some have 


substituted in the standard formula ian + Vb? — 4ac)/2a 


for the solution of ax + bx +c = Qand have been satisfied 
with one root; others have ‘contpléted the square’; and one 
original genius has ‘normali: the equation by multiplying 
throughout by the ews =, getting 
(2a ye 7(12x) = —12, 

before solving for pes whence he easily finds « by division. 
Falling short of etter Egyptians 3,500 years before him, 
not one of the s has sought to verify his solution by sub- 
stituting in th@equation, as the harried teacher had forgotten 
to demand\a check. Nor has anyone offered a word of proof 
in eae = his formal calculations. All have gone through 
the st ‘© a solution as if the teacher, with an open book in her 
ha, ere dictating from first to last what to do next. 

uivalents of all this, including the absence of verification, 
occur in the Babylonian tablets of about 2000 B.c. Verbal instruc- 
tions direct the solver to follow a path leading to the solution 
by our standard formula, or to normalize the equation, or to 
complete the square. It is algebra by rule and without algebraic 
symbolism. The scribes who indented these paradigms on the 


soft clay, or who directed others, certainly had general pro- 
cedures in mind. But it must be admitted that correct general 
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rules, even when successfully applied to hundreds of special 
examples, do not constitute mathematical proof. All of the 
Babylonian algebra is of this character: detailed solution of one 
numerical problem after another by verbal instructions follow- 
ing definite patterns. No pattern is ever isolated as a general 
procedure, 

The empirical character of the algebra of the Babylonians, 
and perhaps also their social outlook, is even more strikingly evi- 
dent in their astonishing solutions of cubic equations\with 
numerical coefficients. Expressed in our terminology, equations 
of the type «* + px? + ¢ = 0 are reduced to the Sal form 
yPty=r, with y= x/p, r= —g/p3, by mu iplying the 
original equation throughout by 1/p%. If the r suiting 7 is posi- 
tive, the value of y, and hence that of x, 4@obtainable from 
tabulated values of 13 + n%, provided r is She table. 

From the equations actually solved in 18 manner, it is con- 
ceivable that the scribe proceeded frofmtertain tabulated 7’s to 
construct his equations x* + pxX\ey so that they would be 
solvable. Then he triumphantly RWtuced the solution. If so, his 
pupils must have been as thoroughly mystified as is any student 
with a grain of mathematicahintelligence today when his mys- 
terious instructor pulls SSematicl rabbits out of invisible 
hats. Brilliant trickery/ig no longer considered reputable mathe- 
matics. But if it is » as has been asserted, that the mathe- 
matics of Babylonigand Egypt was the jealously guarded secret 
of a priestly sBct,*the mystery vanishes. One of the greatest 
services th ek mathematicians rendered civilization was 
their shattéring of the tradition of secrecy fostered by self-per- 
ne ae lesthoods. The attempt of Pythagoras to carry on 
the s ive tradition of Babylon and Egypt was quickly dis- 
sipated, and enlightenment was put within the grasp of any 

oe vulgarian with the will and the intelligence to reach 


Tt has been conjectured that the reduction of the general 
ithin the powers of the 


© project of reducing a 
standard form, or even 
cting special equations 
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indefinitely to fit a prescribed solution, would occur only to an 
intelligence that was essentially mathematical. 

This methodology of transformation and reduction, general- 
ized and many times refined with advancing knowledge, runs like 
a scarlet thread through all the greater epochs of mathematics, 
A relatively difficult problem is reduced by reversible transfor- 
mations to a more easily approachable one; the solution of the 
latter then drags along with it the solution of the former and of 
all problems of which it is the type. The Babylonian reduction 
of cubics appears to be the first recorded instance of this meth 
ology. We shall observe it again in the Italian algebra ofthe 
early sixteenth century, and in Vieta’s signal advanceShalf a 
century later. In geometry, to cite but one instance, themethod 
first appears in the device of central projection, wherel Yy geom~ 
eters in the seventeenth century derived the propefties of conics 
from those of the circle. Re) 

Taking the view, as we shall in general, th3Niniform methods 
are of more lasting significance than the-S@m total of the indi- 
vidual results, however brilliant or ‘Bo obtained up to any 
given epoch by their use, we might, the case for the Babylo- 
nians as mathematicians on their stthiction of cubics to a normal 
form. But the spectacular ingenbity of their algebra—when we 
consider that nothing surpassi&g it was known in Europe till the 
sixteenth century A.D eemands a summary indication of 
certain particulars. 


Always relying on extensive numerical tables, the Baby- 
lonian algebraists ed simultaneous linear equations in two 
unknowns, also taneous quadratics of the type xy = 600, 


(ax + by)? + dy = ¢ for 55 sets of special numerical values 
of a, b,c, ag ‘ach of the sets leading to a quadratic in x. They 
also Propagedl a problem leading to the general quartic which, it 
need hagdly be said, they did not solve; and likewise for a general 
ph ye from a problem on frustums of pyramids. A cubic in 
a appears. In their solutions of quadratics the Babylonians 
were usually content with one root, although in one example 
both roots (positive) are given. A multiplicity of unknowns does 
not seem to have dismayed them, one problem leading to ten 
linear equations in ten unknowns. 

Even more remarkable, perhaps, is the successful solution by 
initial trial and subsequent interpolation of an exponential 
equation to determine the time required for a sum of money to 
double itself at a stated rate of compound interest. Such equa- 
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tions are solved today by logarithms. But to infer that the 
Babylonians understood logarithms even to base 2 would be 
as fantastic as that classic fable of archaeology which declares 
that the ancient Egyptians were familiar with wireless te- 
legraphy because not a scrap of wire has been found in their 
tombs. 

Tn another direction, the Babylonians partly anticipated the 
summation of a geometric progression by Archimedes in the 
third century B.c., giving the correct result for ten terms by a 
special case of the general rule. RS 

Of greater significance for the future of mathem. ywas the 
highly intelligent reaction of the Babylonian or raists to 
jrrationals. Their tables and their equations eng t them that 
not every rational number in their tables haga abulated square 
root. Faced with this fundamental factthey proceeded to 
approximate by means of the rules (ash? 4 = @ + b?/2a, or 
= a? + 2ab*. The first is reasonab! wad reappears about two 
thousand years later with Hero: lexandria; the second is 
hopelessly wrong, being dimengstepally impossible. We note in 
passing that the reasonable gppfoximation is obtainable from 
Newton’s binomial serie ; bupagain this does not imply anticipa- 
tion. In further approxig@2tions to quadratic surds they used 
what may be interpreted as the first steps toward conversion 
into periodic conta actions For Y2 they gave the approxi- 
mation 15%, eS to two decimals. As will be seen when we 

thagoreans, 2 marks one of the cardinal turn- 


ing point: ¢ history of mathematics. 

Co lating work of this caliber, done for the most part 
abo} As thousand years before the Christian era, we can only 
™ ts) 


I how it was done, for we do not know. The detailed 
erical solution of specific examples gives no hint of the 
CHhought inspiring the uniform procedures. Neugebauer empha- 
sizes that the technique is based on elaborate numerical tables. 
At the lowest estimate, the high skill in using such tables indi- 
cates an extraordinary capacity for detecting uniformities in 
eet of empirical data. The Babylonians were the world’s 
a exact astronomers; and so accurate were their first observa- 
ions and their calculations that Kidinnu, about 340 z.c., made 
the capital discovery of the precession of the equinoxes, antic!- 


pores. pbarchus by ee two centuries. It seems reasonable 
at unrecorded centuries of i a 
led to the accumulation te ae 


of numerical data from which a purely 
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rhetorical algebra evolved. For Babylonian algebra was entirely 
unsymbolic. More remarkable still, the processes which now 
would be summarized in formulas were never, so far as is known, 
reduced to written rules. If these elaborate procedures were 
transmitted wholly by word of mouth, the strain on even a 
strong memory must have been considerable. 

Another unsolved problem is even more puzzling. Up to 1900 
it was customary to ascribe the beginnings of algebra to the 
Greek Diophantus in the third century a.p., over two thousand 
years after the Babylonians had bettered some of hi te 
Where was algebra buried in the meantime? It has beé@ycon- 
jectured that the Greeks of the sixth and fifth centurie{B-t, must 
have been acquainted with what the Babyloniangshad done in 
algebra because, as will appear, a considerable “pot of Baby- 
lonian empirical geometry almost certainly Se own to those 
same Greeks, Direct evidence is lacking tig he early Greeks 
were not acquainted with Babylonian sar but the indirect 
evidence is at least worth noting. F, he early Greeks were 
cognizant of Babylonian sigbra, ey made no attempt to 
develop or even to use it, and théreby they stand convicted of 
the supreme stupidity in the higtory of mathematics. But it is 
commonly agreed that the Sty Greek mathematicians and 
philosophers were among. the most intelligent human beings 
that ever lived. \ 

This awkward tiara dilemma can be circumvented by a 
slight anticipatio! e ancient Babylonians had a rare capacity 
for numerical ation; the majority of the Greeks were either 
mystical or Bee in their first approach to number. What the 
Greeks lei jn number, the Babylonians lacked in logic and 
geomet: nd where the Babylonians fell short, the Greeks 
excelled Only in the modern mathematical mind of the seven- 
t and succeeding centuries were number and form first 

tly perceived as different aspects of one mathematics, 

Nothing has been said about Egyptian algebra because it was 
far less advanced than the (probably) earlier work of the Baby- 
lonians. Between 1850 and 1650 z.c. the Egyptians solved easy 
numerical equations of the first degree by trial, or by what was 
called the rule of false position in the Middle Ages. The last 
makes it plausible that the Egyptians understood proportion. 
If they did, and historical experts do not doubt it, they share 
with the Babylonians the honor of having uncovered a main 
root of mathematical analysis. 
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Toward geomeiry and analysis* 


Babylonian mensuration? of about 2200-2200 s.c. is almost 
as astonishing as the contemporary algebra. Mathematically, it 
js of the same character as the algebra in its disregard of proof. 
Correct rules are applied for finding the area of any rectangle, 
right triangle, isosceles triangle, trapezoid with one side per- 
pendicular to the base, and “if be taken equal to 3,” any 
circle. This approximation to @ is famous also for its onrenrence 
in the Old Testament. A little later, between 1850 att 1650 
B.c., the Egyptians had the closer approximation ~ 3.16. 
It would be interesting to know what suggested t &Surious (4)4. 

In their mensuration of solids the Babylonians\of about 2000 
B.C. gave correct solutions of numerical lems involving 
rectangular paralielepipeds, right circu NS linders, and right 
prisms with trapezoidal bases. Some of had obvious applica- 
tions to earthwork problems in thi cavation of canals for 
drainage or irrigation. Their rul for, e volume of a truncated 
square pyramid was incorrect. T! rrect rule of the Egyptians, 
one of the most remarkable athievements of pre-Greek mathe- 
matics, will be considered Jater by itself. 

Passing to theorems.@fpure geometry known to the Baby- 
lonians of the same d, we select three for their outstanding 
historical suggestiveness. The first two are: the angle in a semi- 
circle is a right eng ; the Pythagorean theorem c? = a? + 6%, 
where ¢,a,b ar@the sides of a right triangle, for certain numerical 
values of c:@5B,4s 20, 16, 12 and 17, 15, 8. The first of these, often 

ne of the most beautiful theorems in elementary 
y is said to have been proved by the Greek Thales about 
Hes . It would be guessed immediately on inscribing rectangles 
inged ‘cles, The Babylonians offered no justification, From the 
re ie and certain numerical calculations for the sides of right 
Pane it has been argued that the Babylonians knew the 
stl teas rena ue a general case, but the evidence 
e usive, Un: 23 it was supposed that the Egyp- 
tians knew this theorem at least in the case 5? = 4? ++ 3%, be- 
cause the Egyptian ‘rope stretchers’ i i 
escd tht pe stretchers’ were formerly said to have 
ed this property of 5, 4, 3 in laying out right angles for the 
veep of buildings, But it is now claimed that even though 
ins aera re en used thus, the Egyptians knew not a single 
© FYthagorean c? = a? + b%, because there is no 


documentary evidence that they did. Since ¢, a, b are the sides 
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of a right triangle if and only if c? = a? + 4°, we have here an 
interesting historical puzzle as to how the Egyptians guessed 
what they needed. 

Regarding the Pythagorean theorem itself, whoever first 
guessed it, we recall that it is the cornerstone of Euclidean 
metric geometry and one of the bases of all metrics. It too, like 
similar triangles, threads all mathematical history, not only in 
geometry, but also in algebra, the theory of numbers, and mathe~ 
matical physics. 

The third significant empirical theorem of the Babyloniaf® 
in pure geometry is the earliest recorded trace of the origins-df 
mathematical analysis: the sides about corresponding Be of 
similar triangles are proportional. This theorem implies equality 
of ratios. It has been said to follow that the Ba Ghone had 
some conception of ratio. But, if we wish to be a: ‘cise here as 
we were a moment ago in the case of the Pys eairen theorem 
versus the nonsuited Egyptians, we have no Nght to assert that 
the Babylonians actually had even the test conception of 
ratio. For ‘equal ratios’ and ‘ratio’ distinct concepts in 
mathematics, and an extensive th rh ‘equal ratios’ is easily 
possible without any definition of.fyatio.’ ‘Ratio’ is on a higher 
level of abstraction than ‘equ tios.’ Euclid attempted, not 
too successfully, to define ri His definition has been trans- 
lated by De Morgan ee in is a certain mutual habitude of 


two magnitudes of the kind depending upon their quantu- 
plicity.” Fortunatel; clid never had to appeal to this abstruse 
definition, his ‘thegfy of ratio’ being wholly a theory of propor~ 
tion, that is, of; al ratios. That the Babylonians, or anyone 
else before theypineteenth century, had a workable conception 
of ratio seen{xtremely improbable. The ratio of m to m, written 
usually /n, is understandable only—so far as we know at 
present as a number-couple (m, m) with certain postulated 
pr es for the four rational operations on such couples. 
So as documentary evidence goes, there is none, apparently, 
to show that the Babylonians ever got within hailing distance of 
Euclid, who, if he did not succeed in giving an unmystical defini- 
tion of ratio, at least acted as if he were aware that ‘ratio’ and 
‘proportion’ are different concepts. But in this whole matter we 
have no desire to be as precise as we were in the case of the 
Egyptians; we have tried merely to indicate where the mathe- 
matical crux of the history lies. With their numerical examples 
of four numbers in proportion, the Babylonians took the first 
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step toward the Greek theory of proportion which has lasted, 
practically unmodified, to this day. 

Another possible source of much modern mathematics will be 
noted presently in connection with the pyramid. But the sub- 
sequent history of what evolved from similar triangles is so clear, 
and of such outstanding importance for all mathematics, that 
we shall leave Babylonian metrics here with this as its crown. 

With one exception to be discussed presently, the Egyptian 
empirical mensuration is less impressive than the Babylgnian. 
From their prodigious architecture it might be reasonable to 
infer that the ancient Egyptians were skilled conseeion engi- 
neers and hence at least respectable geomete; S)They were 
neither. Brute force in the form of unlimited oe labor made 
brains all but superfluous. Until it was di ered how they 
raised the huge stone blocks to build 2! pyramids, it was 
supposed that the Egyptian overseers acquainted with at 
least the rudiments of scientific engi: é@ing. What they actually 
did‘ puts them on the intellectu el of the ants. As the suc- 
cessive tiers of a pyramid cee slaves laboriously buried 
under thousands of tons of the face of the work already 
done. The swarms of slavestlugged the blocks up the long ramp. 
When the task of buildigg was finished, the slaves removed the 
mountain of sand burying the pyramid, to put it all back where 
they had got it in first place. The dazzling result of their 
labors shone ot all its splendor, another time-outlasting 
monument to ¢he unconquerable spirit of man’s temporal rulers 
and the unbt@akable backs of those who do the work. The sagac- 
ity of th e-driving Egyptian overseers has been rated highly 
by c ‘ent enthusiasts. 

curacy of practical measurements both the stonemasons 
a he irrigation engineers of Egypt of the third millennium 
@c. reached great heights. It is asserted, for instance, that the 
maximum error in a side and in a corner angle of the Great 
Pyramid are only small fractions of one per cent. Again, the sur- 
veyors responsible for observing the Nile succeeded in placing 
their water gauges in one plane for a distance of about 700 miles 
round all the bends of the river. With a sufficient number of 
communes for observation, this could be done by trial and error, 
tie ee They imply any great knowledge of scien- 
Th the dnenas . apr pans had plenty of time. 
tecaiia ot ake te geometry they seem to have known that 
y triangle is obtainable by the rule } base X alti- 
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tude. They also computed the volume of a cylindrical granary 
correctly. These results are as advanced as anything the Egyp- 
tians are known definitely to have obtained, with the exception 
of their work on the pyramid to be noted next. For a people who 
achieved magnificent art, it must be admitted that the Egyp- 
tians’ efforts toward geometry are mostly trivial and disappoint~ 
ing. This, probably, is only to be expected, as acceptable art is 
created by peoples but little above savagery. 


The greatest Egyptian pyramid ‘ Ss 


Every list of the seven wonders of the ancient worl Tudes 
the Great Pyramid, But since the translation of t! sCOW 
papyrus® in a.p. 1930, this pyramid has been overtopped by a 
greater than any the slaves in Egypt could eyeh have reared. 
This greatest of Egypt’s pyramids existed only(in the mind of a 
nameless mathematician who Sromerss Jt uessed the most 


remarkable result in pre-Greek geomet, e gave a numerical 
example of the correct formula, $/(a? KO + 5°), for the volume 
of the frustum of a truncated s pyramid, h being the 
altitude and a,b the sides of the tep and bottom bases. This 
numerical application of a speciahtase of the prismoidal formula 
dates about 1850 s.c. It HN known how this formula was 
obtained. Of several plausible conjectures, none is accepted by a 
majority of reconstructi¥e’scholars. 

ad the forgotten Egyptian responsible for this result proved 
his procedure, he ‘eed rank high among the greater creators of 
mathematics. the empirical discovery of such a process or 
its verbal eq: ent is evidence of extraordinary mathematical 
insight. Info © guise the essential method underlying the 
formula reappeared in all the great ages of mathematics. 
The s called it exhaustion; Cavalieri in the seventeenth 
cen, called it the method of indivisibles and, as will appear 
i fe proper place, got no closer to proof than the ancient 
ns of at latest 1850 B.c. To us it is the theory of limits 
and, later, the integral calculus. The reasons for believing that no 
Egyptian could ever have even distantly approached a proof 
recur many times in mathematical history; the final and con- 
clusive one was stated only in a.p. 1900. 
The complete method of exhaustion is sufficiently described 
through the simpler problem of determining the area of a circle, 
Regular polygons of x sides are inscribed and circumscribed to 
the circle; the required area is less than that of the circum. 


i 
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scribed polygon and greater than that of the inscribed; as 2 is 
increased, the difference between the areas of the polygons 
diminishes until, in the limit, as # tends to infinity, the differ- 
ence vanishes, or is ‘exhausted,’ and the common area of the 
Simiting polygons is equal to that of the circle. In many partial 
applications of the method, only inscribed polygons were con- 
sidered. In either variant, it is necessary to know the area of a 
regular polygon of n sides. This is immediate once the area of an 
isosceles triangle is known. If the limits described exist, and if 
they can be calculated, the problem is solved. AS 

‘At any stage, say » = 96, where Archimedes ae ed in the 
third century B.c., an approximation to the are ¢ circle is 
obtained from the calculable polygons. Moreayer, this approxi- 
mation is comprised between determinate bs given by the 
areas of the inscribed and circumscribedpolygons of 96 sides. 
But the crucial step in obtaining the e: formula for the area, 
or even defining what is meant by the is taken only by passage 
to the limit as # becomes indefinitely great. 

For the truncated square pee we might proceed similarly 
by inscribing and circumseribi stairways whose steps are rec- 
tangular prisms with er doneey and it is conceivable that the 

a 


Egyptian inferred his ri rom the easily calculated approxima. 
tions given by staii 's with a few steps. Indeed, the earlie: 
pyramids were of oS type, and the Great Pyramid itself pre 
sented just SRC appearance before the fina! smooth sheathing 
was applied. But however the Egyptian reachec 

uition gave him the correct result that is provabl 
integral calculus in some guise. For all proofs of thi 
pris: jal formula and its special cases ultimately appeal to th 
iin for the volume of a triangular pyramid. The trivia 
& eralization of this result for a pyramid on any polygonal bas 
was attributed by Archimedes to Democritus, the founder © 
.®) atomism, in the fifth century B.c. Criticism by the Greek sophist 
of the limiting processes used by Democritus and others wa 
partly responsible for the particular course which mathematic 
followed in ancient Greece; and this was one of the major turnin 
points in the evolution of mathematics. It would be interestin 
to know whether Democritus was influenced by the Egyptia 
rent He was one of the most widely traveled and more boastft 
of the early Greeks, bragging that although the Egyptian ror 
sureeebere taught him all they knew, he himself knew far mor 
ight it not be possible, it may be asked, that the Egyptia 
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obtained his rule by some device obviating the theorem of 
Democritus? This would be so only if it were possible to prove 
by elementary means that triangular pyramids of equal altitudes 
are to one another as their bases. Euclid’s proof in his Elements 
is not elementary in that it is by the method of exhaustion, 
implying the concept of continuity. It was this concept to which 
the sophists objected so pertinently that they succeeded in de- 
flecting mathematics into a narrow channel which, to a modern 
mathematician, seems forced and unnatural. The consideration, 
of this will be our principal concern when we follow mathematic 
thought through ancient Greece. “LY 
Conceivably, a strictly finite proof of Euclid’s basic afigdrém 
for triangular pyramids might be possible. The lac + ee a 
proof might be due only to mathematical incapaci not to 
the nature of mathematics. Were such a eagh possible, the 
Egyptian might well have proved his rule, S@r’at least have 
perceived, however dimly, some mathemati grounds for it. 
Recognizing the fundamental mat ical significance of 
the possibility of a strictly finite pr Euclid’s theorem, C. 
F. Gauss (a.p. 1777-1855, German)\ usually rated with Archi- 
medes (2877-212 z.c., Greek) saac Newton (a.p. 1642- 
1727, English) as one of the sh greatest mathematicians in 
history, in 1844 urged thata proof not depending upon con- 
tinuity be sought. Thus i KQvas by no means obvious to Gauss 
that such a proof mht be found. In 1900, M. W. Dehn 


proved that no suc. f is possible. 

Tt seems unl ie then, that the Egyptian had anything 
resembling a pi ‘or his rule. If it was just a lucky guess, he was 
so good at. ing that he needed no mathematics. Several of 
the greatepplathematicians have emphasized intuition in mathe- 
matics the necessary spark without which there is no 
discayéyy. Some have even discounted proof almost to zero, 
claiming that any competent hack can grind out a proof once 
the result has been guessed. Measured by this demotic standard, 
the nameless Egyptian was a very great mathematician indeed. 


The contribution of Babylon and Egypt 


It has been said that no subject loses more when divorced 
from its history than mathematics. This may be true, but there 
is a sort of converse which is equally true. The history of no sub- 
ject loses more when divorced from its subject than does the 
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history of mathematics. With this in mind, we recall that we are 
primarily interested in the development of mathematical 
thought, rather than in the exhibits in a museum of antiquities. 
It is now time to apply this primary interest to our first collection 
of specimens. With the memorable achievements of Babylon 
and Egypt behind us, let us glance back for a moment, forget all 
the human struggling that made these long-dead things once 
live, and estimate them solely in the light of mathematics. One 
item of all the treasure will suffice as typical of all. The 
nian mensuration of the circle throws into sharp relief the 
tion between what is mathematics and what merel 
mathematics. 

In the familiar formulas 2mr, wr? for the circumference and 
area of a circle of radius r, 7 denotes a constant ber which, to 
seven decimals, is 3.1415926. The last.of\course is of great 
practical importance. But the long chrotidl¥ of a signifies vastly 
more for the history of mathematics a rather dreary record 
of successive approximations fro} crude 3 of the Babylo- 
nians of about 2000 B.c. to the 70%decimal places, all but a few 
of them quite useless, of W. s in A.D. 1853. 

Any tyro in geometry un@erstands what is intended by such 
an elliptical statement as {the ancient Babylonians took 7 equal 
to 3.” But accepted literally, this statement implicitly denies the 
existence of mathematics and makes nonsense of its history. So 
far as is known, eBody before the ancient Greek mathemati- 
cians ever “to Naval to” anything. Until it had been proved 
that the rati he circumference of any circle to its radius is in- 
dependen e radius, or that (Euclid, XII, 2) the areas of any 
two circlé}are to one another as the squares on their diameters, 
there’ no “a” to be taken. 


gions from physically measured circles may have sug- 


to some empiricist that the circumference of any circle 
.®) greater than 34] diameters and less than 3+, the bounds 
proved by Archimedes to exist. But only a mind very immature 
scientifically would trust these bounds for circles either so small 
or so large that they could not be measured by the means used 
for the others. Certainly no mind with the faintest stirrings of a 
mathematical instinct would trust them. Induction from practi- 
cal experience is not enough here; mathematics is demanded. 
If, in this particular matter of m, it be argued that the 
ancients before Greece had no need for mathematical—not 
merely numerical—precision, and that close induction from 


THE AGE OF EMPIRICISM 47 


experience sufficed, several replies may be given, all pertinent 
and applicable to the entire history of mathematics. First, on the 
severely practical side, any civilized people using a calendar 
would need sooner or later to know, or at least to believe, that 
there is a constant, say c, such that the circumference of a circle 
is ¢ times its radius. Otherwise, as their astronomy became more 
exact, they would live in constant dread that their calendar 
might begin fluctuating disastrously, and with it, their commerce 
and agriculture. “~O 

Second, mathematical precision and numerical precision are 
very different things, in spite of what some practical soulm@ay 
imagine to the contrary. A fair degree of numerical prey ‘ida was 
demanded in ancient times. Had civilization crysta in the 
second millennium before our era, no greater prédision in nu- 
merical calculations than that which sufficed Wa bylon would 
have been required. But, to cite only three instahices of the need 
for greater numerical precision as civiligation evolved, the 


calendar, geography, and navigation ee an increasingly 


precise astronomy, and this was fort ing only when arith- 
metic and geometry had progressed tar beyond the sharpest 
exactness possible to Guatemala eiicinm. The validation 
of a formula is its proof, wit, which precision even in the 
narrowest sense of practicalyutility is impossible once the earlier 
stages of civilization are ed. 

A third distinctiongyfich sharply separates the Archimedean 
mensuration of the circlé from the Babylonian is exactly the dis- 
tinction baer tific and prescientific thinking. A mind 


which rests contént with a collection of facts is no scientific mind. 
The foley 0 mathematical handbook are no more mathe- 
matics thaprare the words in a dictionary a literary masterpiece. 
Until squt\inifying principle is conceived by which an amor- 
phous mss of details can be given structure, neither science 
no thematics has begun. 

e first and most extensive of all the structures unifying 
number and form is deductive reasoning. There is no conclusive 
evidence that such reasoning was used in mathematics before 
the Greeks. They also advanced far beyond mythology in their 
attempts to unify their observations of nature. Their cosmic 
Speculations may have been too naive to be of much scientific 
value; nevertheless, they were deliberate steps away from 
mythology and superstition and toward science. With the con- 
scious recognition that unity and generality are desirable values 
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both practically and aesthetically, mathematics and science 
became possible. 

All this may sound rather dogmatic, butit is not so intended, 
It is merely one of two possible points of view; and the reader 
is recommended to take the opposite side, follow it out consist- 
ently, and observe to what conclusions he is led in his estimates 
of mathematics and its history. The like applies to our entire 
future course, and in particular to the following paragraph, with 
which no doubt many will disagree. It is the estimatebof pre- 
Greek mathematics to which our argument has led yg.» 

Until, if ever, evidence is uncovered proving th, e Greeks 
were anticipated in their conception of mathem, as a deduc- 
tive science, the greatest contribution of thi bylonians and 
Egyptians must remain their unconscious’ rt in helping to 
make possible the golden ages of Eud and Archimedes. It 
was enough, and should preserve their npmory as long as mathe- 
matics lasts. 


CHAPTER 3 


Firmly Established 
Greece, 600 B.C.—A.D. 300 
x 


— = 


At this point we depart from the traditionat @ioriography 
of mathematics. Those seeking detailed acco of the lives and 
works of mathematicians mentioned will fi em in the places 
cited. As indicated in the Prospectus, ain concern is with 
those creations of the past which have@utvived, if not unaltered 
at least in recognizable form, in thé Body of still-living mathe- 
matics. Consequently, the items.to“be selected presently from 
the rich treasure of Greece are xigt necessarily those which would 
be of greatest interest on oth@Paccounts. A bald obituary of the 
very dead Greek compytation may serve first as a specific 
instance typical of all igighusions or omissions. 


thematics and computation 


The ancient, Greeks separated their work on the rational 
numbers ingyen and arithmetica. Logistic embraced the 
techniques 6f humerical calculation as practiced in trade, com- 
merce, the sciences, particularly astronomy. Arithmetica, 
our higher arithmetic or theory of numbers, was concerned with 
the fet of numbers as such. To dispose here of arith- 
mética before Diophantus (date uncertain, c. a.p. 250), the 
Greeks made two major contributions. Euclid proved the basic 
theorems on arithmetical divisibility from which Gauss in 1801 
deduced the fundamental theorem of arithmetic: a positive 
integer is a product of primes in one way only apart from per- 
mutations of the factors. Euclid also proved that there is no 
greatest prime. If Euclid himself was not first to discover these 
theorems, he at least transmitted proofs of them in his Elements.? 
49 Ha 
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For their percussions on the higher arithmetic of Fermat and 
others in the eighteenth to the twentieth centuries, the figurate 
numbers of the Pythagoreans (sixth to fifth centuries s.c.) 
may be remembered as one of the most suggestive contributions 
of arithmetica to the modern higher arithmetic. These numbers 
also achieved a certain prestige in Plato’s science, as for example 
in his Timaeus. The triangular numbers in particular, when 
insinuated into the Empedoclean chemistry of the four 
‘elements,’ earth, air, fire, and water, were partly responsible 
for the remarkable metaphysical conclusion that “all matter 
is essentially triangles.” The figurate numbers are su; ed to 
have originated from the representation of the regules olygons 
by placing a pebble on each vertex and then Kordering the 
polygons in such a manner that regularity andmumber of sides 
were preserved. This possible origin has be tanced as an 
early occurrence of the connections betweesnnumber and space. 
Whether this superficial connection i Sere than a mathe- 


matical pun, the square numbers peb out as described may 
be responsible for the persistenc Squares’ in our algebra, 
where geometric imagery is not obsolescent but irrelevant. 


Another numerical item tliat’ might be credited to arith- 
metica as practiced by the Bythagoreans is the law of musical 
intervals, traditionally atffibuted to Pythagoras himself. The 
law relates the pitch, f notes emitted by plucked strings 
of the same kind, F equal tensions, to the lengths of the 
strings. This di ty, the first in mathematical physics, 
revealed an unexpected interdependence of number, space, and 
harmony. Itdssecarcely surprising, then, that it precipitated a 
deluge of er mysticism. Human credulity being what it 
is, the resting crop of esoteric philosophies and bizarre creeds 
‘ang up in ancient times, and which continue to flourish 
wn, might have been anticipated. The Pythagorean law 
‘also responsible for the retention of ‘music’ in the standard 
dieval curriculum. In fact, nearly every conceivable use, 
except a sensible one from a modern point of view, was made of 
the epochal discovery that musical sounds and numbers are 
related. The fact that had been discovered by experiment 
became the occasion for abandoning experiment in favor of the 
unaided human reason. Consequently, the experiment that 
might have started a scientific age, in the modern sénse, aided 
most effectively in retarding that age for about 2,000 years. 

In logistic—computation—the Greeks did nothing that is 
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not best forgotten as quickly as possible by a mathematician. 
Their best attempt to symbolize numbers was a childish scheme 
little better than juxtaposition of the initial letters of number 
names, Yet the development of Greek numeration, such as it 
was, might legitimately merit a great expenditure of erudition, 
time, and space in the antiquarian history of mathematics. Its 
interest here is negligible because, fortunately for mathematics, 
Greck numeration quickly perished. Only one of its many dis- 
abilities was its incapacity to represent even moderately large 
numbers concisely. Archimedes in the third century B.c ver 


came this in a scheme of counting by eighth power: noon ut 
ious 


as he just missed the placc-system of numeration, hi 
idea also perished. : 

It is supposed that the Greeks themselves, Pos ie a few 
experts, made little use, if any, of their alphaBetic numbers in 
computation, but resorted to the abacus. ic attempts to 
rehabilitate the battered reputation of Greek logistic as a work- 
able system appear to be based on misapprehensions of what 
the Greeks actually did; and the m. ity opinion remains that 
of the conservative and sympath istorian of Greck mathe- 
matics who characterized Gree! “Shineration as vile. Some good 
thing undoubtedly came out gies but it seems unlikely 
that any decent arithmetic d have issued from an inherently 
vile way of symbolizing eats, and those who have gone most 
deeply into the matte; ert that none did. 

The problem o eration was finally solved by the Hindus* 
at some controv: 1 date before a.p. 800. The introduction of 
zero as a sy denoting the absence of units or of certain 
powers of te; a number represented by the Hindu numerals 
has been nave as one of the greatest practical inventions of all 
time. Ceftainly the merchants and traders of medieval Europe 
thou; so when they learned the Hindu system from the 
Modes Not only did the numerals stimulate commerce; they 
latef shortened astronomical computations tremendously, and 
hence were partly responsible for the computation in a reason- 
able time of the tables demanded during and after the Renais- 
sance by an increasingly more extensive navigation, which in 
turn accelerated trade, which in its turn hastened practical 
refinements in computation. In brief, it is difficult to exaggerate 
the practical importance of a simple and universally applicable 
system of numeration. But it is easy to overestimate its impor- 
tance in the development of mathematics, applied as well as pure. 
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Computation begins only after the mathematics has been 
done. Neither the Hindu numerals nor any others are of any 
importance whatever in vast tracts of modern mathematics. No 
numerical computations are performed. 

Gauss is reported to have lamented that his ancient compeer 
Archimedes just failed to anticipate the Hindu system of nu- 
meration. With his own prodigious astronomical calculations 
behind him, Gauss speculated how much farther advanced the 
science of the nineteenth century might have been hadArchi- 
medes succeeded. If this report is accurate, it admirabl} points 


the parting of the ways. For Gauss had computation. roncmy 
in mind; and it was Gauss the expert calculator, not Gauss the 
creative mathematician, who was lamentin; e failure of 


Archimedes to take that last simple but ess r% 1 step. 


Ex Oriente lux Ww 
ur! 


In an older day the sudden rise to, a ity of Greek mathe- 
matics was classed with the mira efore the twentieth-cen- 
tury research on the records of lon and Egypt, it appeared 
that mathematics in Greeceghad grown from conception to 
vigorous manhood in a meié*flash of about three centuries. 
Today we know that ine ject which Greek writers themselves 
expressed for the wisdom of the East, even while extolling their 
own, was justified. sudden maturity is no longer incredible. 
Modern. scienc inning with Galileo and Newton, has 
developed with equal rapidity from origins relatively no more 
promising ‘ose from which Greek mathematics evolved. 

The route’by which the learning of the East reached Greece 
has yet, e uncovered in detail. But the battles of Marathon 
(oo *), Thermopylae, and Salamis (480 n.c.), where the 
Gr broke the Persians on land and sea, may have been a 

ing point in mathematical history as they were in that of 

Western civilization, Those battles prove at least that young 
Greece was in close contact with ancient Persia, the imperial 
queer of Egypt, Babylonia, Phoenicia, Syria, and all Asia 

nor, 


Marathon and Salamis are universally acclaimed by partisan 


humanists as unmixed benefits for the development of civilized 
culture. The career of mai 


ar ‘thematics hints that they may have 
been the beginning of a long detour round the origins of much 
that today is more vital than some of the Greek masterpieces. 

Until the route from East to West is traced, we shall not 
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know definitely how much Greek mathematics owed to its prede- 
cessors. Without in any way belittling the Greek contribution, 
we may safely believe that the extreme miracle of spontaneous 
generation did not happen in Greece. In this connection, two 
opposing theories of the anthropologists may be mentioned. Ac- 
cording to the first, closely similar cultures will evolve spon- 
taneously in similar environments, no matter how widely 
separated, According to the second, all civilization is propagated 
from foci of culture, which in turn were civilized from more 
remote foci, and so on, until all culture is traced to one inig@h 
focus, usually Egypt. » 

A third theory combines the patent advantages of both’Phe 
spontaneous theory is echoed in the frequent remark that athe- 
matical and scientific discoveries are often made i dependently 
and almost simultaneously by two or three men. e diffusion 
theory this can be explained by observing— is the fact— 
that in such instances the discoveries usually. inate in a body 
of knowledge accessible to all. Something ly like this is now 
believed to have been responsible foi sudden efflorescence 
of Greek mathematics. Ss f 

The lore of the East was avail ‘to any curious Greek who 
could afford a journey to Egyp' Babylonia. Trusting Greek 
tradition, we may assert that many early Greeks, urged by their 
notorious and childlike curiosity, traveled extensively in the 
East and profited enormeéusly by their travels. Greek mathe- 


matics is sufficient ce of the insatiable hunger of the 
awakening Greek mtind for exact knowledge, and the most 
adequate measu its intellectual capacity. 


&” Two supreme achievements 


All th dinmaterial riches of the generous East were anyone’s 
for the ‘She and the taking. The early Greeks appear to have 
asked or everything and to have taken nearly all, fools’ gold 
alo ‘ith the rest. In their youthful eagerness to acquire, they 
overlooked two obvious opportunities, each of the first impor- 
tance for the futures of science, mathematics, and philosophy 
then possible. 

The sixth century before Christ was the time, and Greece the 
place, for human beings to reject once for all the pernicious num- 
ber mysticism of the East. Instead, Pythagoras and his fol- 
lowers eagerly accepted it all as the celestial revelation of a 
higher mathematical harmony. Adding vast masses of sheer 
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numerological nonsense of their own to an already enormous 
bulk, they transmitted this ancient superstition to the golden age 
of Greek thought, which passed it on in the first century a.p, 
to the decadent arithmologist Nicomachus. He, enriching his 
already opulent legacy with a wealth of original rubbish, left 
it to be sifted by the Roman Boethius, the dim mathematical 
light of the Middle Ages, thereby darkening the mind of Chris- 
tian Europe with the venerated nonsense, and encouraging the 
gematria of the Talmudists to flourish like a weed.4 

It is customary in the histories of science and mathematics 
to ignore these vagaries of the human mind. However, iNwould 
seem to impartial onlookers that only a distorted i of the 
not too flattering facts can result from any histdtital account 
which reports only what are now considered sete and ig- 
nores the failures. Frequently the sense of ong@poch has become 
the nonsense of a later, and what no lon Sis meaningful may 
once have been of prime scientific or soci portance, A case in 
point is the phlogiston theory of he: nother, the tripartite 
infinity of theology, a lineal descendant of the mystical arithme- 
tic of the Pythagoreans; and yet @ybther, the Platonic theory of 
mathematical truths, long siice abandoned by unmystical 
mathematicians, Without some attention to such misadventures 
in ideas, the developm mathematics, no less than that of 
science, appears as an~uninterrupted parade of triumphs with 
never a recession “peels the glorious monotony. Gratifying 
as such a preserttéti nm may be, it is not therefore necessarily 
adequate. 

Had th agoreans rejected the number mysticism of the 
East whee 'y had the opportunity, Plato’s notorious number,’ 
Aristot ‘are excursions into number magic, the puerilities of 
medieval’ and modern numerology, and other equally futile 
diyagations of pseudo mathematics would probably not have 
ovred to this day to plague speculative scientists and be- 

.®) dered philosophers. Nor would a mathematical astronomer® 
of the early twentieth century have beheld the astounding 
spectacle of God masquerading as a mathematician. Among the 
gains accruing from the ancient numerology is the inspiration 
for much of Plato’s theory of Eternal Ideas. 

If on the other hand ti 
understood Babylonian alg 
development might well h: 
thousand years. But toa 


he early Greeks had accepted and 
ebra, the time-scale of mathematical 
‘ave been compressed by more than a 
people just starting to grow up mathe- 
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matically, the attractions of a mystical, all-embracing philos- 
ophy were naturally more seductive than those of an austere 
algebra. 

A greater disaster at the height of the Greek golden age held 
mathematics and science back immeasurably. Instead of follow- 
ing the bold lead of Archimedes and developing a fluent, dynamic 
mathematics applicable to the ceaseless flux of nature, the lesser 
Greek mathematicians of the third century z.c., and after, 
lingered behind with the Platonists and cast their thought in 
geometric shapes as perfect and as rigidly static as the oe 
non. In the entire history of Greek mathematics, all the 


incomparable Archimedes and a few of the more Todox 
sophists appear to have hated or feared the m: ‘matical 
infinite. Analysis was thwarted when it might h ospered. 


time. They are heavy enough; but beside th its, they are of 
little moment. It has fallen to the lot o one people, the 
ancient Grecks, to endow human thoug! ith two outlooks on 
the universe neither of which has bl appreciably in more 
than two thousand years, From al e mass of their great 
achievement, these two, each of siiperlative excellence, may be 
exhibited here by themselves, to diminish their magnitude 
by a crowd of lesser masterpietés, all great but not the greatest, 

The first was the expli recognition that proof by deductive 
reasoning offers a fou: n for the structures of number and 


form, © 


The second watt daring conjecture that nature can be 


Such are the debits in the account of ei matics with. 


understood by an beings through mathematics, and that 
mathematics i$ythe language most adequate for idealizing the 
complexity éPriature into apprehensible simplicity. 

Both attributed by persistent Greek tradition to Pythag- 
i e sixth century before Christ. No contemporary 
these epochal advances survives; and there is an equally 
ent tradition that it was Thales in the sixth century B.c. 
who first proved a theorem in geometry. But there seems to be no 
claim that Thales, earliest of the ‘seven wise men of Greece,’ 
proposed the inerrant tactic of definitions, postulates, deductive 
proof, theorem as a universal method in mathematics. Again, in 
attributing any specific advance to Pythagoras himself, it must 
be remembered that the Pythagorean brotherhood was one of 
the world’s earliest unpriestly cooperative scientific societies, if 
not the first, and that its members assigned the common work of 
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all by mutual consent to their master. It is sufficient to remember 
that these advances were made as early as 400 B.c. at the latest, 
and that both were Greek. 


Chronology of Greek mathematics 


Before considering in some detail a few items of more than 
antiquarian appeal, we shall give a short prospectus of the lead- 
ing schools of Greek mathematics with their dates, a few key 
names, and brief mention of the principal advances Rede by 
each. Some of these will not be noted again. All da xcept 
those attached to men’s names are only pea those 
without A.D. are B.C. 

The birth, maturity, and senescence of Grevk‘ mathematics 
cover about ten centuries, roughly from Re < to a.v. 400. 
The earliest period, 640-550, was that of. es (6247-5502), of 
the Ionian school, and Pythagoras (569 ?). Its outstanding 


achievements are the founding of matics as a deductive 
system and the program of mathematicizing natural phenomena. 
In the fifth century, the sophists of Elea in Italy 


hardly constituted a aS ane school, yet were of funda- 
mental importance for 1] evelopment of all hematical 
thought. By his ingeniousparadoxes on infinite divisibility, Zeno 
(495 2-435 ?) cast doubtion some of the Teasoning of his predeces- 
sors, and was partl sponsible for the characteristically Greek 
course which mae atics entered with the succeeding school 
and followed abe eafter. The sophist revolt against plausible 
reasoning BS arks one of the cardinal turning points in the 
history o hematics. 

d and fourth schools, Athens and Cyzicus, 420-300, 
xcept geographically. Of the very first importance for 
he future of mathematics was the disposal of some of the 
ists’ objections by Eudoxus (408-355), a pupil and at one 
‘ime a friend of Plato, in his theory of proportion. Essentially 2 
theory of the real number system, this Greek work of the fourth 
century B.c. was not substantially modified till the latter half 
of the nineteenth century a.p., when critical difficulties in analy~ 
sis necessitated a thorough reexamination of the concept of real 
number. 

__ In this period, Plato (429-348) was to assume a mathematical 
importance greatly in excess of any warranted by his own slight 
contributions, The general professional opinion is that Plato’s 
too rigid ideal of mathematics? as a high philosophic art was to 
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cramp and trammel mathematicians abler than himself. How- 
ever, discounting the excessive purity of the Platonic ideal, 
Menaechmus (375 ?~325?), a pupil of Eudoxus and reputedly a 
tutor of Alexander the Great, inaugurated the geometry of conic 
sections. There is a tradition that Plato encouraged Menaech- 
mus. If this is true, Plato made a fundamental contribution to 
mathematics. 

A basic technique was added to mathematical reasoning in 
this period by Hippocrates* (of Chios, 470?-?; not to be confuse 
with the great physician of the same name, of Cos). By exploiti 
it in his own geometry, Hippocrates demonstrated the powe)of 
the indirect method (reductio ad absurdum, reductio: an 
absurdity or deduction of a contradiction from sumed 
hypothesis which it is desired to disprove). The uni, validity 
of this method remained unchallenged till the atiéth century, 
when objections were raised to its indiscmmingsS e in reasoning 
about infinite classes. 

The fifth school was the First Alex. an, 300-30, in the 
city founded by Alexander the Great 32. This was the cul- 
mination of Greek ces Grek, ge the exception of Dio- 


phantus (possibly not a Greek, conjectured from second 
to fourth century), the rest isCanticlimax. In this great age, 
Euclid (365 ?-275?) wove el tary plane and solid synthetic 
geometry into the close de tive system that was to remain the 
school standard for o 00 years. He also systematized the 
Greek arithmetica aa éxisted in his time, and wrote on geo- 
metrical optics. 

In this age li rchimedes (287-212), the greatest scientific 
and mathem: intellect of the ancient world, also, by virtue 
of the unc ed freedom of his methods, the first modern 
mathematidian. Not till England produced Newton in the seven- 
eat ences and Germany Gauss in the nineteenth, did the 


exa fences show this ancient Greek his peers. With magnifi- 
cent ‘Indifference to the mathematical propricties of his age, 
Archimedes used whatever came to mind or hand to advance 
mathematics. Unlike many of his fellow Greeks, he did not dis- 
dain experiment. He founded the mathematical sciences of 
statics and hydrostatics. He anticipated the integral calculus, 
also, in the one problem of drawing a tangent to his equiangular 
spiral, the differential calculus. 

In this age also lived the supreme master of the synthetic 
method in geometry. Apollonius (260?-200?) left but little for 
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his successors in that method to do in the metric geometry of 
conics, 

Astronomy became a mathematical science during this 
period, in the work of Hipparchus (of Rhodes, second half of 
second century B.c.). From Hipparchus on through Ptolemy 
(second century after Christ), Copernicus (fifteenth century), 
Tycho Brahe (sixteenth century), and Kepler (sixteenth century), 
astronomy did not deviate from the Hipparchian program of a 
geometry to describe the motions of the planets. With Newton, 
this geometry evolved in the seventeenth century into d: ‘AQmics. 
Hipparchus also was the first to use a sort of trigohometry 
systematically, and is said to have produced the ivalent of 
a rudimentary table of sines. PAG 

Geodesy advanced in this period with theedsurement, as 
accurate as the available data and instruments permitted, of a 
degree of the earth’s surface by Eratosthenes. This man is re- 
membered also for his reform of the c; ar and for his method 
of sifting out the primes from thi eq ence of all the integers. 

Finally, this rich period pr ed one of history’s most 
ingenious scientific engineers, Meron (of Alexandria, second cen~ 
tury, perhaps not Greek). ‘The formula 


Wgsbo ~ db) - 


for the area of aceite with sides a,b,c and 2s =a+b +e, 
often attributetl t6 Heron, is of course important in trigonom- 
etry. But i culiar historical significance is elsewhere. It 
marks a ¢; ‘ee departure from the too rigid niceties of ortho- 
dox Gr, athematics, a departure which was halted all too 
soon, academic Greek geometer would have presumed to 

iply together four lines,’ as in the formula; for the product 
no geometrical meaning in Euclid’s space of three dimen- 
ions. The engineer Heron was not deterred by such obstacles, He 
discovered or transmitted the right result and, like the Egyptian 
he may have been, left it for future generations of mathemati- 
cians to show that he had not erred in his own proof. If, however, 
as is now claimed, the formula is due to Archimedes, the mystery 
of it all vanishes. ; 

The sixth and last school was the Second Alexandrian, 30 
B.C.~A.D. 640. The first date marks the absorption of Egypt by 
Rome, the second? the destruction by the Mosiems of what Jittle 
Roman virility, Greek neglect, and early Christian intolerance 


« 


FIRMLY ESTABLISHED 59 


had left—some say nothing—of the great library at Alexandria. 
But Greek mathematics had lost most of its creative power long 
before the library disappeared, and only three men in the six 
centuries of the Second Alexandrian school would have been 
noticed as mathematicians by the giants of the First. 

Ancient astronomy culminated in the second century a.p. 
in the eccentrics and epicycles of Ptolemy. For about fourteen 
centuries, Ptolemy’s geocentric description of the solar system 
was to be accepted as ultimate. Geometry and arithmetic bets 
long since become independent provinces of mathematics 
Ptolemy, compelled by exigencies of astronomical comp mn, 
all but split off trigonometry as a distinct mathematic Netience 
in his geometrical theorems equivalent to the additiggprmulas 
for the sine and cosine, and in his computationcaf-a table of 
chords. The failure of trigonometry to attain its feedom was due 
to Ptolemy’s lack of algebra and the disab of logistic. 

Almost at the end of the creative perio, elated geometer, 
Pappus (second half of the third cng transmitted 
or himself discovered three propheti‘theorems. He proved 
the focus-directrix property for the ellipse, parabola, and 
hyperbola, thereby foreshadowi the general equation of the 
second degree for all conics in anal lytic geometry. He also proved 
in effect that the cross ratio (or anharmonic ratio) of four 
collinear points is a proje nvariant, thus isolating a cardinal 
theorem in the prjeate geometry of the seventeenth and 
nineteenth centuries ce ally, he used one of the numerous dis- 
guises of the in < calculus to obtain the theorem often 
ascribed to P, ai (a.p. 1577-1643, Swiss) that the volume 


generated a ane figure F rotated about a fixed axis is AL, 


A= the of F, L = the length of the path traced by the 


centroid es . Obviously it is impossible to give an acceptable 
Proof.without a full use of the calculus, 

Atlast, in the rudimentary algebra of Diophantus, also in 
his higher arithmetic, mathematics all but entered a renaissance. 
But it was getting late, and the Greek spirit was too tired to 
return to its point of departure and resume the march begun by 
others some twenty-four centuries before in Babylon, If there is 
such a thing as the Zeitgeist, it must have permitted itself a 
sardonic smile as it prepared the sourest jest in the history of 
mathematics. Not Diophantus, but his historical predecessor of 
the first century after Christ, the numerologist Nicomachus, 
Was to transmit arithmetica to Christian Europe. 
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Number from Pythagoras to Diophantus 


A few items in the foregoing prospectus overtop the rest 
in importance for what was to be the future of mathematics. 
These will now be examined in closer detail. 

The Pythagorean brotherhood’s conception of mathematics 
was broad and human. All of their philosophy, of which mathe- 
matics was only a subordinate if important part, was directed 
to but the one end of sane, civilized living. Arithmetic, geofhetry, 
astronomy, and music were the four divisions of thei ‘Mathe- 
matics. This tetrad was to survive for centuries, passinythrough 
the Middle Ages in the attenuated quadrivium which formed 
four-sevenths of a liberal education, the rest béing the trivium 
of grammar, rhetoric, and logic. By then, h er, the Pytha- 
gorean liberality of spirit had been stifled qnd living often was 
neither sane nor civilized in any seme ONY Pythagoras would 
have recognized, 

Of Pythagoras himself only legac remain. In middle life he 
migrated from his native Samos(t}*Crotona in southern Italy, 
where the best work of his brothérhood was done. For the rest, 
fable makes him an enthu; if somewhat pompous mysta- 
gogue who had traveled extensively in the East, and who used 
his mystical lore to ifmpress everybody from blacksmiths to 
young women. In lil ity of mind he was centuries ahead of his 
time. As but orfe\ifdication of many that the Pythagoreans 
sought to enlighyea their contemporarics, women were admitted 
to the mas ectures; and Pythagoras himself seems to have 
had no x the very peculiar masculinity of the Athens of 
Socrates rid Plato. It is said that Pythagoras and his immediate 
disci perished in the flames kindled by those whom they had 
strive to deliver from brute ignorance, prejudice, and bigotry. 
co) any event, the Pythagoreans were driven out to seed their 

isdom elsewhere. 

The evil that accrued from the Pythagorean numerology has 
been sufficiently noted. But some good also issued from it at 
a very long last. From nonsensical hypotheses the Pythagoreans 
aay ae ie the sun and the moon shine by light reflected 
tor his a ral ane Some twenty centuries later, Copernicus 
‘ ious editor) in his dedicatory epistle to the reigning 

‘ope stated that this wild deduction gave him a hint for his 
own heliocentric theory of the solar system. 

Again, readily discovered relations between the positive 
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integers of certain categories, such as the odd or even, or the 
polygonal numbers, might easily delude an imaginative mind 
into ascribing human and superhuman powers to number. When 
Pythagoras discovered the ratios 7, $, $ for the lengths of 
plucked strings under the same tension to give the octave, the 
fifth, and the fourth of a note, the first recorded fact in mathe- 
matical physics, it was an understandable extrapolation that 
“Number rules the Universe,” and that the ‘essence’ of all things 
is number. In the pardonable enthusiasm of that too-inclusive 


generalization, the modern theory of the continuum of\yeal 
numbers originated. YX 

To follow the clue from Pythagoras to the presen¥e must 
return to Thales. He too had learned much from t] ise men of 
the East. The story that he predicted a solar e n 585 Bc. 
appears to be apocryphal.” The like may be. . or the equally 
famous and mathematically more importa: ena that, while 
in Egypt, Thales estimated the height o! Great Pyramid by 
an obvious application of similar tria to the shadow of the 
pyramid and that cast by his staff n held perpendicular to 
the ground, \ > 

Whether or not the legend x@0ords a fact, the Pythagoreans 
by the fifth century .c. h eached a critical stage in the 
development of the numbér concept. For they proceeded to 
prove that if @,b,c and se’ are corresponding sides of similar 
triangles, then a/b ", b/c = b'/c’. (The remarks on history 
and proof in the pects are particularly relevant here.) 

By the fourt tury B.c. it was perceived that the Pythago- 
rean proof c led the subtle assumption that the numbers 
measuring ides a,b,c,a’,b’,c’ are rational, that is, each is 


expressil s s the ratio (quotient) of two integers. But these 


sides een assumed to be of any finite lengths whatever. 
Hen, had been assumed that there is a one-one correspond- 

Chetwrecs the lengths of straight-line segments and the 
rational numbers. In particular, it had been assumed that the 
length of the diagonal of a square whose side is a rational number 
is itself a rational number. If the side is 1 unit, the diagonal is 
V2 units in length. But the Pythagoreans easily proved that \2 
is not expressible in the form m/n, where m, 2 are integers. 

It would be of great interest to know who" first proved the 
irrationality of *¥2, but probably we never shall. In reply to a 
question by Socrates, Theaetetus says, “Theodorus was writing 
cut for us something about roots, such as the roots of three or 
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five feet, showing that in linear measurement (that is, comparing 

the sides of the squares) they are incommensurable by the 

unit; he selected the numbers which are roots, up to seventeen, 
but he went no farther; and as there are innumerable roots, the 
notion occurred to us of attempting to include them all under 
one name or class.” But this does not settle the vexed question of 
who first proved the irrationality of ‘V2; and anyone who wishes 
may still believe without danger of contradiction by incon- 
trovertible evidence that Pythagoras himself did. All w@ need 
keep in mind is that the Pythagoreans by the end he fifth 
century 8.c. knew that 2 is irrational. With great ingenuity 
they approximated to ‘2 by successive solutigad of the equa- 
tions 2x — y? = +1. pe 

Two ways of proceeding lay open. Therchoice was between 
some lengths corresponding to no nw: » or W2 and other 
positive irrationals being numbers. sing the second, the 
geometers of the fourth century assed one of the epochal 
milestones in the history of ail th t. “The grand continuum” 
of analysis, the real number em, was already in view. So 
also were the paradoxes of ghdinite, Unless the new numbers, 
the positive irrationals, cou be incorporated with the positive 
rationals in a unified demain of ‘numbers’ or ‘magnitudes’ so 
that all should for f-consistent system under the operations 
addition, subtra Xp multiplication, and division as then under- 
stood for the rationals, the newly imagined irrationals would be 
illusory. F: t, operations in the enlarged number system 

i ¢ same results for the rational numbers as before 

‘tion of irrationals to the rational number system. 

‘and for internal consistency in the enlarged domain was 

au atically imposed, for it had already been agreed that 
@athematics should not defy strict deduction. 

9 No further extension was made until the seventeenth century, 
when the negative numbers were fully incorporated (but with- 
out mathematical understanding) into the real number system. 
About 1800 the final step was taken when the imaginaries 
were adjoined to the completed real number system, and 
the domain of complex numbers (a + b NV =I, a, b real) was 
created. In both of these later extensions, the underlying method- 
ology of generalization and internal consistency had not changed 
since the fourth century B.c. The Greeks appear to have been 
guided by subconscious mathematical tact. Explicit formulation 
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and perhaps clear understanding of the methodology of extend- 
ing the number system came only in the late nineteenth century. 
We shall return to this presently. 

Thus far only half the project of adjoining the irrationals, 
as the Greeks saw the problem, had been imagined. They thought 
in spacial imagery and had generalized their conception of 
geometrical ‘magnitude’ to include both rational and irrational 
magnitudes. It did not occur to them immediately that the more 
difficult half of the project remained undone. They had s ii to 
prove that their enlarged system of magnitudes was stom 
sistent; and they appear either to have overlooked thi ssity 
entirely at first, or to have considered it obviouslyMatisfied. 
Looking critically at what appeared obvious—ong@fthe almost 
infallible ways of making a fundamental additighto mathemat- 
ics—they discovered that it was not all obvi Son close inspec- 
tion they perceived difficulties that hav been completely 
resolved even today. As already em ed, the manner in 
which Eudoxus surmounted these vdifficultics marks a major 
turning point in the long history ofGkathematics. 

It was impossible for the Greeks or anyone else to understand 
either geometry or the real n T system without some theory 
of continuity in the mathe: al sense, This incidentally neces~ 
sitated a clarification of imiting processes, such as exhaus- 
tion, already descr in connection with the Egyptian 
mensuration of the fy: ‘amid. Until such processes were strictly 
validated it was n ghsense to speak of the area of a circle, or of the 
volume of an ou or of the length of any line, straight or 
curved, excepténly when the numerical measures of such areas, 

lengths were rational numbers. As irrational 
re infinitely more numerous (to the power of the 
than the rational, mensuration and the geometrical 
wu of proportion scarcely existed before Eudoxus, 
he necessity for drastic revision was strikingly emphasized 
by Zeno in four ingenious paradoxes or, as some might say, 
sophistries. A sophistry in mathematics is a logical argument 
that some dislike but cannot refute. Zeno’s classic four have 
probably occasioned more inconclusive disputation than any 
equal amount of disguised mathematics in history. 

Zeno’s service to mathematics is so outstanding that it would 
be interesting to know something of the man himself. Very little 
has survived, By tradition, he was a pugnacious dialectician 
with a passion for being different from everyone else. In middle 
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age he was “of a noble figure and fair aspect.” His paradoxes 
are evidence enough of an independent mind, and it is told that 
his uncompromising intellectual honesty finally cost him his life. 
He had conspired with the political faction which lost, and met 
his death by torture with heroic fortitude. The first of his para- 
doxes will suffice here. 

Zeno argued that you cannot get to the end of a racecourse, 
because you must traverse half of any given distance before you 
traverse the whole, and half of that again before you can peverse 
it, and so on, ad infinitum. Hence there are an infinite riimber of 
points in any given line, and “you cannot touch @m’ infinite 
number one by one in a finite time.” Therefore youwwill never get 
to the end this side of eternity. \- 

In this and another of the same type Achilles and the 
tortoise), Zeno argued against the infinite divisibility of space 
and time. To show his philosophic imp: ity, he devised two 
equally exasperating paradoxes on tl er side: if finite spaces 
and times contain only a sen 1 of points and instants, 


we again deduce consequences adicted by experience. 

Mathematics had freely yged’ the concept of infinite divisi- 
bility. Thus Zeno’s parad: €8} in addition to affording grounds 
“for almost all thr pace and time and infinity which 
have been construct m his day to our own,” showed that 
geometry and me! tion in the fifth century B.c. needed a new 
foundation. oo provided this in his theory of proportion, 
applicable to real ‘magnitudes,’ 

tS ing how Eudoxus met this ancient crisis, we note 
the ninetéénth-century way out of Zeno’s difficulties. By a sim- 
ple a; ation of infinite series it is easily shown that the 
Tu: it reach his goal and that Achilles will pass the tortoise. 

iba reservation of the first importance—the logic of con- 

uity supporting the modern theory of convergence descended 
in the twentieth century to a deeper level than any that had been 
explored when the nineteenth-century analysts imagined they 
had disposed of Zeno’s paradoxes. 

Eudoxus based his theory on his definition of ‘same ratio? 
The ratio P/Q is said to be the same as the ratio X/Y, when, 
m and n being any (positive) integers whatever, mX is greater 
than, equal to, or less than nxY according as mP is greater than, 
sonal to, or less than, 2Q, If the ratios P/Q, X/Y are the same, 

2, X, ¥ are called proportionals. The theory is expounded in 
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Euclid’s Elements, Book V. Book VI contains the application 
to similar figures. 

Some modern critics, particularly among the French, have 
been unable to appreciate the radical distinction between this 
Greek theory of the real number system and that now current, 
due to J. W. R. Dedekind (1831-1916, German). Beginning in 
the 1870's, the criticisms continued well into the twentieth 
century, especially during the nationalistic fervors generated by 
the first world war. The later critics appeared to be unaware 
that Dedekind had disposed of their contentions in 1876. ‘Me 
point of historical interest is that no current theory oOyal 
numbers is that which sufficed for the fourth century Be: 

The Eudoxian theory of proportion indirectly validated the 
empirical rule of the Egyptians for the volume ofpa ttuncated 
pyramid, and completed the work of the Pytha, {fs on similar 
figures. It also certified the method of cates and, after 
Dedekind (1872), the use of the integral us in the deter- 
mination of lengths, areas, and volume a short, it provided 


a foundation for the real number em of mathematical 
analysis. bd 

It may be significant that E s was another of the great 
Greek mathematicians who is to have visited the East. At 


Plato, he left Plato’s Athenian 
Academy to found his ow: ‘ool at Cyzicus when Plato—so it is 
said—began to show¢sigas of most unphilosophical envy and 
jealousy. But this is hardly credible of the man who composed 
the Lysis and the posium. 

The italiciz rase in the definition of ‘same ratio’ illus- 
trates the fa ‘at finality is as hard to reach in mathematics 
as it is i ilosophy. For not all schools of mathematical 
vate he twentieth century have admitted ‘any integers 


one time a protégé and frie 


whate) as a legitimate concept in deductive reasoning. ‘The 
phx ‘conceals an infinity of trials on ail the integers m, m to test 
the Yhequalities mX 3 nY, mP = nQ. Thus a consisent finitist, 
if there is one, might say that Eudoxus produced a milder para- 
dox of Zeno’s racecourse; for “you cannot test for an infinite 
number of pairs of integers in a finite time.” However, the 
influential mathematical schools ignore such sophistries, and 
continue to create new mathematics of great interest and 
indubitable scientific utility. 

Having passed this outstanding landmark in the develop- 
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ment of mathematical thought, we shall look forward from it for 
a moment before proceeding to the next stage in the Greek 
elaboration of number. Its specific importance in relation to 
geometry, mensuration, and the real number system has been 
sufficiently indicated; and anyone with the slightest feeling for 
great mathematics will admit its greatness without any reserva- 
tion. Contemplating this masterpiece, mathematicians may be 
pardoned a little pride that it was their guild which fashioned it, 
But to leave the Greek masterpiece in sculptured isolatigtvas a 
monument for all time to the perspicacity of the mathetatical 
intellect would be to give a totally false impression RS) anner 
in which mathematics has developed. Its history is the record 
of one brilliant victory after another. Rather i cha somewhat 
sobering chronicle of intelligence fighting crately against 
tremendous odds to overcome the all but i teldetable stupidity of 
the human mind. That such progress a SS been made should 
have been possible at all is the miracls the ages. 

With the detailed example of t eek attack on incommen- 
surables (irrationals) set out bef. em with all the elaborate 
precision of a copybook for children, mathematicians stumbled 
about for twenty centuries before imitating the Greek method- 
ology in their struggle toSincorporate negative and complex 
real numbers in a single self-consistent 


negatives and 


assumed th tain rules of operation, known to produce 
consistent ‘ts in special circumstances, would retain their 
validity Il circumstances of a superficially similar kind. In 
Greek, 


etry, the rules in question were those used in proofs 
ing similar triangles with rational sides; the tacit assump- 


con: 
tiobwas that these same rules would give consistent results for 


The Greeks recognized that th 
mental problem, isolated it, and 
step was their bold hypothesis 
Tepresented geometrically) 


ey were confronted by a funda- 
solved it. Perhaps the decisive 
that a ‘magnitude’ (number 
need not be rational in order to be a 
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‘magnitude.’ They generalized the concept of magnitude as it 
first presented itself to experience and intuition, The algebraists 
up to the seventeenth century failed to recognize that the nega- 
tives and imaginaries presented a problem at all. They either 
blindly manipulated such things when the rules for solving 
equations turned them out, or rejected them without attempting 
to justify the rejection, A contemporary of Eudoxus would have 
wanted to know why some equations produced only intelligible 
roots, others only some intelligible, and others none. In th ig. 
lack of common mathematical curiosity, the algebraists of Islan 
and the European Renaissance were Somemporaries e 
ancient Egyptians. They wondered and were perpleked, of 
course; but there they stopped, because they lacke a Greek 
instinct for logical completeness and generality. 

It was only in the nineteenth and twentiethCeénturies that 
these difficulties were satisfactorily met, andNthen it was by 
a methodology abstractly identical with that of the Greeks, 
First, it was ascertained what algebraisté\were subconsciously 
striving to do. They were attempting With no mathematical 
justification, to include all the realaynd all the imaginaries in 
one system closed under the fou: ional operations (addition, 
subtraction, multiplication, diyiicn) of common algebra. They 
actually proceeded on the tagit aésumption that such closure was 
a mathematical fact, nai that it was self-consistent. This is 
what they wished it toe, in order to certify their empirical 
calculations. No progress'was made until they followed the Greek 
lead in geometry tated explicit postulates for the real and 
complex numbe; & ereby defining the ‘numbers’ presented in 
algebraic expen Thus the concept of ‘number’ was extended 
to cover ts closed under the four rational operations. 
Finally, ad will be seen, it was proved in the late nineteenth 
centy Mat the most general set of this kind, in which xy = 0 
onl: at least one of x, y = 0, is that of all complex numbers 
a+ bV=1, a, b real; and that the only such sets are this itself 
and certain of its subsets, for example, the set of all rational 
numbers. 

When we reflect that it took the Greeks less than two cen- 
turies to recognize and reach their goal, we may well wonder 
whether mathematics today is not starting on another of its 
two-thousand-year quests in search of simplicity. With all its 
prolific inventiveness, mathematics seems to have lost some of 
its youthful directness. Nearly always it is the recondite and 


so) 
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complicated which is elaborated first; and it is only when some 
relatively unsophisticated mind attacks a problem that its deep 
simplicity is revealed. 

In their further encounters with number, the Grecks found 
much that underlies some living mathematics, but nothing, per- 
haps, of such abiding significance as the work of Eudoxus. Like 
the similar triangles of Thales which were partly responsible 
for the Eudoxian theory, one origin of some of the most interest- 
ing Greek higher arithmetic was in Egypt. eS 

The Egyptian ‘rope stretchers’ laid out right an, No the 
orientation of buildings by means of a triangle of, 3,4,5. A 
string of length 3 + 4 + 5 was marked or knottedsat the points 
3,4. With this and three pegs a right-angled tri was obtained 
in an obvious way. Instead of the parti positive integer 
solution 3,4,5 of a? = b? + c, they mi ave used any other, 
provided they knew any. The generak positive integer solution 
a, b, ¢ was given by Euclid in his Ei. ts (X, 28, Lemmas). This 
appears to be the first proved te integer solution of an 
indeterminate equation. Whetherfirst or not, it is the germ of 
vast theories in the modern er arithmetic and, less directly, 
of the like in algebra. To plete the record, it must be noted 
that since 1923 it has customary to deny that the Egyp- 
tians ever used 3, to lay out right angles. The argument on 
which this denial i€ based appears to run as follows. Because the 
rope stretche s*stretched their ropes for purposes other than 
laying out angles, therefore they did not lay out right 
stretching. Further, because right angles were 
ther means, therefore they were not laid out by— 
tc. Ikea be asserted only that the history here may be sounder 


e 
q $ supporting logic, 
ave pporting logic. 


The solution in integers, or in rational numbers, of indeter- 


inate equations belongs to diophantine analysis. The name 
honors Diophantus, whose treatise of thirteen books, of which 
only six survive, was the first on the subject. The Latin transla- 
tion (A.D, 1621) of this suggestive fragment directly inspired 
Fermat to his creation of the modern higher arithmetic. It also 
inspired something much less desirable. Diophantus contented 
himself with special solutions of his problems; the majority of 
his numerous successors have done likewise, until diophantine 
analysis today is choked by a jungle of trivialities bearing no 
resemblance to cultivated mathematics. It is long past time that 
the standards of Diophantus be forgotten though he himself be 
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remembered with becoming reverence. For the opinion on this 
matter of an expert in both the history and the practice of 
diophantine analysis, those interested may consult L. E. Dick- 
son’s History of the theory of numbers, vol. 2, 1920, 

On another account also this work of Diophantus is memora- 
ble. It was the first Greek mathematics, if indeed it was Greek, 
to show a genuine talent for algebra. Following the Pythago- 
reans, Euclid had given geometrical equivalents for simple 
identities of the second degree, such as a(a+ b) = a* tek 
(a +b)? = a? + 6? + 2ab, and had solved x? + ax = DY a 
positive, geometrically. Diophantus gave essentially a! aic 
solutions of special linear equations in two and three utknowns, 
such as x -+y = 100, x —y = 40. More important; he had 
begun to use symbols operationally. This long s: forward is 
all the more remarkable because his algebrai¢ynotation, com~ 
pared to that of today or of the seventeen century when 
Descartes practically perfected it, was st as awkward as 
Greek logistic. That he accomplished w e did with the avail- 
able technique places him beyond tion among the great 
algebraists. wr 

His operational advance was’ profoundly significant. In 
algebra a formula, say @ + c, directs us to perform certain 
operations on given numbers (or, in modern algebra, abstract 
marks), here an additignSend a subtraction on a, 4, ¢, in a pre- 
scribed order. That ig aigebra escapes from verbal instructions 
to symbolic directions and ceases to be purely rhetorical. Dio- 
phantus had ev “Ghlensed a species of minus sign, and permitted 
a negative n r to function in an equation on a parity with 
positive nu: ts. He also used symbols for the unknowns and 
for powel ll this was a long step toward symbolic algebra. It 
seems Spable that some of Diophantus’ algebra was of Baby- 
loniafi}érigin, although the connection has yet to be traced. 
Unb ronccly for the development of algebra and of mathe- 
matics generally, Diophantus was at least four centuries later 
than Archimedes. 

To conclude this account of Greek arithmetica, we may 
return to its origin in geometry and instance the timelessness of 
gteat mathematics by an episode in arithmetic and geometry 
from the twentieth century. 

The Pythagorean theorem that x? +- y* = 2, where x,y,z are 
the sides of a right triangle, is the basis of metric geometry in 
Euclidean space. In the spaces defined by Riemann (1854), 
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the quadratic algebraic form x? + y? in two variables, x, y is 
replaced by a quadratic differential form in » variables; n = 4 
js the case of interest in relativity. The significance of x? + y* 
=x? in diophantine analysis has been remarked. There, this 
equation is also generalized, and it is required to solve the 
general quadratic equation in m unknowns, with integer coeffi- 
cients, in integers. This arithmetical problem, together with 
that of reducing the general equations of the second degree in 
the analytic geometry of conics and quadrics to canonicahform, 
suggested (nineteenth century) the purely algebraic problem of 
reducing a quadratic form in » variables to a su & squares 
each multiplied by an appropriate coefficient. I cidentally, this 
problem is important in dynamics. < 4 

Toward the close of the nineteenth centdry (a.p. 1882), a 
notable advance was made in the diet tine problem by 
Minkowski, then a youth of eighteen. BN eating this problem, 
Minkowski acquired a mastery of th™algebraic theory of the 
reduction of quadratic forms. ing interested about the 
turn of the century in math€}Mtical electromagnetism, he 
applied his algebraic skill yecial differential forms. By the 
peculiar accident of his ingyletts, he was the ideal candidate to 


recast the mathematic instein’s special relativity of aD. 


1905 into a shape whieh still retains its attractiveness. 

Between the ation of the Egyptian temples and the 
welding of space@Wd time into space-time stretch some four or 
five thousand?years of troubled history. In mathematics the two 
events PRO almost contemporaneous, 


Re The postulational method 
ied the Greeks done nothing more than put a foundation 
Calder the real number system, they would have been assured of 
perpetual remembrance in mathematics, But they did a great 
deal more. Indeed, ‘Greck mathematics’ inevitably suggests 
synthetic geometry, and it was in the Greeks’ elucidation of 
spacial form that many see their greatest contribution. 

The developmept of geometry from a practically workable 
empiricism to a strict deductive science was extraordinarily 
rapid. ‘The earliest proof in geometry is traditionally ascribed to 
Thales, about 600 z.c. He is said to have proved, as one of some 
half-dozen theorems, that a circle is bisected by any of its 
diameters, A century and a half later the Pythagoreans had gone 
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about as far in plane geometry as students today in the first 
half of an American school course. Among other details, they 
knew the Pythagorean theorem, the properties of parallels, the 
angle-sum for any triangle and possibly for any convex rec- 
tilinear polygon, the principal facts about similar figures; and 
they had adequate geometrical equivalents for addition, sub- 
traction, multiplication, division, the extraction of square roots, 
and the Euclidean solution of x? + ax = a% Some of this, 
naturally, was within the limitations implicitly imposed by their 
conception of the number system. Scarcely modified, devices 


the Pythagorean graphical arithmetic and algebra curvy 


techniques of our drafting rooms. x 

In solid geometry, the Pythagoreans knew at leagéthree of 
the five regular solids, and possibly all. If they now all, 
their faith in Number as the ruler of the Co: may have 


suffered a setback; for the first three solids’ r naturally in 
common minerals that would attract the eye f any geometer, 
while the dodecahedron and the scones ‘on, having fivefold 
axes, do not occur in nature. (Ci antimony sulfide, or 
tetrahedrite, and zinc blende crys ein tetrahedra; galena, 
rock salt, and fluorite in cubes; tagnetite in octahedra. None 
are rarities.) KS 

But a proof that preciselp five regular solids are possible 
requires a well-developed, ry of Euclidean space. The proof 
is ascribed to Theaetetusyabout the middle of the fourth century 
8.c. Euclid in the s niecentury completed the elementary theory 
of these solids in ti Book XIII, as the superb climax of his 
geometry, To ese solids ‘the Platonic bodies,’ as some of 
the Greeks selves did, not only violates history but also 
insults math@thatics. It is true that Plato describes a familiar 
construe of the five regular solids from the appropriate 
regulax\polygons. But it is also true that he used these solids as 
Pp. from which to preach Pythagorean numerology 

ith the completion of Euclid’s Elements, Greck elementary 

geometry, exclusive of the conics, attained its rigid perfection. 
It was wholly synthetic and metric. Its lasting contribution— 
and Euclid’s—to mathematics was not so much the rich store of 
465 propositions which it offered as the epoch-making method- 
ology of it all. 

For the first time in history masses of isolated discoveries 
were unified and correlated by a single guiding principle, that 
of rigorous deduction from explicitly stated assumptions. Some 
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of the Pythagoreans and Eudoxus before Euclid had executed 
important details of the grand design, but it remained for Euclid 
to see it all and see it whole. He is therefore the great perfector, 
jf not the sole creator, of what is today called the postulational 
method, the central nervous system of living mathematics, 

It seems strange that Euclid’s method should have had to 
wait till the nineteenth century for the only kind of appreciation 
that counts for anything in mathematics, application. Synthetic 
metric geometry of course continued in the postulational tradi- 
tion. But this, apparently, was mere inertia; for it was@@cades 
after the explosive outburst of projective geometry ims ie nine- 
teenth century before that subject received a sou: sis. And 
it was only in the a.p. 1830’s that any serious at} was made 
to provide a postulational foundation for ¢ tary algebra. 
Not until a.p, 1899, in the work of another{great geometer, D. 
Hilbert (1862-1943, German), was the dul impact of Euclid’s 
methodology felt in all mathematics. ..) 

Concurrently with the pragmatie demonstration of the 
creative power of the postul. al method in arithmetic, 
geometry, algebra, topology, .thé theory of point sets, and 
analysis which distinguished. first four decades of the twen- 
tieth century, the method@etame almost popular in theoretical 
physics in the a.p. 1930 through the work of P, A. M. Dirac 
(ap. 1902-, English}(Earlier scientific essays in the method, 
notably by E. } (a.p. 1838-1916, Austrian) in mechanics 

-D. 1878-) in relativity, had shown that the 
proach is not only clarifying but creative. 
s and scientists of the conservative persuasion 
ta science constrained by an explicitly formulated 
mptions has lost some of its freedom and is almost 
de: & experience shows that the only loss is denial of the 

ege of making avoidable mistakes in reasoning. As is 

r~) rhaps but humanly natural, each new encroachment of the 
postulational method is vigorously resisted by some as an inva- 
sion of hallowed tradition. Objection to the method is neither 
more nor less than objection to mathematics. It may be true 
that the life-sciences, for example, are still too lush a wilderness 

for the sowing of a few intelligible postulates here and there, but 
the attempt has begun, as in the work (1937) of J. H. Woodger. 

If the Pythagorean dream of a mathematicized science is to be 

realized, all of the sciences must eventually submit to the dis- 

cipline that geometry accepted from Euclid. 
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Flight from intellectual prudery 


As Plato (430-349 p.c.) preceded Euclid (3652-275? g.c.) by 
about twenty years, it is possible but improbable that the 
geometer was influenced by the philosopher. It may be regret- 
table, but it appears to be true, that creative mathematicians 
pay little attention to philosophers whose mathematical educa- 
tion has not gone much beyond the elementary vocabulary. 

Of all changes that mathematical thought has suffered i 
the past 2,300 years, the profoundest is the twentieth-cengie 
conviction, apparently final, that Plato’s conception of 
matics was and is fantastic nonsense of no possible vale to 
anyone, philosopher, mathematician, or mere humanhéing. 

Not all, however, are iconoclasts of Platonic r . Some, 
whose mathematical achievements entitle th: an opinion 
on the matter, have expressed themselves qu reibly on the 
enduring validity of realistic mathematics - Hardy (1877-, 
English), for example, stated ct oan ief that “‘mathe- 

rc 


matical reality lies outside us, that our, tion is to discover or 
observe it, and that the theorems whi e prove, and which we 
describe grandiloquently as our ‘cr@ations,’ are simply the notes 
of our observations.” It will b@*recalled that similar beliefs 
regarding other intangibles. ¢ used some rather unpleasant 
mischief in the Middle Age@and the Renaissance. 

Plato himself may not‘bé responsible for the more outrageous 
absurdities concerni ‘athematics in his dialogues; there is 
always the half- | figure of Pythagoras in the background. 
But it was the hi joetic quality of the dialogues that preserved 
the ancient n se for later generations of mathematicians and 
philosopher; admire and imitate. This worked great mischief 
in geome} In Platonic realism, the straight lines and circles 
of ane e geometry are unimportant; it is the Eternal Idea of 
a oy + line or of a circle that alone is worthy of philosophic 
contemplation. Thus in this particular philosophy the useful 
abstractness of mathematics is vaporized into a nothing of 
ethereal beauty that has yet to make its first contribution to 
geometry, 

To a Platonic geometer it is self-evident that the Archetypal 
Circle is more rotundly round than any other curve in the 
Eternal Mind, also that no Idea is straighter than the Ideal 
Straight Line in the same everlasting locus. Hence it follows that 
terrestrial geometry should be restricted in all its constructions 
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to a straightedge and a pair of compasses. If, for example, an 
angle is to be trisected, it must be done with these implements. 
It follows also that in comparison with the geometry of straight 
lines and circles, that of ellipses, parabolas, and hyperbolas is 
slightly disreputable, or at least not ideally immaculate. A geom- 
etry using any mechanical contrivances other than the sacro- 
sanct two was severely reprimanded for “thus turning its back 
on the ideal objects of pure intelligence.” 

It is not surprising that Plato disdained applied mathegiatics. 
In his philosophy of mathematics, Plato was the fini ch intel 
jectual aristocrat, purer than the purest of pure mari ticians, 
Fortunately for both pure and applied mathemati¢s, such an 


excess of purity, not to say prudery, did not ABP 1 to the real 
aristocrat Archimedes. <¢ 

Archimedes by himself was an epoch, e development of 
mathematics. There is immortality en for a dozen in his 
great discoveries, and these are ove! lowed by the methods 
which he invented or perfecte d which, unfortunately, 
perished with him, Centuries wér® to pass before science and 
mathematics overtook him. « 

The legend of his life igamiliar from Plutarch’s incidental 
account. He was a close d and perhaps a kinsman of Hiero, 
tyrant of Syracuse, whéfe he was born and where he died, During 
the siege of Syracuse by Marcellus in the second Punic war, the 
mechanical arm&thents of Archimedes delayed and all but 
defeated the Romans. When the city fell (212 B.c.), the defense- 
Jess old ma: atician was killed by a Roman soldier. 

Rom the war, finally destroyed Carthage (delenda est 
Carthagét)y and marched on to almost unimaginable heights of 
splendo: » but not in science or mathematics, As bluntly practical 
asthe soldier who dispatched Archimedes, the Romans were 

o& first wholehearted exponents of virile living and bucolic 
hinking, and the first important people to realize that a modi- 
cum of brains can be purchased by those who have only money 
or power, When they needed any science or mathematics not 
already reduced to easy rule of thumb, the Romans enslaved a 
Greek. But they blundered when they killed Archimedes. He 
was only seventy-five and still in full possession of his powers. 
In the five years or more of which the soldier robbed him, his 
truly practical mind might have taught the Romans something 
to ward off the fatty degeneration of the intellect which finally 
tendered them innocuous, 


All the work of Archimedes is characterized by rigor, imagi- 
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nation, and power. He may rightfully be called the second 
mathematical physicist in history, and one of the greatest. 
Pythagoras was the first. In this capacity Archimedes is almost 
unique, in that he used his physics to advance mathematics. The 
usual procedure, in which he also excelled, is the reverse. A 
sample of his great work may suffice to suggest the magnitude of 
the whole. 

In applying the method of exhaustion to the mensuration (of 
both surfaces and volumes) of the sphere, cylinder, cone, spherin 
cal segments, spheroids, and hyperboloids and paraboloids 
revolution, Archimedes proved himself the complete mas sf 
mathematical rigor and the perfect artist. Some of this involved 
(in modern notation) the evaluation of the definitg-integrals 


ff sin « dx, f (ax + x*)dx. His problem of cut if a sphere 


by a plane so that the segments shall be in 
sented him with a cubic equation of the type>x* + ab? = bx?, 
which he may have solved interes e intersection of 


en ratio pre- 


conics. The catholicity of his interests: own by his famous 
‘cattle problem,’ which demands incidentally the solution in 
integers x, y of x? — 4,729,494? 
matics, Archimedes anticipated, 
calculus in his construction of 
known by his name. < 
His most original erhaps was in his applied mathe- 
matics. Here, so far as iSNtnown, he was a pioneer. Menaechmus 
and others had suc ‘ully applied the method of exhaustion 
(Archimedes himself mentions Eudoxus 
femocritus the statement of the result for the 


- Finally, in pure mathe- 
method of the differential 
angent to the spiral (9 = a) 


volume of a id); but none had applied mechanics to mathe- 
matics. Bi Archimedes, no scientific mechanics existed. 
There ave been empirical rules, but such are in a different 


~ His discovery of the law of buoyancy practically 
the science of hydrostatics, and his formulation of the 
theory of the lever did the same for statics. So powerful were his 
methods that he determined the positions of equilibrium and 
stability of a floating paraboloid of revolution in various posi- 
tions. True to the Greck tradition, Archimedes based his 
mechanics on postulates. His determinations of centroids were 
about as difficult as those in a course in the calculus today. For 
example, he found the centroid of a semicircle, 2 hemisphere, a 
Segment of a sphere, and a right segment of a paraboloid of 
revolution, It is small wonder that the Moslems held Archimedes 


76 THE DEVELOPMENT OF MATHEMATICS « 
in almost superstitious veneration. There was not his like for two 
thousand years. 

Archimedes’ sublime disregard of convention is seen in what 
is his most curious work. It is the problem, which he solved, 
of finding the area of a parabolic segment. The proof, of course, 
is rigorous. It amounts to an integration, somewhat disguised as 
exhaustion in the official proof. It is the unofficial proof which 
is of greater interest. This came to light in 1906, when a work by 
Archimedes describing his heuristic method was founddn Con- 
stantinople. To discover what the required area was, Archimedes 
translated the problem in geometry into an equival, mechan- 
ics. Having solved the latter, he states that the sésult has not 
been “actually proved.” He then proceeds to my a geometrical 
proof in which, incidentally, he performs ti first summation 


of an infinite series in history. The ser’ Ys D2 4, and he uses 


o 
the fact that 4 tends to zero aasetends to infinity. He had 


already summed a finite series, as’. 


spicacious as he wa: motive. To the untutored mind it is 
obvious that by layi a given segment, no matter how small, 
a finite number of(times, any point on a line may be reached or 
passed. It was @byious to Archimedes only that this is an @s- 
sumption which s ould be stated explicitly as one’ of the postu- 
lates of gea@try. He did so; and non-Archimedean geometries, 
in whi © postulate is rejected, were constructed in the 
and twentieth centuries. Like Euclid in his explicit 
nt of the parallel postulate, Archimedes had the true 
ematician’s caution in the presence of the obvious. 

& Modern mathematics was born with Archimedes and died 


with him for all of two thousand years. It came to life again in 
Descartes and Newton. 


f rr 
An isolated gem "aie that Archimedes was as per- 


Through geometry to metaphysics 


The negative obligation of mathematics to ancient philos- 
ophy has been indicated. As will appear when we discuss medi- 
eval Europe, it is possible that the obligation was reversed in 


that mathematical desert. For the present, it will be of interest to 


note how Greek mathematics was indirectly responsible for some 
profoundl: 


1900, ly interesting work in epistemology since about A-D- 
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The Greek geometers left undecided four elementary prob- 
Jems that were to defy mathematical ingenuity for over two 
thousand years. None of the four is of mathematical importance 
today. Historically, no more prolific problems were ever pro- 
posed, with the possible exception of Zeno’s. Repeated failures 
to settle the first three disclosed fundamental difficulties unsus- 
pected by the ancients, and necessitated a sharpening of the 
number concept. Unsuccessful attempts for about 2,300 years to 
dispose of the fourth at last suggested a great advance in math 
matical methodology which now seems trivially obvious, oe 
which eluded some of the keenest minds in history. ‘ 

The problems are as follows. In each of the first thr ath 
due deference to Plato, the desired ber of straight he © per~ 


formed wholly by means of a finite number of stra: ines and 
circles, RO) 

Prosiem 1. To trisect any angle. \Y 

Proniem 2. To construct the side of a cub: s¢ volume shall be 


twice that of a given cube. 
Prostem 3. To construct a square eau ares to any given circle. 
Prosiem 4. To deduce Euclid’s age tulate from the others. 
The fifth postulate is formally equivalent to the following. Through 
any point P not on the straight ingiter can be drawn, in the plane 
determined by P and ZL, precisely*one straight line which does not 


meet L. 


Problem 2 is equival demanding a geometrical construc- 
tion, by the means Soribed, for the real root of x* ~ 2 = 0; 
Problem 1 is simil Dose two were not settled till P.L. Wantzel 
(a.v, 1814-1848, nch) in 1837 obtained necessary and suffi- 
cient conditioyg for the solution of an algebraic equation with 
tational co€ffidients to be geometrically constructible in the 
manner gpecified. Neither of the cubics concerned satisfies the 
conditions’ Thus the problems were proved to be impossible. 
restriction that the only permitted means are a finite 
number of straight lines and circles be removed, solutions of 
Problems 1, 2 are readily obtained, for example by conics, as 
done by the Greeks, or by linkages. The historical importance of 
these two is the impetus they gave, long after Greece, to the 
investigation of the arithmetical nature of the roots of algebraic 
equations with integer coefficients. Such roots are called alge- 
braic numbers; a number which is not algebraic is said to be 
transcendental. 

The third problem tapped a deeper spring. By Wantzel’s 
theorem, if Problem 3 is solvable, its algebraic equivalent must 
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be a finite number of equations satisfying his conditions. 'The 
problem will be impossible ifa(= 3.14 . . . ) is transcendental, 
In a.v. 1882, C. L. F. Lindemann (1852-1939, German) proved 
that @ is transcendental. His proof, with its curious dependence 
on rational arithmetica, would have delighted Pythagoras, 
Problem 3, as 1, 2, is solvable when modified to permit the 
use of curves other than circles. The quadratrix (p, 8 polar 
equation mp = 2r8 csc 8) invented by Hippias in the fourth 
century B.c. for the trisection problem suffices. This, ho er, 18 
of but trivial interest; the significance of circle squ, Nw 
connection with transcendental numbers. x 
Squaring the circle implies an irrationality of find radically 
distinct from that which taught the Pythagoeys that not all 
numbers are rational; ‘V2 is algebraic, m is EBT would seem a 
reasonable guess to one exploring the er system for the 
first time that all real numbers are raic, or at least that 


the transcendentals are extremely ~ Cantor proved in ap. 


is its 


1872 that the algebraic numbe the rare exceptions; the 
transcendentals are infinitely © power of the continuum) 
more numerous. It is an interdgting exercise to trace the implica- 
tions of the restriction tani number of straight lines and 
circles in the conditions.gfd ‘¢ three problems. 

Problem 4—to wove Euclid’s parallel postulate—will re- 
appear when we fle geometry through the nincteenth century, 
Tt is one of Eucl reater achievements to have perceived that 
mands explicit statement as an assumption. 


The ny irk in methodology which finally disposed of the 
problem -D, 1826 may be described here, as it is one of those 
prof Simple, powerful devices which are so obvious after 
the’ 


© once been pointed out that they are first imagined 
lysby minds of the highest originality. A problem which has 
sted the best efforts of genius for centuries may be impossible, 
Ou meaningless, or improperly posed. The quirk is simply to 

admit that one of these three may be the fact. This admitted, 
what seems the likeliest of the three is developed mathematically. 

The parallel Postulate was circumvented by the third possi- 


bility: a self-consistent geometry was constructed without it. 
Problems 1, 2 evaporated when the su. 


pursued, and a contradiction 
bility. The problem of squari: 
but was much harder to diss: 

A brilliant application of 


the i S$ 
Abe? proof in no tase 3 ‘¢ quirk to a modern problem wa' 


‘at the general algebraic equation of 
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degree higher than the fourth is unsolvable by radicals. He 
appears to have been the first to state the methodology explicitly 
as a general procedure. As an item of historical interest, the 
Persian poet, mathematician, and connoisseur of wine, women, 
and song, Omar Khayyam, is said to have conjectured in the 
twelfth century that the algebraic solution of the general cubic 
is impossible. He was mistaken. We shall recur to this in a 
later chapter, 

Beginning about a.p. 1930, the Viennese school of math 
matical logicians attacked some of the classical problems 
philosophy, particularly metaphysics, by this method loey, 
attempting to show that the problems were either meanin@htsi or 
improperly posed. Of course history may prove them istaken 
as Omar was. Needless to say, the attack was vigor esisted, 
especially by those who refused to master en elementary 
symbolism to enable them to read a proof in sy} ic logic. 

Thus four clementary problems of G; geometry were 
partly responsible for a subversive ‘Sa in philosophy that 


would have shocked the ancient Grek philosophers as pro- 
foundly as it shocked some of the rns. There was at least 
a prospect in A.p. 1945 that the ipg*pient revolution—if it may 
be called that with propriety gD neceta some revision of 
accepted epistemology. Th n-Euclidean geometry of the 
nineteenth century that iss¥ed from Problem 4 abolished Kant’s 
theory of mathematic: {tehths.’ 


Pline, solid, and linear loci 
Toward the of Greek mathematics, a hesitant step 
toward unity generality was taken by Pappus (probably 
third centu in his Ma@npartGy cuveywydv BiBdia. This 
i ight books, of which only the last six and a mere 
fragme: the second are extant, was a compendium of much 


may Wave dealt with arithmetic; the six known books include 
proportion, parts of solid geometry, selected higher plane curves, 
isoperimetric problems, spherics, centroids, special curves of 
double curvature and their orthogonal projections, and finally 
Mechanics, which seems to have signified yet more geometry 
to the ingenious compiler. Those items of the collection that 
may have been due to Pappus himself have been called brilliant 
by competent critics; certainly they display a boldness of con- 
ception and an uncramped freedom of method reminiscent of 
Archimedes rather than of Euclid. If a kinematic generation of 
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a curve seemed natural to Pappus, he did not hesitate to avail 
himself of it. Probably much earlier than his day it had been 
suspected that the three classic problems of Greek geometry 
are unsolvable by Euclidean methods, although no Greek mathe- 
matician is known to bave stated the impossibility of Euclidean 
solutions as a working hypothesis. Accepting the suspected 
fact, Pappus proceeded to a masterly investigation of the higher 
plane curves which about five centuries of experience had shown 
to be sufficient for solving the problems. The spiral of ar 
medes, the conchoid of Nicomedes (second century 8.6), the 
cissoid of Diocles (same century), and the quadratri ippias 
(fifth century B.c.) were accorded full geometric sfatus. These 
outlaws of the rigid classical geometry were wn to be as 
worthy of serious attention as the hackney‘ nics. The con- 
choid had been invented to solve the trige¢tion problem, the 
quadratrix for the rectification and ‘ature of the circle, 
and the cissoid for the classic Gre lem of inserting two 
geometric means between two i magnitudes’ represented 
as straight-line segments. The choid and cissoid are alge- 
braic curves; the quadratrix igtranscendental. Nevertheless, all 
three are thrown into the ely inclusive class of ‘linear’ loci. 
This ill-defined receptacleshe d all loci other than the plane and 
solid. “A 
Circles and st ht lines were ‘plane’ loci; the conics, 
‘solid’ loci, doubfl&ss so named on account of their origin as 
sections of comes ‘of the second degree). In passing, one of the 
decisive a ments of Apollonius was his replacement of 
the thr cies of cone, used by his predecessors to obtain the 
vareey cs, by the right circular cone of which all are sec- 
tions’ derivation from conical surfaces was the ground for 
ig conics solid loci, it seems rather peculiar that Pappus 
ore have cast the quadratrix into the nebulous limbo of 
linear loci. For two of his most striking personal contributions 
were his definitions of the quadratrix as orthogonal projections 
of certain skew curves. In one, the curve is the intersection of a 
cone of revolution and a right cylinder whose base is a spiral 
of Archimedes. Here was synthetic geometry in the grand man- 
ner almost of Archimedes himself. 

Though the classification of loci as plane, solid, and linear 
may not seem very significant to a modern geometer, neverthe- 
less it was a conscious attempt to put some system and order 
into the chaos of imaginable plane curves. Without algebraic 
symbolism, little either reasonable or useful was possible, an 
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almost nothing general. If Apollonius be granted the use of co- 
ordinates claimed for him by some of his admirers, this in itself 
but emphasizes the inadequacies of the clumsy substitutes for a 
genuine symbolism used by the Greek geometers. That they 
accomplished so much that has retained its interest after twenty 
centuries or more is a tribute to their genius rather than a recom- 
mendation of their technique. But lest we overvalue our own 
acquisitions at the expense of theirs, we may remember that 
there is as yet no satisfactory classification of the uncountab! 
infinity of transcendental plane curves. If such a sage 
is not a dead problem, it is a project for the analysis ether 


than the geometry of the future. re) 
x A? 
A wrong turning? <y 
Greek mathematics stands as one of the Goren or so 


supreme intellectual achievements of our ra s best is now 
well over two thousand years behind us. ho ng back on it in 
the light of the mathematics that has devcléped since the early 
decades of the seventeenth century, Shall try to see it dis- 
passionately in “the cold beams of thé”history of learning.” Its 
two greatest achievements—thas@traditionally attributed to 
the Pythagoreans—shine out a early as ever, and with them, 
Euclid’s. Apart from Archimedes, two thousand years ahead of 
his age, what of the rest? « 

For better or wor dur technical deveopment of science 
and mathematics di SV adically from that of the Greeks, Their 
mathematics is i ‘ible to us, and any modern can appreciate 
it at what they ¢hémselves considered its true value, Ours, be- 
‘udiments, would appear to them—with the 
chimedes—as conclusive evidence of insanity. A 
to them, for example, meant a finite segment capa- 
longation; to us a straight line is defined once for all 
hog ytns infinity to plus infinity. 

e limited modes of Greek thought are not ours. With the 
maturing of elementary algebra in the sixteenth and seventeenth 
centuries of our era, and the introduction of analytic methods 
in the seventeenth, mathematics in its return to number drew 
closer to Babylon, Egypt, and India than it ever did to Greece 
after the fall of Alexandria. Except for insistence on proof, our 
preferences in mathematics as in religion are more oriental than 
Greek. 

It may be a hard saying, but it appears to be none the less 
‘rue, that on the long view Greek geometry was in part a tactical 


exception 
straight li 
ble of 
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blunder. No necessity compelled Thales, Pythagoras, Euclid, 
Apollonius, and all their disciples to develop the synthetic 
method exclusively. At the beginning of their arduous mathe- 
matical journey, two possible roads had been plainly indicated 
to the Greeks by their Eastern predecessors. Either by conscious 
predilection or ironic mischance they all took the same turning 
and hewed their way through tremendous obstacles to the end 
of a blind alley. The synthetic geometry of conics marks the 
end of the journey. 

Further significant progress—that which mathematics fol- 
lows today—became possible only when the hargk Way was 
retraced or temporarily forgotten, and the road which’ ‘the Greeks 
had passed by in the sixth century B.c. was ent m the seven- 
teenth of our era. Returning to the oar East, from 
which Thales and Pythagoras had stared uropean mathe- 
matics detoured almost completely rou e territory consoli- 
dated by the Greek geometers. Resuniidg a march interrupted 
twenty-three centuries earlier, m; atics during and after 
the seventeenth century proceed incredible speed to the 
conquest of world after new beyond the farthest reach of 
Greek thought. 

The geometry of Ptol 's Almagest appears to us as an all 
but superhuman eae mathematical genius. It and the 387 


propositions in the ts of Apollonius are the masterpieces of 
the synthetic - But the new science inaugurated by 
Galileo and New m in the seventeenth century needed more 
than one o: masters of mathematics every four or five 


hundred y; if it was to exploit its opportunities with reason- 
able speédy 


n’s Principia believe that all the propositions demon- 
ed could ever have been discovered in one lifetime by the 
.@) ethods of Greek geometry. There are limits even to the mind 

ofa Newton; and we have his own word for it that he used 
analytic methods—his calculus—for discovery. The rigid syn- 
thetic proofs were devised partly to reassure himself but prin- 
cipally so that he might be understood by others. Still, it might be 
possible to claim the Principia as a monument to synthetic geom- 
etry, But not the most generous imagination would concede the 
dynamics of Lagrange, Hamilton, Jacobi, and Lie to a hypo- 
thetical application of Greek geometry, although these crea- 
tions of the eighteenth and nineteenth centuries evolved with 
apparent inevitability from the dynamics of the Principia. And, 


= Fetinathematicians who have followed the Grecian proofs in 
a 
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last, in reference to his method which Newton saw fit to translate 
into Greek, discovery after all is more important in science than 
strict deductive proof. Without discovery there is nothing for 
deduction to attack and reduce to order, 

Returning for a moment to the sixth century B.c., we may 
try to imagine what mathematical history might have been if 
the Greeks had taken the Babylonian highway. Like other 
‘might have beens,’ this one is futile, except possibly as it may 
indicate which of several roads we ourselves might the mote 
profitably explore, N 

The orientals had a more catholic taste than the Gretkdfor 
number. At least some of the orientals were not terrifi mere 
magnitude; Indian mythology with its millions of deitias its “tan- 
gled trinities,” and its aeons of aeons is an adu ation of the 
mathematical infinite. For that matter, the Egy; trinity exhib- 
its some of the sceming contradictions of the Tn concept of the 
infinite, with its one-one correspondence bi en part and whole; 
and the like is evident in Christian ogy, the heir, not of 
dead Greek mythology, but of orie ‘teligions. A minor but 
significant indication of the ineptityde of the Greek mind for 
mathematical analysis is the fact\{Rat for centuries it remained 
content with a system of nu tation which, compared with the 
best of the oriental work, was puerile. 

It is not definitely pera that the Early Greeks were ac- 
quainted with the ad ‘s and speculations in number of other 
peoples; but from nal evidence it is highly probable that 
they must hav io of them, There are too many oriental 
inclusions in mathematics to make the miracle of a 
curiously transmission of knowledge credible. For the 
sake of ou othesis we shall assume that the Greeks were not 
entirely ignorant of what their neighbors to the East had done. 
Had}the early Greek mind been sympathetic to the algebra 
ey Tthmetic of the Babylonians, it would have found plenty 
to exercise its logical acumen, and might easily have produced a 
masterpiece of the deductive reasoning it worshipped logically 
sounder than Euclid’s greatly overrated Elements, The hypoth- 
eses of elementary algebra are fewer and simpler than those of 
synthetic geometry. The algebraic-analytic method in mensura- 
tion and geometry was well within the capacity of the Greek 
Mathematicians, and they could have developed it with any 
degree of logical rigor they desired. Had they done so, Apollonius 
would have been Descartes, and Archimedes Newton. 

As it was, the very perfection—for its age, and for long after 
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—of Greek geometry retarded progress for centuries. It was 
admired, as it merited, by the Moslems who finally restored it in 
the Middle Ages to a forgetful Europe; and much of the genius 
that might have gone into expanding their own arithmetic, 
algebra, and trigonometry was lavished on translation and 
commentary. If there is any truth in Bergson’s élan vital, or in 
Hegel’s philosophy of history, Greek geometry was a splendid 
disaster for both. . 

This, needless to say, is not the traditional conclustdn. The 
superiority of purely synthetic methods over the al ebjaic and 
analytic, as being more intuitive, has been urged numerous 
distinguished mathematicians, particularly of t ritish school, 
since the time of Newton. And we find the sa: ontention being 
put forward in the seventeenth and ninets centuries for the 
superiority of the synthetic method in ve geometry over 
the analytic. No working mathemati would deny the utility 
and suggestiveness of diagrams; b eth tis not the point at issue. 
Tt has been said that in geometrpyte synthetic and the analytic 
methods are like a pair of tae and this undoubtedly is true, 
provided the geometry han is simple enough. But inspection 
of a treatise on modern physics, or of one on partial correlation in 
statistics, even he analysis may be described in the 
language of geome’ veals few synthetic proofs, if any. The 
like is true of ha ite part of living geometry itself. And 
Lagrange, the great master of dynamics after Newton, prided 
himself 1 s analytic mechanics contained not a single 
diagram. ©) 

nats he most vigorous defenses of the geometrical method 
of RS id, Apollonius, and Ptolemy is that of Thomas Young 
(agb81773-1829, English), the universal genius who is remem- 

; (bted for his contributions to medicine, Egyptology, elasticity, 
One the wave theory of light. His arguments are frequently 
repeated even today, especially in the intermediate instruction 
of science students. By a singular historical irony, Young’s 
defense was first printed in a.p. 1800, the year which marked 
the end of the middle period of mathematics and the beginning 
of the recent. It was republished, together with a slashing attack 
on the analytic mechanics of Lagrange, in a.p. 1855, the year in 
which Gauss, the inaugurator of the recent period, died. But if 
Young after all was right, his was a voice crying in the wilderness 
that few appear to have heard. For better or worse, mathematics 


in the seventeenth century committed itself to analysis, and the 
Greek methods became of only historical interest. 


CHAPTER 4 


The European Depression 


<= 


° 


It is customary in mathematical history to datectie beginning 
of the sterile period from the onset of the Dark in Christian 
Europe. But mathematical decadence had n much earlier, 
in one of the greatest material civilizations orld has known, 
in the Roman Empire at the height of i endor. Mathemati- 
cally, the Roman mind was crass. Ne) 

Beyond the cumbersome Romi ‘numerals, which can be 
called a mathematical creation onk y undiscriminating charity, 
the Romans created nothing eveil faintly resembling mathema- 
tics. They took what little ey needed for war, surveying, and 
brute-force engineering front the Greeks they had crushed by 
weight of arms, and wi content. When Julius Caesar reformed 
the calendar in 46 was no Roman who proposed leap year 
with its extra da’ ebruary, but the Alexandrian Sosigenes. 
The Roman c ution to civilization was in law, government, 
and peace at sword’s point. 

The m y Pax Romana began collapsing in earnest in 
A.p. 410,.when the invaders penetrated the city of the Caesars, 


Oman grandeur came about sixty years Jater, and five cen- 
turies of darkness descended on Christian Europe. 

Five years after the recall of the Roman garrisons, a riot 
in the last capital of Greek learning foreshadowed the centuries 
of confusion, and marked the end of the first great epoch in 
creative mathematics. 

One of the last of the Greek mathematicians was a woman, 
Hypatia. Like her male colleagues at Alexandria, Hypatia was a 
critic and commentator rather than a creator. Her death sym~ 
85 
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bolizes the end of pagan science and mathematics, and the 
beginning of an age of faith. In 415, when Hypatia died, there 
were good works more urgent than geometry and arithmetica 
to be done. The hordes from the north were in need of civilizing 
and conversion to a gentler religion. 

To the zealous tillers of this all but virgin field it seemed 
obvious that the decaying remnants of an effete Greek culture 
must first be cleared out of the way. Had not Greek intellectual- 
ism and immorality sapped the virility of Rome? 'lherefore 
Greek thought must be swept back into the past. As a reprégenta- 
tive of the older enlightenment, Hypatia was a ci icuous 
obstacle in the path of the new. Encouraged by ihc 
promising bishop, the willing Christians of Mexang effectively 
removed the obstacle by inducing her to enters& church, where 
they murdered her in a needlessly barbarou; Boner! 

Mathematics lived on, just breathin; hristian Europe. 
The next significant epoch was inaugur: in the eighth century 
by the infidel followers of the proph ahomet. 


~ 
European mathematics from Pocthius to Aquinas 


Before passing on to the thing of any suggestiveness for 
the development of mathe: cal thought that may have had a 
root in the sterile cent , We must propitiate tradition by 
doing honor to the ned Europeans of that period whose 


names adorn the clagsital histories of mathematics. From a long 

list of historical brities we select the following as a fair sam- 

mes, their dates, all a.v. henceforth, and the 

hey flourished: Boethius (c. 475-524, Rome, 

rus (c. 570-636, Seville); the Vencrable Bede (c. 

mgland); Alcuin (735-804, born at York, labored in 
Fra. , Gerbert (950-1003, Rome); Psellus (1020-1100, Greece, 
x ‘antinople); Adelard (carly eleventh century, England); 
i 


bert of Chester (early twelfth century, England, Spain). This 
ist may be very considerably lengthened without adding any 
undue burden of mathematics. 

_No census of the leading European mathematicians of the 
Middle Ages would be complete without the memorable name of 
Thomas Aquinas (1226-1274, Naples, Paris, Rome, Pisa, 
Bologna). Although this Newton of scholastic theology is not 
usually counted among the elite of medieval mathematics, we 
shall sce that he might be. 

. In contemplating the barren record from Bede to Aquinas, it 
is well to remember that while European civilization rotted, 
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another culture, the Moslem,? was conserving the Greek classics 
and developing the algebra and arithmetic of India in prepara- 
tion for the European Renaissance. We are immediately con- 
cerned only with the contributions of Christian scholars. 

Of the European background, it is sufficient to recall the 
persevering struggle of the church to dominate the people and 
mildly educate a few of them, and the dawning enlightenment 
that accompanicd the crusades of the eleventh to the thirteenth 
centuries. The crusades no doubt accelerated through 


wakening Europe the diffusion of knowledge that began wi € 
Moslem conquest of Spain in 711. These influences are ted 
in a gradual change, beginning in the twelfth centu: 
character of European mathematics. ¢ 


Medievalists disagree on which century, the@wWelfth or the 
thirteenth, was of greater significance ney awakening of 
Europe. The distinction, if any, is unimportanbYor mathematics. 
There was one item of any moment, and eprom. Latin versions 
of Greek mathematical classics, ma the most part from 
translations by the Moslems into ic or Persian, became 
available to European scholars. While remembering with grati- 
tude the devoted labors of the translators, we need not forget 
that translation is not creation. The best of the translations 
added nothing new to mathematics; the worst, by men who 
might be erudite scholaygsbut who were wretched mathemati- 
cians, added only mi lerstanding.® 

To see how loymathematics sank, and to guess how low it 
may sink again i enthusiasts for all things medieval prevail, 
we resume our@gmple from Boethius to Aquinas, and note what 
some of the; ants did. In their own semicivilized times, several 
of the m ed were conspicuous conservers of such civilization 
as therg\was. Some helped to found elementary schools, others 
tau, hile the more thoughtful wrote shabby textbooks and 
Z sly cultivated theological numerology. Before the great 
depression got well under way, Boethius described the consola- 
tions of philosophy in a homily which was to solace many in dire 
need of solace in the Middle Ages. Gerbert, one of the more 
enlightened popes—unjustly accused at one time of collaboration 
with the Devil’—donned the tiara in 999 and steered the church 
safely through that ominous year 1000 whose widely heralded 
Satanic disasters unaccountably failed to materialize. In defer- 
ence to scholarship, it must be recorded in passing that one school 
of medievalists proves conclusively that no disasters were ever 
prophesied, while an equally positive school proves conclusively 


88 THE DEVELOPMENT OF MATHEMATICS 


that they were. Whatever the facts, Gerbert wrote on division 
and on computation by the abacus, collected trifles on polygonal 
numbers, compiled an alleged geometry from Boethius and 
another still less enlightened source, and is said to have had a 
part in popularizing the Hindu numerals. He is also reputed to 
have becn a man of vast learning and acute intellect. Some of his 
letters reveal him as singularly dense in the most elementary 
arithmetic. If Gerbert’s contributions to mathematics are passed 
over in silence, it is for the sufficient reason that he mad€ none, 
despite the fact that no history of mathematics isacomplete 
without his illustrious name. The like applies de and 
Alcuin,’ justly reckoned among the pedagogical heroes of the 
Middle Ages. Climaxing this phase, Psellus se; fg8\to be remem- 
bered chiefly because it is doubtful whethere ever did any- 
thing at all in mathematics. His intro ns to Nicomachus 
and Euclid, perhaps fortunately for hi utation as a mathe- 
matician, are of uncertain authenticity: But his version of the 
quadrivium persisted through 1! 
With Adelard and Robert ster, we advance to the next 
stage. An indefatigable travelefand painstaking scholar, Adelard 
was an intelligent college and translator of mathematical 
classics. The path of the~pibliophile in the eleventh century was 
less smooth than it jShow, and Adelard frequently risked his 
skin to secure hi ted manuscripts. He is credited with one 
of the first Eur translations of Euclid into Latin and with a 
translation OM Khowarizm’s astronomical tables. Adelard’s 
one putati nal contribution to mathematics was an utterly 
trivial lem in elementary geometry. Robert translated 
ALKLG rarizmi’s algebra. 
AlPof Adelard’s predecessors together managed to keep some 

lance of life in the rudimentary mathematics of Christian 

.®) rope. Beyond that, the best of these worthy men made only 
clumsy calculations in the simplest arithmetic, or attempted to 
approach elementary geometry in a spirit that would have dis- 
graced a Greek schoolboy of fourteen. The mathematical awak- 
ening of Europe was due to no effort of theirs, and their illustrious 
names might be dropped from the history of mathematics with- 
out loss. But tradition, rightly or wrongly, forbids. We therefore 
continue our descent to the nadir of mathematics, and follow the 
learned Boethius into the abyss. : 

It was the elementary schoolbooks of Boethius that set the 
mathematical pace of the Middle Ages in Europe. Returning to 
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the Pythagorean synthesis, Boethius expounded a denatured 
quadrivium of arithmetic, music, geometry, and astronomy. 
Considered apart from their medieval content, the names of 
these four divisions of the Pythagorean tetrad are impressive. 
But could Pythagoras have looked behind the names, he might 
have been somewhat disappointed. The geometry, for example, 
made a brave show by starting from Euclid, But it did not get 
very far. Only the enunciations of the propositions in Book I 
and a few in ITI, IV were offered to the eager students. At 

lowest ebb of mathematical intelligence, the liberally educated 
graduated from geometry when they had learned by rote)the 
enunciations of the first five propositions in Book I i 
ments. Later, when more of Euclid became available> 
would-be clerics were encouraged to memorize th: jofs of these 
propositions. The fifth, appropriately gtr nicknamed 


the Asses’ Bridge (pons asinorum). Few atte: ‘d the hazardous 
passage over the equal angles at the base isosceles triangle. 

In his arithmetic, Boethius f d the Alexandrian 
Nicomachus. As we have seen, N! fachus in his turn had 
followed Pythagoras at his most ical, producing a shoddy 
treatise on the elementary properijés of numbers that might have 
been composed by an emake Plowcntie with a passion for 
numerology. In passing, mathematicians rather deprecate such 
effusions being called “the’theory of numbers” in some of the 
traditional accounts¢<‘Fo confuse astrology with astronomy 
would be less wide. *Yhe mark. However, Boethius reproduced 


the sieve of E, enes and offered some amusing trifles on 
figurate numb, roof seems to have had no greater attraction 
for him ¢ for his master Nicomachus. Boethius also is 


credited bes come controversialists with a problematical intro- 
ductio the Hindu numerals to supplement the abacus and 
the cownting board of trade. The practical outcome of all this 
¥ cumbersome reckoning suflicient for simple transactions 
involving money, and for keeping the calendar in order so that 
the date of Easter might not elude annual recapture. To call any 
of this computation—or of the debased geometry—mathematics 
is a gross exaggeration. The significance of mathematics as a 
deductive system had been forgotten. Science having sunk to the 
level of superstition, the other half of the Pythagorean vision 
survived only in the fantastic absurdities of sacred and profane 
numerology. Number indeed ruled the darkened universe of the 
European Middle Ages. 


90 THE DEVELOPMENT OF MATHEMATICS 


The erudite Boethius however made another contribution to 
learning that may have had more influence on the development 
of mathematics than all the editions of his sorry arithmetic and 
geometry ever had. He made a part of Aristotle’s system of logic 
available to European scholars in a Latin translation. 

What follows is only a speculation. But even so, it is less 
depressing and possibly less futile than the dreary record of the 
homunculi mathematici whose saintly lives and lack of works 
constitute the official history of mathematics in Christian Fesgope 
of the Middle Ages. N 


Submathematical analysis oO 


To the scientific or mathematical mind up e twentieth 
century, the logical disputes which absorbe (major part of 
the mental energy of the Middle Ages had seemed the acme 
of futility. But in the two decades follo the world war of 
1914-18, all things medieval became popular than at any 
time since the rise of modern sci For sufficient reasons, 
many had lost their illusion of prog¥ess. Blaming science, with 
an occasional diatribe against mathematics, disillusioned ideal- 
ists groped blindly back togthe twelfth century, or even the 
ninth, seeking an authoritative assurance of a security more 


satisfying than ase Should followers of these hopeless 


travelers to the past equip themselves properly, they may restore 
to the future a i re-trove for the history of mathematical 
thought comparable to that which has been recovered from 


Babylon. 'T may discover where European mathematics 
went und und after the death of Hypatia, and what shapeiit 
assume ring its long burial. 

T 


ings in particular may be sought with some prospect 
of : rd: the struggle of the Greek philosophical concept of the 
& nite, attributed to Anaximander in the sixth century B.c., to 
et itself transmuted into the modern mathematical infinite; the 
elosely cognate struggle of mathematical analysis to get itsclf 
orn. 

‘The mathematical mind was not dead in the Middle Ages. It 
was merely sleeping. In its uneasy rest it imagined something 
curiously like mathematics; but it was powerless to throw off its 
dreams and wake, The theological subtleties and the scholastic 
quibblings which absorbed the intellect of generation after 


generation of potential geometers and analysts were the troubled 
dreams of a torpid mathematics. 
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Possibly the suddenness with which the mathematical mind 
awoke after its long sleep will seem a less abrupt discontinuity 
when scholars shall have had the patience to explore medieval 
thought in the light of modern mathematics. Somewhere and 
somehow in the Middie Ages mathematics suffered a profound 
mutation. When it went to sleep, mathematics was Greek; when 
it awoke, it rapidly developed into something that was not 
Greek, The Moslems were not responsible for the change. Their 
mathematics, with its shunning of the infinite, is no closeyig 
spirit to analysis than is that of the Babylonians. N 

The transition from ancient thought to modern ap; eas to 
have been more difficult in mathematics than it was iGotience. 
There seems to be no clear-cut instance of a mathematical mind 
in the late Middle Ages two or three centuries a. its time, 
as Roger Bacon’s (1214-1294?) was in see en Bacon, all 
but fully awake in science, was still as fast p in the mathe- 
matics which he eulogized as were any of higMuropean opponents 
of the thirteenth century. His mathem@fical reasoning’ is still 
that of the Aristotelian scholastics, m he believed he was 
confounding with his logic: “I say\therefore that if matter can 
be the same in two substances, AS be the same in an infinite 
number . . . Therefore man of infinite power. Wherefore 
also of infinite essence, as wilMbe proved, and therefore it must be 
God”'—which, of cours ‘Bicon is refuting. He seeks to accom~ 
plish his purpose by Coracnt based on a Euclidean postulate 
which the sharper Retastics had rejected. They did not assume, 
as did he, that “ hole exceeds any of its parts” is valid for 
infinite assem 

The similatity between Greek art, from sculpture to architec- 
ture, and ck mathematics has often been remarked. ‘There is 
no need\te*pursue this resemblance here; either it is felt as more 
ague metaphor, or it is dismissed as having no possible 
ig. A like comparison between Gothic architecture and 
modern mathematics had impressed many not primarily inter- 
ested in mathematics before O. Spengler exploited his Faustian 
theory of mathematics since the Greeks. Thus, writing in 1905, 
Henry Adams said of the cathedral at Chartres that “Chartres 
expressed . . . an emotion, the deepest man ever felt—the 
Struggle of his own littleness to grasp the infinite.’ 

Adams also gives a sympathetic parody of the medieval per- 
version of elementary mathematical reasoning to the uses of 
scholasticism, in an imaginary but convincing debate between 
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those two formidable champions of submathematical analysis, 
Abélard (1079-1142) and William of Champeaux (1070-1122). 
But as a specimen of Gothic mathematics at its best, his quota- 
tion from Archbishop Hildebert (eleventh century) is more 
suggestive: “God is over all things, under all things, outside all; 
inside all; within but not enclosed; without but not extended; 
above but not raised up; below but not depressed; wholly 
above, presiding; wholly beneath, sustaining; wholly without, 
embracing; wholly within, filling.” This goes far beyond logic 


of Aristotle; it all but makes its subject the Exclude: iddle. 
Lest, after this, the project of disinterring mathentatics from 
the dialectic of the Middle Ages seem fantastic, twotniost signifi- 


cant facts may be recalled to encourage those whewpud proceed. 
Georg Cantor (1845-1918, Germany), foundé?o the modern. 
theory of the mathematical infinite, w, close student of 
medieval theology. In this connection, Spree that the tradi- 
tionally religious type of mind is the aie strongly attracted by 
Cantorian mathematics. The othe Significant fact is the dis- 
covery” by K. Michalski (Polish, 1936 that William of Occam 


(1270-1349, English) proposed three-valued logic, thus antici- 


pating to a slight extent work of non-Aristotelian mathe- 
matical logicians in manySalued logics since 1920. Aristotle’s is 
a two-valued logic, ‘values’ being ‘truth,’ ‘falsity’ assigned 


to propositions. AOF am’s logic Aristotle’s excluded middle is 
admitted. 

To the ge lp and scholarly Boethius with his translation of 
Aristotle ils a large share of whatever credit there may be 
for having jut mathematics to sleep in medieval Europe. The 
rest 20 ¢ awarded to the hordes of tireless logicians who 
stroge> ‘or centuries to weld theology and philosophy into a self- 
pent whole. When at last Thomas Aquinas (1227-1274)— 
9 ‘the dumb ox of Sicily,” as he was called by jealous and envious 

rivals, but master of them all—succeeded, interest in the stupen- 

dous project had already waned. Roused by the waspish Mos- 
lems, Christian Europe woke, and turned, possibly with a sigh of 
relief, to some science and mathematics. 

Glancing ahead, we recall that in the first week of September, 

1939, the medieval mind at last came into its own once more in 

Christian Europe. It would be interesting to know what our 

regenerated descendants will remember of our science an 


mathematics in 2039, and what people, if to be the 
Moslems of the future. is daa 


CHAPTER 5 


Detour through India, Arabia, 


and Spain ¢ 
A.D. 400-1300 & 


= == 


‘The sudden rise and the almost e sudden decline of the 
Moslem culture in the seventh to t elfth centuries is one of 
the most dramatic episodes in hi: 1 Here we are interested 
only in seeing what enduring i nce the culture of this period 
had on mathematics; and wi st not let the sudden brilliance 
of Mahometan civilization, cOhtrasted against darkened Europe, 
dazzle us into seeing méfe ‘in Moslem? mathematics than was 
actually there. & 

By 622 the follgwers of Mahomet were well started on their 
travels, Their sw; ng under the green banner was the greatest 
religious revivaljon record, its only close competitor being the 

‘of the crusades in the twelfth and thirteenth 
their avowed purpose of supplanting the banner 


by ‘ten From the capture of Damascus in 635, the victori- 


ous lems proceeded to the siege of Jerusalem, taking that 
h ity in 637. Four years later they had subdued Egypt, 
incidentally putting the final touches to the destruction of the 
Alexandrian library. This, however, was only a youthful indis- 
cretion, as the Moslems were shortly to settle down and become 
the most assiduous patrons of Greek learning in history. Having 
subdued Egypt, they next (642) took Persia and all its civilized 
erudition. 

Seventy years later (711), the conquerors entered Spain, 
where they furthered civilization for about eight centuries before 
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being expelled by the Europeans they had at last stung awake. 
In addition to sowing the fertile seeds for centuries of war, they 
had brought the arithmetic and algebra of India and Greece, 
and Greek geometry, to Europe. Bagdad on the Tigris under the 
Abbasid caliphs from 750 to 1258 became the capital of culture 
in the East, Cordova in Spain the intellectual queen of the 
West. After the Moors’ defeat (1212), Jewish scholars—many of 
whom had acquired their learning from the tolerant Moslems— 
vied with Christian teachers in spreading the science and,mathe- 
matics that were to relegate scholasticism to the littbo of 
forgettable but unforgotten misadventures in intellect . 

The final act was delayed till 1936, when the Gegenerated 
followers of the Prophet returned triumphantly to, Spain under 
a red and gold banner, to harry the descendant he people who 
had driven out their ancestors some thre a half centuries 
before. During the Moslems’ long absehte, Spain had con- 
tributed nothing to mathematics. Wi e involuntary depar- 
ture of the Jews in the late fifteen; ntury, savage intolerance 
for all free thought, whether BS ew or gentile, succeeded 


sane liberality, leaving four stekile centuries as its monument 
to science. 


Parti, ‘gence of algebra 
Perhaps the ney ificant advance of the period was the 


gradual emergence‘ofalgebra as a mathematical discipline in its 
own right, vet independent of arithmetic and geometry but 
‘with both. 

try also became clearly recognizable as a separate 
athematics; and some sce in the trigonometry of the 
Is their greatest and most original work. Part of its 
lity may be granted. But for reasons that will appear as 
we sroceed, the trigonometry is not comparable in importance 
for living mathematics with the Hindu-Moslem algebra, with 
its frustrated struggle toward operational symbolism. Before 
trigonometry could function vitally in modern mathematics 
it, like geometry, had to become analytic. There is no hint of 
such a transformation before the seventeenth century, and 
actually it was fully accomplished only in the eighteenth. The 
Moslem trigonometry is still essentially Ptolemy’s, amplified and 
refined by some algebraic reasoning and an extensive application 
of Hindu-Moslem arithmetic to the computation of tables. From 
its very nature as mathematics of the discrete, algebra could not 
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become a province of mathematical analysis; and hence it was 
beyond disturbance by the analytic upheavals of the seventeenth 
century. 

Moslem algebra appears to have evolved from the late Greek, 
as in Diophantus, and the much sharper technique of the Hindus. 
Estimates of Indian algebra differ widely, but on two points there 
is substantial agreement. Proof was as distasteful to the Indian 
temperament as it was congenial to the Greek; the Hindus were 
as apt in calculation as the Greeks were inept. Only by anag- 
gressively sympathetic scrutiny of Hindu algebra can anything 
resembling proof be detected. Rules were clearly stated, ut the 
statement of rules is not proof. A third feature of e: indu 
algebra strikes a modern observer as extremely curidus: the first 
skillful algebraists seemed to find indeterminate phantine) 
equations much easier than the determinate ¢ ons of elemen- 
tary algebra. ‘The reverse is the situation 

A small sample from Hindu algebra wi 


cate the quality of what the Moslems iahérited, conserved, and 
partly spoiled. In the sixth century; abhatta summed arith~ 
metical progressions, solved detetmhinate” quadratics in one 


unknown and indeterminat gg equations in two unknowns, 
and used continued fra: Shortly after, Hindu algebra 
experienced what some c: ler its golden age, with the work 
of Brahmagupta in the @atly seventh century, just as the Mos- 
lems were about to,stadt on their travels. Brahmagupta stated 
the usual algebr. ifs les 
quadratics, andor st remarkable, gave the complete integer 
solution of axes y = c, where a, b, ¢ are constant integers. He 
discussed al€@the indeterminate equation ax? +1 = y*%. The 
last is mismAmed the Pellian equation; it inspired Lagrange in 
1766-9.9°3ome of his greatest work in pure mathematics. It is 
fun ntal in the arithmetical theories of binary quadratic 
and quadratic fields. Its place in the history of mathema- 
tiés will be noted presently. 

Again it seems strange that algebraists who did not hesitate 
to attack problems of real difficulty failed to see completely 
through simple quadratics. As remarked in connection with 
Eudoxus, the early algebraists were halted by a deficiency in the 
Greek logical faculty. Without an extended number system, it 
was impossible for the Hindus to create much that even resem- 
bled a scientific algebra. Thus Mahavira in the ninth century 
unhesitatingly discarded as inexistent the imaginaries he en- 


suffice here to indj- 


for negatives, obtained one root of , 
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countered, without attempting to account for their appearance. 
Three centuries later, Bhaskara recognized that formalism 
produces two roots for quadratics, but rejected the negatives, 

Hindu algebra, however, took a hesitant step toward opera- 
tional symbolism. To what has already been noted regarding 
symbolism, the following summary of the principal advances 
of the Hindus toward symbolic algebra may be added. Critics 
disagree on how far the Hindus got in this direction, but what 
follows seems to be established fact. Aryabhatta (sixth, cen- 
tury) suggested the use of letters to represent owns, 
Brahmagupta (seventh century) used abbreviations jor each 
of several unknowns occurring in special probléms, also for 
squares and square roots. A negative number wed ietague 
by a dot; and fractions were written in our wapbut without the 


bar, thus, i, A manuscript assigned tae period 700-1100 


displays a cross, like our plus sign, avpitten after the number 
affected, to indicate minus. Bhas! welfth century) imitated 
Brahmagupta in the notation fog¥actions, also in the custom 
of putting one member of an equation under the other, and in a 
systematic, syncopated aceiga or successive powers. There was 
no sign for equality. Braketegupte also effected the reduction of 
Diophantus’ three types of quadratic equations in one unknown 
to the standard form nbdw current. 

Differences oki concern the weight to be given these 
devices. By t st liberal estimate, the Hindus had the gist 
i olism as an operational technique proceeding 
pfixed rules and in standardized patterns: the tech- 
ving problems of certain types was indicated in the 
‘ing of the problems. All the elaborate verbal directions 
ing the successive steps toward a solution are explained 
; SS) 'y as insurance against stupidity. For even at its best, Hindu 
¥ igebra, in spite of its free use of abbreviations, was still largely 
thetorical in that operational directions were not fully symbol- 
ized, The least generous appraisal admits no advance in method- 
ology beyond Diophantus. The Hindus themselves appear to 
have left no record supporting the first estimate. Possibly they 
imagined the meaning of what they did so obvious as to render 
comment on the methodology superfluous. Introspection in 
mathematics is a modern neurosis. 

‘There is also the vexed question of how much of the Hindus’ 
algebra was their own and how much Greek. Until competent 
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scholars reach some shadow of agreement, there is little point in 
others reproducing their divergent conjectures. With the dis- 
covery of Babylonian algebra, the dispute seems less likely than 
ever to be settied in a finite time. There are also—a fascinating 
possibility—the ancient Chinese to be considered. Did they, or 
did they not, influence the Sumerians? Possibly the Sumerians 
taught the Chinese? Perhaps the Indians taught them all? Or 
did they all teach the Indians? And what part did Syria play? 
One type of argument supporting a favored conjecture may 

noted in passing. If civilization 4 is assumed to be older t 

civilization B, and if in B a certain type of problem was di ed 
at a later date than in 4, it follows that B got the prob! Tom 
A. This is according to the diffusion theory of culturé,“ On the 


alternative spontaneous theory, no conclusion can, wn; and 
even on the diffusion theory it remains to be sh hat the data 
he scarcity of 


documentary evidence complicates the pr; 

Fortunately for our immediate con ese profound ques- 
tions need not be settled before the in ce of Hindu arithmetic 
and algebra on Moslem nit havi ‘an be substantiated. The 

“tl 


are uncontaminated by intrusions of ne in 


Moslems themselves admit having*translated Hindu works. It 
is therefore reasonable to ing at the Moslems were influ- 
enced by the Hindus. Assunitng this, we note once more the 
human propensity to tak, longest way home. Like the Greeks 
in their indifference Babylonian algebra, the Moslems finally 
turned their backs onthe rudimentary hints of an operational 
symbolism in the Hd algebra and in their own, and wrote out 
everything, ev. ¢ names of numbers, in full. The Moslem 
retrogressio: is respect was as long a backward step as any 
in the hi f mathematics. Absorbed in the intelligent collec- 
tion an instaking examination of numerous interesting speci- 
mens y missed the main thing completely. Only in 1489, in 
Ge ry, with J. W. Widmann’s invention of +, —, did algebra 
begifi to become more operationally symbolic than it had been 
for Diophantus and the Hindus. 

Before leaving Hindu algebra, we note what is usually con- 
sidered its high tide. We shall inspect this rather closely, first 
in the haze of a golden sunset, then in the unsentimentalized 
light of mathematics. The two appearances are strangely dis- 
similar; it may be left to individual taste which is preferred. 

Bhaskara, about 1150, ‘gave a method of deducing new sets 
of solutions of Cx? +1 = y? from one set found by trial.??8 The. 
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problem is that of the so-called Pellian equation: to solve 
Cx? +1 = y? in integers x, y, where C is a given nonsquare 
integer and wy ¥ 0. Bhaskara also discussed Cx* + B= y?, C, 
B being non-square integers. His very elementary devices have 
excited the liveliest admiration. Contemplating them in the 
golden haze, we observe® that ‘“‘the first incisive work [on the 
Pellian equation] is duc to Brahmin scholarship,” and note that 
this equation “‘has exercised the highest faculties of some of our 
greatest modern analysts.” We also see that Bhaskara’s attack 
on the equation “is above all praise; it is certainly ‘the finest 
thing which was achieved in the theory of nurph>ys before 
Lagrange.”? 

The first of these three quotations is a yoride le statement 
of fact. The second seems to imply that Bhas ra’s “incisive 
work” is qualitatively comparable to, of “some of our 
greatest modern analysts.” The third < Bhaskara’s tenta- 
tive, partial solution a finer thing in x heory of numbers than 
Euclid’s direct, complete solutio: +y? = 2, 

In the unflattering light o: thematics, it appears that 
Bhaskara could find any ee of solutions provided he was 


{ucky enough to guess one. ossessed no means of determining 


whether a given Pellian ¢gtation was solvable. Nor, even when 
he had derived furth sitions from a lucky guess, could he tell 
whether he had all g@htions. His process for generating solutions 
from an initial as ingenious. But he ignored the only points 
of any difficul mathematical interest: the existence of a solu- 
tion and pleteness of those solutions exhibited. 

ee cogtrast with this supreme achievement of Brahmin 
scho!} 


est. 
P 


, we observe what happened when one of “our great- 
modern analysts” exercised his “highest faculties” on the 

n equation, Lagrange admitted that he had to stretch him- 
to accomplish what he did. In 1766-9 he settled the problem 
Of existence and gave a direct, nontentative method for find- 
ing all solutions. Bhaskara was an empiricist; Lagrange, 4 
mathematician. 

The unromantic conclusion is that Bhaskara fell far below 
the standard set by Euclid, a standard which was not reached 
again till Lagrange attained it in the eighteenth century. It 
seems not unjust to draw the same conclusion regarding the rest 
of Hindu mathematics. But it is generally conceded that the 
better Hindu algebraists were far ahead of Diophantus in 
manipulative skill. This, and their frustrated attempt to create 
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an operational symbolism, appear to be the chief contribution 
of the Hindus to the development of mathematics. 

Moslem algebra seems to have hesitated between the tastes 
of Greece and India, choosing the latter in its most creative 
period, only to lapse into an impossible rhetoric as it became 
classic in the ninth century with the masterpiece of its most 
famous exponent, Al-Khowarizmi. 

Indian algebra was translated into Arabic and Persian by 
the Moslems; and as Arabic was an important language peta 
in scholarship but also in commerce and war, Greek and n 
algebra, simplified and somewhat systematized by the ae 
at last penetrated Europe. If the crusades of the twelfth and 
thirteenth centuries did nothing more, they helpeddi¥irectly to 
spread algebra, trigonometry, the classics of abtiquity, and 
contagious diseases. Qs) 

Of an impressive list of Moslem trans] 1OPs, commentators, 
and minor contributors, only two need bi Sentioned here. Each 
showed some originality and both, ularly the first, pro- 
foundly influenced early European ra. To give him almost 
his full name, Mohammed ibn sa Al-Khowarizmi (died c. 
850) of Bagdad and Damascys\produced the first treatise (c. 
825) in which occurs an eqaiyalent for our ‘algebra’—al-jebr 
w'almuquabala, meaning ‘restoration and reduction.’ The refer- 
ence is to what now woyldbe called transposition of negatives to 
yield equations with @ll térms positive, and to subsequent reduc- 
tion by collecting Bye powers of the unknown. This appears to 
have been Al- arizmi’s own idea; the work as a whole is a 
compost of and Hindu results. His principal advance in 
the ah ection was an application of the Hindu number- 


names t numerical solution of equations. 

Al warizmi’s signal progress in the negative direction 
has been noted.® Why he returned to a purely rhetorical algebra 
r&eQirened by any trace of symbolism, seems not to be known. 
A psychiatrist might say it was the death instinct having its 
way. All but strangled, algebra survived, thereby demonstrating 
that more than a resolute attempt at suicide is necessary to 
deprive mathematics of its life. In what is reputed to be an 
algebraic masterpiece, Al-Karkhi (c. 1010) continued in the 
thetorical tradition. If the fact were not well established, it 
would be difficult to believe that medieval European algebraists 
had the persistence to find out what the rhetorical ‘algebraists 
of Islam were attempting to communicate. 


100 THE DEVELOPMENT OF MATHEMATICS 


Whether justly or not, algebra without symbolism is rather 
disappointing to the average layman who has been assured that 
“the Arabs invented algebra.” Unfortunately, an expert knowl- 
edge of Arabic was never one of the more graceful accomplish- 
ments of a gentleman, nor even of a scholar or a country squire, 
as was a slight acquaintance with Latin or Greek in the eight- 
eenth century. Consequently the mathematician or the his- 
torian of mathematics competent to form a personal estimate of 
Moslem algebra has always been a rarity; and of théfew who 
have deigned to share their findings with those focent. of 
Arabic, some have presented the outcome of th@ir fesearches 
in the familiar symbolism of algebra as taught to beginners 
today. In certain respects those sophisti ersions of the 


original verbiage resemble beggars mas ading in robes of 
satin. To appreciate the difference bétween the original and 
its modern disguise, the curious sh: prevail upon a profes- 
sional scholar of Arabic to read shee verbain translation of 
an original document in Moslem algebra. In licu of this, the 
excerpt presently transcribed\irom the English translation of 
Al-Khowarizmi’s Algebra bx. Rosen (1831) may be exhibited. 
Rosen’s translation eer the original Arabic, so that 
cognoscenti may sav quality. The passage quoted is from 
A history of mathematical notations (1928) by the American 
historian of m. atics, Florian Cajori. Rosen remarks that 
“numerals a the text of the work always expressed by 
words: Hi, rabic figures [numerals] are only used in some 
of the di: ms, and in a few marginal notes.”” The excerpt 


aN 3 


ret must be the amount of 2 square, which, when twenty-one dirhems 
dded to it, becomes equal to the equivalent of ten roots of that square? 
lution: Halve the number of the roots; the moiety is five. Multiply this by 
itself; the product is twenty-five. Subtract from this the twenty-one which are 
connected with the square; the remainder is four. Extract its root; it is two: 
Subtract this from the moiety of the roots, which is five; the remainder is three: 
This is the root of the square which you required and the square is nine. Or 
you may add the root to the moiety of the roots; the sum is seven; this is the 
root of the square which you sought for, and the square itself is forty-nine. 


Of course symbolism of itself is not mathematics, and no 
amount of beautifully appropriate notation can make shoddy 
or trivial reasoning look like mathematics. Extensive tracts 
of mathematics contain almost no symbolism, while equally 
extensive tracts of symbolism contain almost no mathematics. 
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However, as in the above specimen, the total avoidance of 
symbolism is not always a virtue to be imitated, especially by 
neophytes. For laymen who may have difficulty in recognizing 
algebra when it is spread before them, Rosen transposes Al- 
Khowarizmi’s rhetorical exercise into its symbolic equivalent: 


a? + 21 = 10x; 
a= Ah F ViCg)? — 21) = 5 + V(25 — 21), 
=SFVW4=572 =3,7. 


This particular equation recurs many times in the early es 
of algebra. < 
Al-Khowarizmi’s treatise is credited with a large sharé of the 
mathematical awakening of Christian Europe; Ce) twelfth- 
century Latin translation of a lost tract of Al- iovarizm’s on 
the Hindu numerals is said to have done muc! cquaint Euro- 
peans with that great invention. Giving thisjlabor of transmis- 
sion its full historical weight, and balane@e it against Moslem 
algebra, we may leave the reader to fi ii own point of equilib- 
rium somewhere among the three fall Geng estimates of Moslem 
SS 


mathematics.° ~) 

“The greatest mathematiged) of the time [early ninth cen- 
tury], and, if one takes all uumstances into account, one of 
the greatest of all times At-Khowarizmi.” In the next two, 
full weight is given t slem trigonometry, to be described 
presently, “Their [thé Moslems’] work was chiefly that of trans- 
mission, although @hey developed considerable originality in 
algebra and sho! some genius in their work on trigonometry.” 
“Tf the work luced [by the Moslems] be compared with that 
of Greek dern European writers it is, as a whole, second- 
rate bothGm quantity and quality.” 

Ths&? centuries after the great Al-Khowarizmi had finished 
hi rs, and therefore toward the close of the cultural period, 
th&Persian poet-mathematician, Omar Khayyam (died c. 1123), 
reached a considerably higher mathematical level than any of his 
predecessors. This devil-may-care, somewhat cynical philosopher 
had imagination. Not content with collections of rules, Omar 
classified cubic equations and devised a method of geometrical 
solution for numerical cubics, genera! within the limitations of 
the existing number system. Others, said to have taken the hint 
from Archimedes, had solved cubics by the use of conics long 
before Omar; indeed, the method was familiar to the Moslems 
of the ninth century. It was not Omaz’s technical labors, how- 
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ever, but his erroneous conjectures that cubics are algebraically, 
and quartics geometrically, unsolvable, that mark him out as 
more than a faithful transmitter and a skilled tactician and 
algebraic taxonomist. 

But bold and original as he was, Omar steadfastly refused to 
accept negative roots. His hyperbolas, too, were deficient in 
negative branches. Once more it was the failure to come to grips 
with the number concept that thwarted both algebra and 


geometry. AO 
The emergence of trigonometry Js? 


In its literal meaning of ‘triangle measurement trigonometry 
is as old as Egypt, of course in an extreme! dimentary form, 
Greek astronomy demanded spherical try, and this, com- 
bined with the reduction of observat necessitated what we 
should call the computation of ree etric functions, 


Ptolemy in the second centur; er Christ summarized in his 
(ueycthn obvratis =) Almagest thQmnain features of spherical trig- 
onometry, and indicated a m@titod for the approximate calcula- 
tion of what amounts to aghude table of sines, or ‘half-chords,’ 
Ptolemy used chords; rudity was unavoidable by the geo- 
metrical method n itating interpolations over too wide an 
interval. Thus, traditionally, plane trigonometry was merely a 
computational adfinet to spherical trigonometry, and hence the 
mathematically, more important elements of trigonometry 


ereteed and Soon slowness. Perhaps the ultimate source 


of th and Moslem development of trigonometry was not 
ms to surveying but the astronomical necessity for 
nterpolation. 
Hindu work of about the fourth century advanced con- 
erably beyond Greek trigonometry in both method and 
.®) accuracy, giving a table of sines calculated for every 3.75° of 
arc up to 90°. The rule used to compute the table was erroneous, 
but possibly it gave results of sufficient accuracy for the inexact 
observations of the age. In any event, its reversion to empiricism 
affords an interesting illustration of the radical distinction 
between the Greek mathematical attack and the oriental or, for 
that matter, between the oriental and the modern even at its 
most crudely practical. 
The Moslems adopted and developed the Indian trigonom- 
etry. Their first notable advance was due to the astronomer 
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Al-Battani (died 929) in the ninth century. If not actually the 
first to apply algebra instead of geometry exclusively to trigo- 
nometry, this astronomer-mathematician was the earliest to 
take a long stride in that direction. In addition to the Hindu 
sine, he used also the tangent and cotangent. Tables for the 
last two were computed in the tenth century, when also the 
secant and cosecant made their appearance as named. trigo- 
nometric ratios. As the concept of a function was still about BLN 
hundred years in the future, none of his work bears ch 
resemblance to elementary trigonometry as it is today. Kes 
Three more names may be cited as marking definite stakes in 
the emergence of trigonometry as a distinct mathe: 
cipline, Abul-Wefa in the latter half of the tenth ry began 
the systematization of all the trigonometry k: at the time, 
and reduced it to a decidedly loose deductiv em. The first 
Moslem text on trigonometry as an ind lent science was 
that of the Persian astronomer oni (1201-1274), The 


book was more than a mere comp m, giving abundant 
evidence of a sure mathematical tal. ike the algebra of Dio- 
phantus, this work fell too close tathe end of its cultural epoch 
to exert its full weight on the fybute of mathematics, and Euro- 
peans duplicated much of it without, apparently, being aware of 
its existence. & 

The last name we ara cite suggests a curious bit of history 
which might be wor, ploring. Leonardo of Pisa (Fibonacci) 
will reappear in quel; here we note that he published his 
masterpiece, thy er abaci, in 1202 (revised, 1228). Leonardo 
was largely nsible for acquainting an awakening Europe 
with the Hidu-Moslem algebra. and the Hindu numerals. 
Among other significant trifles in Leonardo’s book is the well- 
knoy ebraic identity 


9 


It would be interesting to know where Leonardo picked this up 
on his travels in the East, as it is easily shown to include the 
addition theorems for the sine and cosine. It also became a 
germ of the Gaussian theory of arithmetical quadratic forms, and 
later of interesting developments in modern algebra. With the 
appropriate restrictions as to uniformity, continuity, and initial 
values when a,b,c,d are functions of one variable, the identity 
contains the whole of trigonometry. 


(a? + 6%)? + d®) = (ac + bd)? + (ad F be)*% 
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Mathematics at the crossroads 


While Europe slept and all but forgot Greek mathematics, 
the Moslem scholars were industriously translating all they could 
recover of the works of the classic Greek mathematicians, 
Several of these translations became the first sources from which 
Christian Europe revived the mathematics it had all but let die, 
For this timely service to civilization, the Moslems no doubt 
deserve all the gratitude they have reccived. But even.at the 
risk of appearing ungracious, any mathematician must\temper 
gratitude with the hard fact that scholarship and creation are in 
different universes. > 

Had the Moslems done nothing but prese: 
they would scarcely have merited a passing 
briefest account of the development of 
seem too brutually direct; yet, by the o: tandard whose main- 
tenance insures progress rather thai gnation, it is just. The 
one criterion by which matheneef ns are judged is that of 
creation. Unless a man adds so: ing new to mathematics he 
js not a mathematician. By this standard, the Moslems were not 
mathematicians in their extremely useful work of translation 
and commentary. Re: ering that we are interested chiefly 
in things that have lasted, we shall consider briefly the Moslems’ 
work of aistalatag et commentary, and with it some of their 
trigonometry, ifthe light of living mathematics. 

Only a fees cialized historians of mathematics ever really 
digest any ¢fthe Greek masterpieces. Not only is life too short 
for thos tors would acquire some usable mathematics for them 
to sage Spi or Archimedes; it would also be as wasteful 

an + as could be imagined. Nothing could possibly come out 
Sy ut erudition. The works of the Greek masters were washe' 

CBP centuries ago on the banks of the living stream; the spirit of 
Q their essential thought, and some few results that beginners learn 
today more easily by modern methods, alone survive. Thus the 
Mosem contribution of translation and commentary has lasted, 
not mathematically, but only as a monument to scholarship. It 
can be argued that without this moribund mass of Greek mathe- 
matics, there would have been no inspiration for the new mathe- 
matics of the seventeenth century: without Apollonius there 
would have been no Descartes, without Diophantus no Fermat, 
and so on, and on. Against this it can be maintained that origi 
nality was smothered under a blanket of erudition, and that, 


rand transmit, 
tion in even the 
ematics. This may 
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barring sentimental reservations, the greatest service the dead 
past can render mathematics is to bury its dead. The arguments 
are equally incapable of objective decision; so we shall leave 
them with the fact that mathematicians no Jonger study the 
Greek classics preserved by the Moslems, nor have they for the 
past two and a half centuries. 

The fate of spherical trigonometry, on which the Moslems 
lavished so much of their skill, illustrates the inevitable recession 
of things first developed for immediately practical ends. Their 
utility may remain; but any living scientific interest they 2 
once have had has long since died. Spherical trigonomet: G20 
longer in the living stream of mathematics, either for igor ent 
or for any method it may have. Unless a student to, requires 
the subject for some definite routine, such as thane 
positional astronomy, he need not even k at spherical 
trigonometry exists. Of all the subjects in xele entary mathe- 
matics, spherical trigonometry is probabl; thé deadest and the 
most repulsive to anyone with the faintést’stirrings of a feeling 
for vital mathematics. At rare interyals’some optimistic enthu- 
siast attempts to breathe a little life into the dry bones; but 
after a few perfunctory rattles, ice descends once more, and 
spherical trigonometry is dea, han ever. Even the profound 
revision (1893) of the enti?e’ subject in terms of nineteenth- 
century algebra and analysi by E. Study (1862-1922, German) 
attracted only passing,Atténtion from mathematicians. 

Plane trigono ARS ith the Greeks and the Moslems was 
encouraged principally because it was a useful servant to its 
elderly spheric: ter, and she in her turn was honored mainly 
for her serviéés"to astronomy. While plane trigonometry was 
growing u Qstronomy was chiefest of the sciences and the only 

Ning any considerable application of mathematics. 
y then needed only the solution of triangles. When 
al astronomy receded to a subordinate routine in modern 
nomy, the trigonometric functions—for reasons in no way 
connected with the solution of triangles—became the indispensa- 
ble mathematical aid from celestial mechanics to spectroscopy. 

As modern science evolved after Galileo, astronomy became 
but one science of many, some being of perhaps even greater 
practical importance than astronomy in a scientific civilization. 
Here again it was the trigonometric (or circular) functions that 
Were to prove indispensable, and again for no reason even 
temotely concerned with the solution of triangles. The sine and 
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cosine derive their scientific importance from two properties: 
they are the simplest periodic functions; they furnish the first 
instances of a set of orthogonal functions. Both properties were 
centuries in the future when the Moslems had finished their 
work; the second had to wait for the integral calculus. Orthog- 
onality underlies modern applications of the sine and cosine, 
making possible, as it does, the solution of important boundary- 
value problems arising from the differential equations of mathe- 
matical physics. Ra 

It would be difficult to imagine a physical scie without 
orthogonal functions; but our successors may, sndaheprnay then 
look back on us as we look back on our pers: . May they 


be as mindful of us as we are of the Hindus a Moslems for 
what they invented, developed, and passed 01 o us to be further 
developed. \ 

As we take leave of the Moslema swe see them hesitating 
rather forlornly at the crossroads nO aett and modern mathe- 
matics. Progress passed them they could make up their 
minds to turn their backs o: past they had rescued from 
oblivion. KY 


ss 


CHAPTER 6 


Four Centuries of Transition 
1202-1603 iN 
SS 


\S 
The thirtcenth to the sixteenth centuries i rope is one of 
the most eventful periods in world history, se four centuries 
also include the sharply marked sing Ba om ancient mathe~ 


matics to modern, the break being ly discernible in the 
half-century following 1550. As willsappear in the Italian solu- 
tions of the cubic and quartic eaten of about 1545, algebra 
then was still in the Greek-Hin ‘oslem tradition. The French 
work (Victa) of the latter halt the sixteenth century was in a 
totally different spirit, and(@ne which mathematicians today can 
recognize as akin to thei n. In less than fifty years, the Greek 
and middle oriental ‘traditions became extinct in creative 
mathematics.! 

The precise PS 1202, 1603 in the heading are intended 
merely to re two of the most significant landmarks in the 
four centu of transition. The first marks the publication of 
Leonard ber abaci; the second, the death of Vieta, the first 
athena of his age to think occasionally as mathemati- 
any itually think today. 

© somewhat narrow scope of Vieta’s technical achieve- 
ments is irrelevant to his importance in the devclopment of 
mathematics. It was not what he actually accomplished in 
mathematics, although that was considerable, that counted; it 
was the quality of his thought. Whether or not the mathe- 
maticians of the early seventeenth century consciously looked 
back on Vieta as their herald, he was. They quickly surpassed 
what he had done; but their superiority was one of degree, not 


of kind, 
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Mathematics was ripe for the transition a full two centuries 
before it actually happened. The sharp change was delayed by a 
social chaos in which civilization had all it could do to keep 
alive. Concurrently, deeper movements were sweeping the super- 
ficial barbarism of the times back into the past, and clearing the 
way for a more humane economy in which mathematics shared. 
A brief recapitulation of the main events responsible for the 
delay and the subsequent advance will make the transition seem 
less miraculous than it otherwise might. We shall point gut in 
passing what some of the major events implied for the tigers of 
mathematics. <é 


Opposing currents 1) 


\; 
All the learning of the ancient world co: Ob continue to 
flood into Europe for much longer after without setting up 
opposing currents. Broadly, the conflictbecame a struggle be- 
tween established authority to maintaitrits vested interests un- 
impaired, and a quickening impatience with mere authority as 
the final arbiter between free inquihy’and dictated belief, whether 
in knowledge of the natural upiyerse or in government and reli- 
gion. With both the rapid @ssimilation of the ancient learning 
and “the process of the guins ” the thoughts of men were being 
broadened, and mae of complete destruction of the race 
ne 


could halt progres: it happened, disaster was averted by 4 
rather narrow 

On the sidd,of liberality, the universities of Paris (1200), 
Oxford, Casfbridge, Padua, and Naples were founded between 
1200 andy 5. Although the early universities bore but little 
phy: ice ememblance to what they later became, they were 
extremely significant steps toward intellectual freedom. ‘The 
enth century also saw the founding of the great orders of 
ern Franciscans and the Dominicans, at least part of whose 

activities were educational. 

4 A too strict devotion to scholasticism in the early universi- 
ties precluded any serious study of mathematics; but the phe 
nomenon of thousands of eager students at Paris squatting in 
mildewed straw and avidly absorbing Abélard’s (1079-1142) 
hair-splitting dialectics and his humanistic contempt for mathe- 
matics shows at least that the capacity for abstract thought was 
not extinct. Some of the universities being direct outgrowths o 
the cathedral schools, it was but natural that they should favor 
the curricula they did. As late as the fifteenth century, only # 
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smattering of arithmetic and a few propositions of Euclid satis- 
fied the mathematical demands of a liberal education as certified 
by a bachelor’s degree from Oxford. 

Throughout all this period, war was a capital industry. The 
sack of Constantinople by the Crusaders in 1204, barbarous 
though it was in itself, might be reckoned with the cultural gains, 
as a convincing demonstration that greed and religion form a 
highly explosive compound. There appears to be no doubt, how- 
ever, concerning what finally issued from the Holy Inquisitio 
established in one of its milder forms in 1232, shortly after ne 
Moors were disciplined in Spain. Nor is there great differ of 
opinion in democratic countries about the protracted dissolution 
of feudalism, and the faint hints of democracy in Ae conte 
quent rise of the middle and merchant classes in ie ‘O cen- 
turies following 1250. Although civilization alr issolved in 
the process, the decay of feudalism and the gr; concretion of 
national monarchies accelerated the growtyx nowledge after 
the critical period was safely passed. <° 

The confusion and intolerance al. evident in the thir- 
teenth century became worse confo; ‘din the fourteenth. But 
the picture was not painted whollysin one color. The names of 
Dante (1265-1321) and Petr: (1304-1374) suggest that an 
occasional ray of light penétrated the gloom; while that of 
Boccaccio (1313-1375) re that some could still appreciate a 
bawdy story even se Ropcesenes of the Black Death (1347- 
1349), which carrie etween a third and a half of the popula- 
tion of Europe. T ence which less than three centuries in the 
future was to ght with all the weapons of intolerance has 
alone wiped otitSuch plagues. 

Tn this ul century the Hundred Years’ War also got well 
under wag asting from 1338 to 1453 by one count, and from 
1328 91 by another. Whichever estimate is correct, there 
se © be general agreement that war flourished somewhat 
mn, in Christian Europe for nearly two centuries. For ruthless 
brutality, cynical disregard of the pledged word, and unblushing 
degeneracy, the famous Hundred Years of the fourteenth and 
fifteenth centuries had no superior till the twentieth. Not the 
will, but only the lack of adequate means of destruction, pre- 
vented a complete return to barbarism. It seems incredible that 
anything faintly resembling civilization could survive such a 
reversion to brutehood. But it did. Had some poet of the blackest 
years sung “the world’s great age begins anew,” as Shelley did 
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shortly before the deepest squalor of the Industrial Revolution, 
they would have called him mad. 

One great scientific invention in the first half of this same 
fourteenth century of our era passed almost unnoticed except as 
a curiosity for a few careless years, when Europeans quite 
suddenly envisioned thc limitless horizons of destruction revealed 
by gunpowder. Radical improvements in the art of war conse- 
quent on this warmly appreciated gift of alchemy were to 
necessitate much refined pure mathematics and highey dynamics 
in the accurate calculation of trajectories. Without thé mathe- 
matics of exterior ballistics, old-fashioned gunpo: Ry, or even 
“modern high explosive shells and rockets, would G2 less effective 
than the bows and arrows of the English arghers at Agincourt. 
It therefore seems unlikely that war cg be abolished by 


suppressing mathematics. “ 
Although it could not have been f¥escen at the time, the 
fifteenth century was to prove a | ark in mathematics as it 


was in all knowledge. In 1453 Sey tantinople fell to the Turks, 
and Eastern culture found its ap st hospitable welcome in Italy. 
‘The powerful family of theyMedici in this period rendered dis- 
tinguished scrvice to civilization by their patronage of scholars 
and collectors of manyscripts. So far as mathematics is con- 
cerned, the net saycel this liberality was a further increase in 
erudition. But somiething of infinitely greater importance than 
the accumula Geet libraries happened at this time, and at last 
made mathematics accessible to anybody with the capacities to 
take it. bout 1450 the printing of books from movable types 
started.in Europe. 

1 ¢ first fifty years of European printing, Italy alone 
P: ced about 200 books on mathematics. During the next 

ury the output was slightly over 1,500, The majority of 
‘Ourse were elementary textbooks; but when a work with some 
real mathematics in it was printed, it became public property 
instead of the choice possession of a few who could afford 4 
handmade copy. This was the second of the three major advances 
in the dissemination of mathematics. The first has already been 
noted in the transition from oriental secrecy to Greek free 
thought. The third was delayed for nearly four hundred years 
after the second, until 1826, when the first of scores of low-priced, 
high-grade periodicals devoted exclusively to mathematical re 
search appeared. Printing also furthered mathematics throug! 
1t8 economic insistence on a uniform, simplified symbolism. 
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Toward the close of this century, the discovery of America 
(1492) implied possibilities for mathematics that nobody could 
have predicted. The necessity for accurate navigation in mid- 
ocean, and the determination of position at sea by tables based 
on dynamical astronomy, indicate the connection between 1492 
and Laplace’s celestial mechanics completed only in the first 
third of the nineteenth century. Some of the fundamental work 
(Euler’s) of the eighteenth century in the lunar theory was 
undertaken to meet the need of the British Admiralty forge- 
liable tables. The stimulus for these particular advances, oMgi- 
nating in the voyages of Columbus and others, was abou Openly 
divided among exploration, land grabbing, commerc& and the 
brutal struggle for naval supremacy. From Daplagny develop- 
ment of the Newtonian theory of gravitation inQas dynamical 
astronomy, issued the modern theory of the ential and much 
of the analysis of the partial differential tions of physics 
in the nineteenth and twentieth centuries. s a modern mathe- 
matician, whether he lives in the Uni: ates or in China, who 
devotes his life to problems in potentialtheory with increasingly 
bizarre boundary conditions owes part of his livelihood indirectly 
to Columbus. So also does a a ematical physicist who com- 
putes perturbations in atomi ysics; for the theory of pertur- 
bations was first elaborated in dynamical astronomy. 

The sixteenth cen was equally pregnant with great 
things for the futur? mathematics, The names of Leonardo 

); 


da Vinci (1452-1 Michelangelo (1475-1564), and Raphael 
(1483~1520), of the foremost among a host, will recall 


what this eri: age, the century of Copernicus (1473-1543), 
was in ar Rie those of Torquemada (1420-1498), Luther 
(1483-1 ¥ Loyola (1491-1556), and Calvin (1509-1564) may 
suggest\hat it was in the higher things of life. Cardan (1501- 
1571 blished (1545) his Ars magna, the sum and crown of 

gebra up to his time, only two years after Copernicus, on 
his“deathbed, received the printer’s proofs of his epoch-breaking 
De revolutionibus orbium coclestium. 

The impact of Copernicus’ work on all thought and on all 
social institutions is too familiar to require comment here. 
Mathematically, the Copernican theory was not a complete re- 
jection of Ptolemy. The circular orbits of the Greeks re- 
mained, also thirty-four of Ptolemy’s seventy-nine epicycles, 
and the sun itself had a small orbit. Although Aristarchus had 
anticipated the heliocentric theory of the solar system, Coper~ 
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nicus was profoundly original in his provision of a reasoned basis 
for what had been only a prophetic conjecture. If any one man 
is to be remembered as the precursor of modern mathematical- 
physical science, Copernicus has as good a claim as any. 

Two further advances stand out as portents of the mathe 
matics and science that were so shortly to become recognizably 
like our own. Stevinus (Simon Stevin, 1548-1620, of Bruges) is 
usually considered by physicists as the outstanding figure in 
mechanics between Archimedes and Galileo. Among other 
things, he stated (1586) the parallelogram of forces in theéquiva- 
lent form of the triangle, and gave a complete theory¢ ‘statical 
equilibrium. Modern statics is usually said to haye ofiginated 
with Stevinus. He also had as clear ideas of fluidpressure as was 
possible without the integral calculus. Item, it may be 
noted that the development—such as i s—of mechanics 
by the predecessors of Stevinus is less r evaluated than is 
the concurrent progress in mathematies. Reconsideration of 
medieval contributions to statics sually deflated the first 
excessive claims in behalf of solar or less obscure writer 
to have anticipated Stevinus.and even, on occasion, Galileo. 
Such was the case, for ing ce, with the suddenly inflated 


reputation of Jordanus orarius (first half of thirteenth 
century) as a mechanist “Of high rank. It is now the opinion of 
mathematicians and beeen who have had the patience to 
sift his rhetoric thdt)Jordanus was as unintelligent as his con- 
temporaries inshis\conception of mechanics. 

The othe: n of science in this period whose work was to 
influence n@afKematics indirectly but profoundly two centuries 
after hig @path was William Gilbert (1540-1603), physician to 
Quee: izabeth of England. Except for some of its attempts 
at thedry, Gilbert’s De magnete (1600) was a thoroughly scien- 

iffe “treatise on the behavior of lodestones and other magnets. 

ter the consequences of Newtonian gravitation had been 
elaborated, A. M. Ampére (1775-1836, French), Gauss, G. 
Green (1793-1841, English), and others in the first half of the 
nineteenth century created the mathematical theory of magnet- 
ism. Either the subject was inherently more difficult than gravi- 
tation, or less able mathematicians attacked it. Twice as long 
was required to breach it as had been needed for gravitation. 
Of course the immediate utility of the Newtonian theory may 
have enticed the leading mathematicians of the eighteenth cen- 
tury away from Gilbert’s work; and there is the human possi- 
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bility that the dynamics of inaccessible heavenly bodies appeared 
as a grander project than the attraction of magnets that could 
be weighed in the hand. Thus Laplace gave the sublimity of 
celestial mechanics as his chief reason for devoting his life to 
it, and he was by nature anything but sentimental, However, he 
did not always mean all he said. 

All of these men of science of the sixteenth century are over- 
shadowed in mathematical significance by one not usually 
reckoned nowadays with the professional mathematicians, 
Thirty-six years of Galileo’s (1564-1642, Italian) life fell in this 
period of transition from ancient mathematics to moderns 
the universally recognized founder of modern science, Gu 
influenced all mathematics, pure and applied. > 

There was thus no lack of scientific daring in rho teenth 
century, whatever the traditional custodians of egnsciences may 
have thought of it all. It may be said here onc Sor all that some 
of the custodians did not always look kin young science 
struggling to frec itself from the fetters o: oritative tradition, 
scholastic as well as ecclesiastic. Hum: ture being what it is, 
there is nothing remarkable in rig is. Both sides believed 


iS 
ileo 


they were right; and the side w! ad all of the power save 
that of indomitable courage b ed that it also had all the 
right. Conflict was inevitable. t was savage enough, but no 
more so than its belated ecKosin the third and fourth decades of 
the twentieth century. in science in some of the European 
states once more fou Awself fighting for its existence. 

As for the hostilityto science in the period of transition from 
ancient to mode: ought, it is a mistake to blame one Christian 
sect rather t! another. Anyone who cares to search the 
record may, fy for himself that shades of creed were not the 
fundamentab difference between those who welcomed science 
and thasé ‘ho sought to drive it out. The dissension lay deeper, 
in tke ¥¥eless and irreconcilable antagonism between old minds 
and ySung, between those who can accept change and those who 
cannot. In the sixteenth and seventeenth centuries, the younger 
mind finally won its freedom and retained it for over two hun- 
dred years. During those brief centuries of free thought, science 
and mathematics prospered, and life for the majority on that 
account was less indecent than it was in the days of the Black 
Death and the Hundred Years’ War. 

Tt would be astonishing if mathematics had failed to respond 
to the crosscurrents of so tempestuous a transition from the old 
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to the new as the four centuries from 1200 to 1600. But for the 
greater disasters for which human stupidity was only partly 
culpable, the response might have come two centuries earlier 
than it did. 


A terminus in algebra 


All through this period, as in the preceding, geometry con- 
tinued to stagnate. Beyond translations of the Greek classics, 
such as the Latin editions of Euclid (1482) and Apollonius 
(1537), the work in geometry did not rise above the leyeNOf what 
would now be exercises in elementary textbooks ‘Dhe Greek 
methods appeared to be exhausted, and mathematical progress 
was wholly in the divisions of arithmetic, bra, and trig- 
onometry. At the beginning of the period, aati and algebra 
were still confused in a loosely coordina liance; at the end, 
they were satisfactorily divorced. Tgggetenty also gained its 
liberty from astronomy in this perio 

The Liber abaci (1202) of Legagplo of Pisa (c. 1175~c. 1250) 
has already been mentioned. Tiisfamous book by a man who 
was not by training a scholamat last converted Europe to the 
Hindu arithmetic. Leonarde\himself is better known in mathe- 
matics by his other na: ibonacci (son of Bonaccio). The son 
of a warehouse offici ibonacci traveled for business and 
amusement in Europe and the Near East, observing and analyz 
ing the arithmeti¢alsystems used in commerce. 

The obvi superiority of the Hindu numerals and the 
Hindu-M “methods of computation inspired Fibonacci’s 
book; an, iON spite of outraged protests from conservative met- 
chants¢ the then-equivalents of chambers of commerce, the 
aba nd the counting board were finally (about 1280) rele- 

g to the attic in European trade. Thus Fibonacci is indirectly 

ee onsible for the deluge of practical manuals on elementary 
Qeompatation and the flood of commercial arithmetics which 

have poured from the printing presses of the world ever since 
the fifteenth century. In spite of their great practical utility, 
none of these indispensable works has contributed anything of 
importance to the development of mathematics.” 

Fibonacci also expounded the Eastern algebra with genuine 
understanding, but otherwise made no advance. His Practica 
geometriae (1220) gave an equally enlightened treatment of 
elementary geometry. His original work lay in the borderland 


between arithmetic and algebra. In his Liber guadratorum 
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(c. 1225), Fibonacci discussed some special diophantine systems 
of the second degree, such as x? + 5 = y?, x? — 5 = 23, which 
are harder than they look. Judged by the standard set by Euclid 
in his integer solution of x? ++ y? = 2, Fibonacci’s work is on a 
far lower level. It does not seem to have occurred to him that 
the real problem in diophantine analysis is to find all solutions, 
not merely some, This failure to sense the generality of a problem 
is characteristic of the distinction between ancient and modern, 
algebra, also between mathematics and empiricism. Euclid wad 
the one exception in about two thousand dreary years of Oye 
based theory of numbers; even Diophantus, as we ha¥@ seen, 


was content with special cases, * 
Although it is distinctly a minor issue, we mist ention 
Fibonacci’s famous recurring series defined by. 
» 
Unga = Ungi t tn; n=0,1,..., oo, wm =1, 


which gives the sequence 0, I, 1, 2, 3, § Bs, . . Fibonacci 
encountered this sequence in a probl hich the reader may 
recover for himself) concerning th geny of rabbits. There 
is an extensive literature, some 0; ordering on the eccentric, 
concerning these numbers a cir simplest generalization, 
tings = QUngi + bun, a, b constant integers, the most interesting 
modern work being that igdeveaed by E. A, Lucas (1842-1891, 
French) in 1878. So essorial and dilettant esthetes have 
applied Fibonacci ae ers to the mathematical dissection of 
masterpieces in, g and sculpture with results not always 
agreeable, alt! sometimes ludicrous, to creative artists. 
covered these protean numbers in religion, 
'd the convolutions of sea shells. 
e interesting to know who first imagined anything 
trans. ntal in Fibonacci’s numbers. Their siraplest origin 
isi Greek problem of dividing a line in extreme and mean 
ratidy the so-called golden section. It is said that some of the 
measurements of Greek vases, also the proportions of temples, 
exemplify the golden section; and one prominent psychologist 
even claimed to have proved that the pleasure experienced on 
viewing a masterpiece alleged to be constructed according to the 
golden section is a necessary consequence of the solid geometry 
of the rods and cones in the eye. 

Fibonacci’s quality as a mathematician emerges unmistak- 
ably in two isolated items, which also hint at the delay in the 
development of mathematics consequent on the social chaos 


, 
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that followed him. The first is his use of a single letter, in one 
instance, to denote a number in his algebra. Possibly this is the 
earliest definite trace of the generality of algebra as distinguished 
from mere syncopation and verbally expressed rules for numeri~ 
cal computation. 

The second item marks Fibonacci as a true mathematician 
far ahead of his time. Being unable to give the algebraic solu- 
tion of x* -+ 2x? + 10x = 20, Fibonacci attempted tg prove 
that a geometrical construction of a root by rcaghteie and 
compass alone is impossible. He could not have sug led with 
what was known at his time. He then proceeded ‘a numeri- 
cal approximation to a root. There was nothing im algebra like 
the inspiration for the attempted proof of ij sibility till the 
nineteenth century. i 

All through the period of transitio1 Webra was concerned 
principally with the solution of ccuils After quadratics had 
been solved within the limitations je existing number system, 
the central problem was to fil imilar, that is, ‘radical,’ so- 
jutions for the cubic and quarti¢’equations in one unknown. 

There are two distinct lems in the solution of algebraic 
equations: to construc’ means of only a finite number of 
rational operations Toot-extractions, performed on the 
literal coefficient given equation, all functions of those 
coefficients whi all reduce the equation to an identity; to 
construct a tical approximation to a root of an equation 
with numeri¢a? coefficients. The first problem is called the solu- 
tion by radicals, and is the one of greater interest in the develop- 
ment gebra. The problem of approximating to a root is the 
one, portance in applications, for two reasons. As will appeat 
consi erably later, solution by radicals is impossible for the 

C eral equations whose degree exceeds four; the explicit radical 
.®) olutions of the cubic and quartic are all but useless in numerical 
work. 

‘The problem of approximation is said to have been effectively 
solved by the Chinese in the thirteenth and fourteenth centuries 
Av. This work, if authentic, excelled most of what Europeans 
accomplished in numerical solutions* until almost the same pro- 
cedure was reinvented by W. G. Horner (1773-1827, English) in 
1819. Unfortunately, like nearly all oriental mathematics except 
Indian arithmetic and algebra, the Chinese method might as well 
never have been invented for any influence it had on the develop- 
ment of mathematics. Neither in the Orient nor in Europe did it 
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start a forward movement, and it cannot be said to have passed 
into the living stream. Its human interest is the evidence it 
affords (if authentic) that mathematical talent is not the exclu- 
sive possession of any one race or of any one people. 

The solution of the cubic and quartic by radicals was essen- 
tially completed by 1545, (The implied reservation refers to the 
Jack of understanding at the time of negative and imaginary 
roots.) The history of this final triumph is spiced by a violence 
and chicanery that seem a trifle excessive even for the ye 
hibited sixteenth century. Cardan (1501-1576), whose e 
ornaments the solution of the cubic in every intermedi, he. 
book on algebra, obtained the solution from Tartagli under 
promise of secrecy and published it as his own in th€ Yrs magna 
(1545). This ingenious algebraist is also renownedas an astrol- 
oger, his masterpiece in that direction bei horoscope of 
Christ. Among others of his excesses which d our squeamish 
modern taste, Cardan is said to have disghBfined a wayward son 
by cutting off his ears. \e) 

Tartaglia (Nicolo, 1500-1557, 1éian; the nickname Tar- 
taglia means ‘the stutterer’) hadNintended—so it is said—to 
crown a projected work of his gytm with his solution of the cubic. 
His name commemorates a.plit palate, which the traditional 
account credits to a tebe ts inflicted by an inefficient soldier 
who, in doing his dut ‘as assisting in the massacre of the 
inhabitants of Ta tages native Brescia. They had taken 
refuge in the loc thedral. Tartaglia, a boy of twelve at 
the time, was ke or dead but, owing to the devotion of his 
mother and 9 e dogs who licked his wounds, recovered. As 
a mature , Tartaglia contributed to the obsolescence of 
Sx Poneering work in exterior ballistics, investigating 


range of a projectile and stating that the range is 
“o when the angle of projection is 45°. 

he solution of the quartic also harmonized with its social 
background. Its hero, Ferrari (1522-1565), was less fortunate 
than Tartaglia in his family affections. He is said to have been 
poisoned by his only sister. But Italy in the Renaissance with- 
out arsenic would be like veal without salt. 

In recounting these traditional embellishments of Italian 
algebra in the sixteenth century, we have tried merely to show 
that mathematics can live and flourish in what purists might 
call barbarism, and to suggest that it may survive beyond 2000. 
There has been no intention of misjudging the protagonists in 
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the drama of algebra by a misapplication of our own domestic 
ethics. As we live according to our, lights, they live according 
to theirs; and if their domestic relations now seem strangely 
foreign to us, we have but to glance at modern international 
relations to feel thoroughly at home. On the domestic front, 
theft of scientific work is still practiced, unfortunately for 
struggling young men.‘ 

The scientific history of the cubic and quartic is inyolved 
and possibly not yet thoroughly unraveled. It appeal be as 
follows. Scipio del Ferro (1465-1526) of the Ui Oysity of 
Bologna solved x? + ax = 6 in 1515, and com: cated the 
solution to his pupil, Antonio Fior, about 1535, rtaglia then 
solved x* + px? = q¢ and rediscovered Fi olution. Not 
believing that Tartaglia could solve cubits,” Fior challenged 
him to a public contest, in which Tart: solved all of Fior’s 
equations while Fior failed to solve a: Tartaglia’s. 

Cardan was not a lame ie a was the first to exhibit 


three (real) roots for any cubic. advanced beyond the mere 
formal solution in recognizing theifreducible case (all roots real), 
when the radicals appeari: cube roots of (general) complex 
numbers. The first to recdgnize the reality of the roots in the 
irreducible case was R, belli in 1572. Cardan also suspected 
that a cubic has th ‘oots, although he was baffled by nega- 
tives and imagi! . His most important advance, however, 
was the remo the term of the second degree. This had an 
element of s ific generality which, apparently, he failed to 
appreciate 
Ferraff's’ solution of the quartic (c. 1540) also appeared in 
the agna, The solution is substantially the same as that 
in textbooks on algebra, leading to a cubic resolvent. 
2 hese solutions of the cubic and quartic mark a definite end? 


the algebraic tradition of Diophantus and the Hindus. They 
were sheer tours de force of ingenuity. Modern mathematics 
deprecates mere ingenuity and seeks underlying general princi- 
ples. Proceeding from a minimum of assumptions, a modern 
mathematician exhibits the solutions of particular problems as 
instances of a general theory unified with respect to some concept 
or universally applicable method. An isolated solution obtained 
by ingenious artifices is more likely to be evidence of incomplete 
understanding than a testimonial to perspicacity. The ingenious 
solver of special problems may still be a useful member of 
mathematical society, in that he turns up mysterious phenomena 
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for abler men to strip of their mystery, but he is no longer 
regarded as a mathematician; and to call a man who imagines 
he is a mathematician a problem solver is to offer him the unfor- 
givable insult. This is one line of cleavage between ancient and 
modern mathematics. 

It may be asked why these solutions of the cubic and quartic 
are still included in the second school course in algebra. Nobody 
with any sense attempts to use them for numerical computation, 
and as encouragements to skillful trickery they are posi 
detrimental. Instead of these relics of the sixteenth cen: it 
would be more to the purpose to offer the unified trea of 
quadratics, cubics, and quartics which has been available since 
1770-71, when Lagrange set himself the problem Seeing why 
the ingenuities of Tartaglia, Ferrari, and their sucéessors worked, 
Such a treatment is considerably easier thag tbat certified by 


historical tradition. .> 
A beginning in algebra andebionometry 
+ ‘a . . 
Passing by an enormous mass of, r contributions, such as 


short tables of binomial coefficigitts; anticipations of Pascal’s 
arithmetical triangle, improvements in algebraic notation, and 
the like, we come to the first«}®table progress toward generality 
in the methods of algebr. d trigonometry, and hence in all 
mathematics. The slo cretion of details which ultimately 
passed into elementary mathematics in permanent if modified 
form is not comparable in importance for the whole of mathe- 


matics with thi ving for uniformity in methods. Success in 
this direction ted a science from what had been little better 
than a mus€vih of tricks that worked occasionally, although 
nobody stood or seemed to care why. 


TheStransition from the special to the general is first un- 
bly discernible in the work of Vieta (Frangois Viéte, 
134071603, French), who, like Fibonacci, was not a mathe- 
matician by training or profession. Vieta’s activities ranged 
from cryptography in the military service to politics. At various 
times he was a member of parliament in Bretagne, a master of 
requests at Paris, and a king’s privy councillor. His mathematics 
was his recreation. Some have stigmatized his work as prolix and 
obscured by a private jargon. But even if this were true, such 
superficial defects could not conceal the essential qualities of 
generality and uniformity in much of what Vieta invented. 
There is no need to describe Vieta’s contributions in detail. 
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His attack on quadratic, cubic, and quartic equations brings out 
the essentials. In each case he removed the second term of the 
equation by a linear transformation on the unknown. Cardan had 
already done this for the cubic; Vieta appreciated the importance 
of this step as a general procedure. For the cubic he made a 
second rational transformation, and finally a simple one involy- 
ing a cubic irrationality. This produced a quadratic resolvent; 
and hence the solution of the cubic was reduced to the essential 
steps which the nineteenth-century theory of equations.was to 
prove unavoidable by any device. \ 

In this work we see also a germ of the theory ofs ear trans- 


formations, whose ramifications were to branch dit’ all through 
later algebra and thence, in the concept of i fiance, through 
mathematics as a whole. Here also we sce 4: f recognition of 


e successive solu- 
ginnings of tactical 
ion of the quartic was 


the art of reducing an unsolved PrObleENGS 
tion of problems already solved, and | 
uniformity and generality. Vieta’s 
similarly scientific, and led to 1! iliar cubic resolvent. 

In Vieta’s work we observe in the curious retardation of 
the number system. Negativ¢\rdots appear to have been unin- 
telligible to him, although © hoted the simplest of the relations 
between the coeflicients cat given equation and the symmetric 
functions of its aber Iso considered the possibility of resolv- 
ing the polynomi: in an algebraic equation f(x) = 0 into 
linear factors. ng approaching completeness or proof in 
this directiondwas far beyond the algebra of the time, and in 
fact was tained till Gauss in 1799 settled the matter by 
giving a aw which would be admitted® today for the funda- 
ment: orem of algebra. 

rs had been used before Vieta to denote numbers, but he 
ing uced the practice (c. 1590) for both given and unknown 
a bers as a general procedure. He thus fully recognized that 
algebra is on a higher level of abstraction than arithmetic. This 
advance in generality was one of the most important steps ever 
taken in mathematics. The complete divorce of algebra and 
arithmetic was consummated only in the nineteenth century, 
when the postulational method freed the symbols of algebra from 
any necessary arithmetical connotation. 

Improving on the devices of his European predecessors, Vieta 
gave a uniform method for the numerical solution of algebraic 
equations. Its nature is sufficiently recalled here by noting that 
it was essentially the same as Newton’s (1669) given in text- 
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books. Although Vieta’s method has been displaced by others, its 
historical significance is of more than antiquarian interest. The 
method applies to transcendental equations as readily as to 
algebraic when combined with expansions to a few terms by 
Taylor’s or Maclaurin’s series. 

An algebraic equation of degree 45 which Vieta attacked in 
reply to a challenge indicates the quality of his work in trigonom- 
etry. Consistently seeking the generality underlying particulars, 
Vieta had found how to express sin #8 (n a positive integer) ag a 
polynomial in sin §, cos 8, He saw at once that the for: idable 
equation of his rival had been manufactured from an e alent 
of dividing the circumference of the unit circle int equal 
parts. But for his lack of negative numbers, Vie’ ‘ould have 
found all 45 roots instead of the 23 he did. ‘More important 
than this spectacular feat was Vieta’s suggestion that cubics 


can be solved trigonometrically. Indic: of the general 
haziness of algebra in the time of Vieta, his partial failure 
underlines the fact that even towa close of the sixteenth 


century there was no clear conceptfey of what is meant by the 
roots of an algebraic equation. Qnce more the obscurity arose 
from an incomplete understayiging of the number system of 
algebra. S$ 
As evidence of Vieta’a fibdern or Archimedean freedom, his 
application of both ra and trigonometry to geometrical 
problems may be i ed, particularly in the use of algebra to 
replace geometric: aS eracticns wherever feasible. That he found 
nothing new i metry of any lasting importance is immate-~ 
tial; it was boldness of his thought that mattered. But, 
systemati: 'd general within its necessary limitations as this 
algebrai ‘geometry was, it would be giving it infinitely more 
than its\due to call it a precursor of analytic geometry in any 
buytke strictly chronological sense. It nowhere even hints at the 
it of analytic geometry which made analysis and geometry 
complementary aspects of one mathematical discipline. 

Vieta’s principal advance in trigonometry was his systematic 
application of algebra. In both planeand spherical trigonometry he 
worked freely with all six of the usual functions, and in the former 
obtained many of the fundamental identities algebraically. 

With Vieta, elementary (non-analytic) trigonometry was 
practically completed except on the computational side. Ali 
computation was greatly simplified early in the seventeenth 
century by the invention (1614) of logarithms. In pre-logarithmic 
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computation Vieta extended (1579) the tables (1551) by G. Af 
Rhaeticus (1514-1576, German), giving the values to seven 
places of all six functions for every second of arc, instead of for 
every ten seconds as in Rhaeticus. The deliberate separation of 
trigonometry from astronomy is usually credited to Regiomon- 
tanus (Johannes Miiller, 1436-1476, German) in his systematic 
De triangulis of 1464. 

Elementary algebra at the close of the sixteenth century had 
still to receive many perfections, especially in notatio: 
it became the simple routine of our textbooks. But b: 
straight path for all future development had been ly indi- 
cated. The way which Vieta had pointed out was followed with 
brilliant success by a host of workers, mos’ “whom made 
incidental improvements in algebraic notati@W and technique 
while developing their major interests ney new mathematics. 
There was not another first-rank algeb: Wt after Victa till the 
eighteenth century,’ when Lagran; 
levels. cy 


To conclude this account of Vista, we quote the opinion of a 
first-rate mathematician and_miathematical historian on Vieta’s 


place in the history of math Batics. Writing in 1843, De Morgan 
expressed himself as foll 


Vieta is a name to w! matters little that we have not dwelt on several 
points which would iuyece a character for a less person, such as his com- 
pletion of the cases ition of right-angled spherical triangles, his expres- 
sions for the appr quadrature of the circle, his arithmetical extensions 
of the same app Spnaticus, and so on, The two great pedestals on which his 
fame reats aréhig/improvements in the form of algebra, which he first made 
purely sym} I science, and showed to be capable of wide and. easy applica- 
tion in o; iry hands; his application of his new algebra to the extension of 
trigons y, in which he first discovered the important relations of multiple 
angled; and his extension of the antient rules for division and extraction of the 
ry and cube roots to the exegetic process for the solution of all equations. 

If a Persian or an Hindu, instructed in the modern European algebra 
re to ask, “ Who, of all individual men, made the step which most distinctly 
marks the separation of the science which you now return to us from that 
which we delivered to you by the hands of Mohammed Ben Musa {Al-Kho- 


warizmi]?” the answer must be—Vieta. ... When will the writer who 


asserts that Cardan was substantially in possession of Vieta’s algebra attempt 
to substantiate his assertion by 


> i y putting so much as half a f the former 
side by side with one of the latter? . Bron Bree 


ght and found deeper 


The development of symbolism 


The importance of an ea: 


asin sily manipulated bolism, as 
implied by De Morgan, * Seer at 


is that it enables those who are not 
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great mathematicians in their generation to do without effort 
mathematics which would have baffled the greatest of their 
predecessors, The formulas in an engineers’ handbook, for 
instance, if transposed into concise verbal equivalents, with a 
liberal use of abbreviations and conventional signs for the most 
frequently occurring words, might be intelligible to an Ar- 
chimedes; to the average engineer they would probably be 
exasperating gibberish. And the prospect of having to combine 
several such verbalized formulas, in the hope of gaining uagiek 
information, might discourage even a modern Archim 
In mathematics itself, as distinguished from its appli ns, 
the situation is the same. Unless elementary algebra had Become 
“a purely symbolical science” by the end of 1 ixteenth 
century, it seems unlikely that analytic geometry, theifferential 
and integral calculus, the theory of probability) e theory of 
numbers, and dynamics could have taken rogt’and flourished 
as they did in the seventeenth centur modern mathe~ 
matics stems from these creations 0 artes, Newton and 
Leibniz, Pascal, Fermat, and Galileo, ay not be too much to 
claim that the perfection of algebggic”symbolism was a major 
contributor to the unprecedenté#® speed with which mathe- 
matics developed after the eu ‘ation of Descartes’ geometry 
in 1637, It is therefore of intefest in following the evolution of 


mathematics to im ged stages by which elementary 


algebraic symbolism ed its present maturity and to note 
how the lack of an tive symbolism hampered the progress 
of mathematics. ip me of its more productive periods. Two 
general observ; tipris may help to clarify the somewhat confused 
historical re s 

In his sis of Greek algebra (1842), G. H. F. Nesselmann 
(Germag) noted three historical phases of algebra, to which 
he the suggestive names rhetorical, syncopated, and 
sy! ic. In the earliest phase, the rhetorical, the entire state- 
ment and solution of an algebraic problem were wholly verbal. 
It is not exactly clear why the outcome should be called algebra 
at all, unless it be that similar problems and their solutions 
teappeared in a later phase scantily clothed in at least the sug- 
gestion of a symbolism. The middle phase, the syncopated, was 
distinguished from the first only by the substitution of abbrevia- 
tions for the more frequently occurring concepts and operations. 
Syncopated ‘algebra’ was thus an early instance of the quarter- 
truth that “mathematics is a shorthand.” If algebra were 
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nothing more than a shorthand, its contribution to the rudi- 
ments of mathematical thought would not be very impressive, 
The third phase, the symbolic, presents algebra as fully sym- 
bolized with respect to both its operations and its concepts, 
It also does much more than this. ‘ 

Symbolic algebra replaces verbalized algebraic processes, 
which cost the practitioners of rhetorical and syncopated algebra 
much patient thought, by symbolic procedures summarizing 
chains of verbal reasoning in readily apprehended rulesq¢éQuiring 
only passive attention. The experience gained throughycénturies 
of laborious trial is condensed in mechanical pri $s which 
can be applied and manipulated with a minimunjvof thinking. 
If such manual dexterity as almost suffices competence in 
solving linear equations, say, is condemned—a#it frequently is— 
for its all but negligible educational vals iat has had the merit 
of liberating the higher faculties of rad ematicians to attack 
problems more difficult than any’ ¢that taxed the devious 
ingenuity of the Greeks, the Indias, the Moslems, and the alge- 
braists of the early Renaissa in even elementary mathe- 


matics there is still ecg y enough for invigorating and 


profitable mental exercis: ‘inaily, symbolic reasoning, as in 
the current phase of al; , has suggested extensive generaliza- 
tions and economicakinifications. A typical example was the 
introduction (1655)) ‘of negative and fractional rational ex- 
ponents, culmjmating about two centuries later in arbitrary 
complex expgttors with a satisfactory theory to justify their 
use. 

The nd general remark regarding the evolution of mathe- 
matical symbolism is implicit in the recognition of the three 
phages’ of algebra. As algebra progressed, a multitude of in- 
Ca wie names for members of what came to be recognized 
9 one inclusive class were abandoned in favor of a uniform 

terminology significant for all members of the class. Further, in 
several instances, uniformity was possible only because the 
several members of the class were unified by some underlying 
property, usually simple when at last uncovered, of the rational 
numbers. When such was the case, an appropriate numerical 
character was imposed on the whole class, and an algoristic 
symbolism, amenable to the operations of rational arithmetic, 
brought the algebraically important characteristic of the class 
within the grasp of all but involuntary manipulative skill. 
For example, when it was finally perceived, after centuries of 
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overlooking the elusive fact which now seems obvious, that the 
powers #, x", x°, x4, x®, x5... are unified with respect to their 
exponents 1, 2, 3, 4, 5, 6,..., and that multiplication of 
powers of the unknown is effected by addition of exponents, 
an incredible mass of confusing terminology and inefficient 
tules was swept into the past, and with it, an equal or greater 
mass of tortuous thinking. Similar syntheses, again originating 
in some concealed but gradually perceived property of the 
rational numbers, accompanied the growth of the number, 
concept. To cite a simple instance, the equations ax? +- bx = 
ax’ = bx + ¢, with a, b, ¢ positive rational numbers, pre: ‘ 
two distinct problems to algebraists before negative xapional 
numbers were handled correctly and with (unjustified) con- 
fidence. The use of negatives reduced the rhino he two 
equations to that of the single equation ath x +o =0, 
with a, b, ¢ rational numbers. » 
In passing, it is strange to find the two special quadratics 
treated independently in textbooks of Jes§.than a century ago. 
But perhaps this is not remarkable we remember that 
Gauss consistently wrote «? as xx, forthe curiously unmathe- 
matical reason that neither is mak *wastefu! of space than the 
other. For ourselves, we still o 2 and x® the square and the 
cube of x, possibly for easy diction, or perhaps because some of 
the ancients were mathenfatically fluent in the limpid jargon 
of areas and volumes. there are already hints that squares 
and cubes may obso) from the vocabulary of algebra before 
Many more cen ave passed. In the meantime, no tyro 
in algebra nee rx seriously discommoded by his inability to 


see immedia what squares and cubes have to do with «, 
provided we do not afflict him with the corresponding 
names for , x5, x6... from the geometry of hyperspace, 


as we ghtould do if we are to foster linguistic purity. But, as was 
diséqvered by too hasty penitents in the Middle Ages, even 
purity may sometimes cost too much for comfort. 

The absence of symbolism in Babylonian algebra, already 
noted, poses the problem of what is to be recognized as algebra 
in the rhetorical and syncopated phases. Since it seems to be 
agreed among historians of mathematics that the Babylonians, 
the Egyptians, Diophantus, and the more rhetorical Moslems 
actually practiced a more or less rudimentary algebra, it is 
clear that the absence or presence of symbolism is not the his- 
torical criterion. More than a mere matter of words is involved. 
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From the frequently decisive impacts of symbolism on the gen- 
eral development of mathematical reasoning, it would seem 
that mathematics itself and not the pedantries of terminology is 
the important issue. An older conception of algebra than that 
now universal identified algebra with the solution of equations. 
If this antique be admitted, both the rhetorical and the synco- 
pated phases are accepted as algebra without further qualifica- 
tion, and the entire historical development of the subject down 
to the beginning of the nineteenth century acquires a deceptive 
unity and a specious coherence. A somewhat similar cénception 
of algebra indicates the use of unknowns, wheth erbalized 
or symbolized, as the historical clue to be f€l}6wed. This, 
however, comprises too much, as it includesysuch geometrical 
problems as the construction of a circle to?patisfy prescribed 
conditions. To narrow the scope of the ‘ wn’ sufficiently, it 
may be restricted to the domain of numbers—a restriction which 
lost its stringency with the inventi analytic geometry, In 
an obvious sense ali mathemati ‘a quest for the unknown. 
In addition to affording a clue tee development of symbolism, 
this inclusive definition has che signal advantage over its too 
numerous competitors of itting the algebraists or the anal- 
ysts to claim all mathematits as their province, as already done 
by some of the geometers. 

In spite of all ctions, the available data seem to show 
that for folloy he historical development of symbolism, 
either equatidbas»or unknowns offer a convenient directive. 
Again, th existence of equations all through the protracted 
evolutio oe foreshadowed a most important aspect of mathe- 
meet ought, which dominated much of the work of the 
recent period beginning in 1801, that of mathematics as a study 
ofgelations. In the earliest stages, the only relation considered 

equality, and it required about three thousand years for 

is ubiquitous concept to reach full symbolic representation. 

This may serve as a typical example of the slowness with which 
the commonest paraphernalia of current mathematics evolved. 

Operations seem to have been symbolized more readily than 
relations. If this is a correct statement of the facts, it accords 
with the order of increasing abstractness. But success in one 
department apparently did not appreciably stimulate inventive- 
ness in another, and until the recent period the development of 
symbolism proceeded haphazardly, 

In modern mathematics the creation of an efficient notation 
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may sometimes have been accidental, but usually it was the 
outcome of conscious effort. An example of the first is the nota- 


tion F (not @/b) for fractions, an invention whose full value 

may not have been appreciated by its author. Possibly the most 

striking instance of the second is Leibniz’ 2 (not dy/dx) for 
x 


the derivative of y with respect to x. Nobody in the history 

mathematics was more sensitive than Leibniz to the potential 

ties of a rationally devised symbolism, and nobody gayéthe 

‘philosophy’ of mathematical notation more pai: ing 

thought than he. More recently, the notations a/b EAGictions 
i 


and dy/dx for derivatives in some respects ham strated 
progress in reverse. Centuries of easy habi e discarded 
to accommodate the incompetence of p’ the modern 


reinventor of a/b gave substantially this re for his departure 
from custom. In our own century the incamipetence of machines 
contributed in a similar manner to lelinquence of happily 
conceived notations, for example of the tensor calculus, 
until printers learned that it rage hire competent engineers 
to revise their machinery. THES ne of the few instances where 


the economic motive has reatted simply and directly with the 
ideal of mathematical clatity to the benefit of both. In the 


a F F 
matter of ? the motion was partly a humane desire to mod- 


erate the repulsiveness of vulgar fractions to young children. 

A small santpié of the many notations for powers of the 
unknown wi fice to suggest the progression from rhetorical 
to aymbopRedgebre, Ahmes (seventeenth century B.c.) used a 
word, variously translated as ‘heap,’ ‘amount,’ ‘mass,’ to 
unknown. Diophantus (third century a.p.) used a 
und for the successive powers of the unknown: x? was 
the “power,” x* the ‘cube,’ and ‘power,’ ‘cube’ were denoted 
by (what were probably) abbreviations of the corresponding 
Greek words. Say these abbreviations were P, C; then PP, PC, 
CC, denoted the fourth, fifth, sixth powers of the unknown, and 
so on. Here evidently there is a rationale behind the syncopation. 
Such a notation was but ill adapted to the simultaneous repre~ 
sentation of several unknowns. Traces of operational symbolism 
also are attributed to Diophantus. Addition was indicated by 
juxtaposition, subtraction by a special symbol whose genesis is 


°) 
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still in dispute—it may have been the first letter of a Greek 
word, or a genuine operational symbol in the sense that it was 
not derived from an abbreviation. If the latter, it was a sig- 
nificant step toward symbolic algebra. But Diophantus did not 
rise to relational symbolism, using the first two letters of the 
Greek word for ‘equality’ to denote ‘is equal to.’ It is doubted by 
some scholars whether Diophantus made any use of symbolism, 
his claim to having done so resting on a manuscript of his 
arithmetic written about a thousand years after his death. 

Both the Indians and the Moslems followed Diopligitus in 
what may be described as additive juxtaposition\to denote 
successive powers of the unknown. Aryabhatta to sixth 
centuries A.D.) abbreviated the unknown to Jankts second, third, 
fourth, sixth powers to va, gha, va va, va ae, and so on. He 
also provided for several unknowns; ya rst unknown), ka, 
ni, pi (the second, third, fourth unknowrs) the abbreviations 
being those of the color names blag) ue, yellow. Operations 
were indicated after the operands e words ghata, bha, indi~ 
cating addition, multiplication. s xy, is ya ka bha, where x, y 
are the unknowns. The substityte for a sign of equality was 
adequate, one of two equa Being written under the other. The 
word for ‘root’ vas 


» Combined with other words, as 


varga mula, ghana muldor ‘square root,’ ‘cube root,’ mula was 


hardly so much a ematical symbol as a common noun. A 
closer approac mbolism was the indication of the negative 
of a number ting a dot or a small circle above the number. 


Of the Moslem3, Al-Khowarazmi (first half of the ninth century), 


used jid: jot) for the unknown, and mal (power) for its 
square. /Al-Karkhi (early eleventh century), with kab for the 
cub mposed the fourth, fifth, sixth, seventh, . . . powers 


lems generally followed Diophantus in simplifying equations 
y combining like terms. Both appear to have been led astray 
by this natural simplification, The significant classification of 
equations in one unknown is not according to number of terms, 
but by degree. However, the later Moslems, in spite of their 
ineffectual protosymbolism, recognized that the next problem 
after the quadratic in equations was the cubic, by no means an 
easy recognition from their point of view. 
Late in the fifteenth century, the Moslems approached a 
purely symbolic representation of an operation in writing only 
the first letter of the Arabic for ‘root? above a number to indicate 


byfstaposition as mal mal, mal kab, kab kab, mal mal kab. The 
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square root. This might be considered an intermediate stage 
between syncopation and a matured symbolism in which opera- 
tions are designated by specially devised signs whose verbal 
origin, if any, is no longer recognizable. An example of the last 
js the current sign for equality. Unless it were definitely known. 
that Recorde invented this sign (Whetstone of witte, 1557), it 
might well be mistaken for a degenerated form of a word in 
medieval shorthand. But Recorde denoted equality by = be- 
cause, it seemed to him, no two things could be “moare equalle®’ 
than “a paire of paralleles’— which is reminiscent of. 
remark that “William and John,” twins, “are very muc! ke, 
especially William.” But Recorde had the true sysiibolist’s 
instinct for the ultimate perfection, by whateversconceit he 
chose to propitiate his syncopating contem, les. The 
Egyptians had used the hieratic form of theirvhieroglyph for 
‘equality’; the Greeks, the first two letters eir word, the 
Moslems, the last letter of their word, they reverted to 
total verbalism and wrote out “equaligey ull, It remained for 
Recorde to do the right thing. "4 

In equations, the passage thraui th the three phases was 
similar to the evolution of the progressively more algoristic 
notation for powers, which r Sched a climax in Wallis’ (1655) 
a, x” for 1/x", Ve. Greek “equations were partly rhetorical, 
partly syncopated, wig ele that would now be recognized 
as algebraic symbolisi, |-Khowarizmi’s equations were purely 
thetorical; a Latin Pranslation of one is “census et quingue radices 
equantur viginti hin” or “the square of the unknown (census) 
and five wg (radices) are equal to twenty four,” that is 
+ Sa = ‘he Europeans of the sixteenth and seventeenth 
centuriescgnidually approached full symbolism in the writing 
of equ iohs, as seen in the following specimens. Cardan (1545) 
wrot®® -t 6x = 20 as “cubus p 6 rebus acqualis 20,” in which 
theré is nothing to indicate that cubus _and rebus are powers 
(third, first) of the same unknown. The p is ‘plus.’ Vieta, with 
C, Q, N for ‘cube,’ ‘square,’ ‘number’ or ‘unknown,’ also left 
it to be inferred that these terms refer to one unknown in 
IC — 8Q +. 16N aequ. 40. At last Descartes (1637) settled the 
matter (except that he missed x for xx) by writing #, #2, x, 
x4, =... for Vieta’s N, Q, C, QQ, OC,... >» putting all 
positive integral powers on the uniform notational basis familiar 
today. It all seemed so simple when it was finally done after 
centuries of effort. 
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Volumes might be (and have been) written about the evolu- 
tion of mathematical symbolism. Probably almost anyone 
leafing through these will agree that lack of appropriate sym- 
bolism constrained the Greek arithmeticians and algebraists to 
consider special cases of what might have been their problems, 
and prevented the Indians and the Moslems from producing an 
elementary algebra within the capacities of ordinary adolescents, 


CHAPTER 7 


The Beginning of Modern 


Mathematics 
1637-1687 


~ 

Historical sketches may sometime§)decoy us into artificial 
divisions of human progress by centuries or half-centuries de- 
marked by precise dates. Havingsjust passed through one such 
critical fifty years, we may spect that another is more 
imaginary than real. Be thi it may, the half-century from 
1637 to 1687 is waiver copied as the fountainhead of 
modern mathematics. first date marks the publication of 
Descartes’ Géoméirie, second, that of Newton’s Principia. 


From this proliiis period, as from the Greek golden age, we 
shall select onl se contributions which overtop a multitude 


of interesti ‘ails in their significance for the development of 
all rather Some of the items omitted will be noted in 
later chapt rs, where they may be naturally included without 
inte ing the continuity of the main current. Thus, in this 
perie@infinite series advanced notably, but were of minor impor- 
tance compared with the calculus. Again, the contribution of 
Leibniz to symbolic logic can be best described in the light of 
modern work, and will be noted in the final chapter. It may be 
remarked once for all that mathematics overshadows its creators; 
that we are primarily interested in mathematics; and that each 
of the men cited did far more than the few items described here, 
but that much of what is omitted has for long been of only 
antiquarian interest. 
131 
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As some of the men whose work is to be reviewed were more 
directly responsible than others for the creation of modern 
mathematics, they will be given more extended notices than 
might be justified on purely impersonal grounds. Like Pythag- 
oras, they too will doubtless vanish as personalities and live 
only in the body of mathematics as the centuries slip away; but 
at present they are close enough to us to be more than names 
attached to mathematical abstractions. 

These outstanding originators of modern mathematics were 
not merely half a dozen eminent men in a crowd; theytowered 
above the majority of those who preceded or came_dfter them, 
Conspicuous eminence in mathematics was hardém to’ achieve 
after these men had lived, simply because by the\power of their 
methods they had quite suddenly raised the wl Tevel of attain- 
able mathematics. Geometers, for insts were no longer 
condemned to craw! among the five cea and a handful of 
simple higher plane curves after Descarteghad given them wings. 
It is arguable that even the mos; “original of these men was 
indebted to the very humblest oft who preceded him, But 
their incomparable superiority vi ‘generality of outlook almost 
inclines us to regard all of them rather as sudden mutations 
touched off into explosive @tivity by accidents of their environ- 
ment, than as orderly x products of a creeping evolution. 


wwe major advances 


Modern magia originated in five major advances of 
the seventee century: the analytic geometry of Fermat 
(1629) and cartes (1637); the differential and integral cal- 
culus of Ne ton (1666, 1684) and Leibniz (1673, 1675); the 
combinatorial analysis (1654), particularly the mathematical 
theoryof probability, of Fermat and Pascal; the higher arith- 

(c. 1630-65) of Fermat; the dynamics of Galileo (1591, 
ce -) and Newton (1666, 1684), and the universal gravitation 
666, 1684-7) of Newton. 

With these five, two further departures in new directions may 
be cited for their influence on subsequent advances: the syn- 
thetic projective geometry (1636-9) of Desargues and Pascal; 
the beginning of symbolic logic (1665-90) by Leibniz. 

4, Fhroughout the first half of the century, reactionary hos- 
tility to science continued its losing fight, reaching its futile 
climax in the condemnation of Galileo by the Inquisition in 
1633, only four years before Descartes, safe in Holland, per- 
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mitted his masterpiece to be printed. Intolerance was partly 
offset by the scientific societies founded during this period or 
shortly after. Only the three most influential need be mentioned. 
The Royal Society of London was incorporated in 1662; Newton 
was its president from 1703 to 1727. The French Academy of 
Sciences (Académie des Sciences, Paris) crystallized in 1666 
from the informal meetings of a group of savants, some of whom, 
including Mersenne, Descartes, and Mydorge, were primarily 
mathematicians. The Berlin Academy (Societat der Wissen, 
schaften) was founded in 1700 at the instigation of Leibniz, He 
was its first president. The Paris and Berlin Academies. q 
consistently been more cordial than the Royal Society €O pure 


mathematics. ¢ 

The importance of these and other academeg iar the ad- 
vancement of science during the seventecnth; eighteenth 
centuries cannot be overestimated. Together, did far more 
than the universities for science, one of it chief functions 
being the publication of research by t embers. Even more 
important than this was the living ex fe each of the scientific 
societies afforded of a nucleus of intelligent, influential men in a 
society still cowed by religious biggety and scholarly intolerance. 
By the end of the seventeenthyte tury, science had grown too 
sturdy for ong themelyeptacke and the forces of reaction, 


fighting among themselyeg lacked the wit to combine against 
their common enemy. 

A remarkable featu e of the rapid development in mathe- 
matics was thatytfe’continuous and the discrete divisions ad- 
vanced simulta The advance in the continuous might 
have been ‘ed; the other has the appearance of an accident. 
Neither woe less trivial arithmetic of permutations and 
combiogye s, nor unsystematized observations on games of 
changé offer a sufficient explanation of the sudden and complete 
embagence of the fundamental principles of the theory of 
probability. 

The most prolific of all the new acquisitions was the calculus; 
for when geometry became analytic, it derived most of its life 
from the analysis of functions continuous except at isolated 
singularities. There was thus provided an infinite store of curves 
and surfaces on which geometers might draw, and to which they 
applied the methods of the calculus to discover and investigate 
exceptional points, such as cusps and inflections, not intuitively 


evident from the equations. 


134. THE DEVELOPMENT OF MATHEMATICS 


It is not surprising that for more than a century after it 
became public property, the calculus and its applications to 
geometry, dynamical astronomy, and mechanics attracted all 
but a few of the ablest men, to the comparative neglect of 
combinatorial analysis, the theory of numbers, algebra (except 
improvements in notation and Descartes’ work in equations), 
symbolic logic, and projective geometry. For more than twenty 
centuries, geometry and astronomy had dominated mathe- 
matical tradition in the works of the masters. Now he: or last 
was the universal solvent for all the inactabites af assical 
geometry and astronomy, and the pileeonheg ne that 
changed everything it touched to gold. Difficulties that would 
have baffled Archimedes were easily overcomé by men not 
worthy to strew the sand in which he teaced his diagrams. 
Leibniz did not exaggerate when (169 She boasted that “My 
new calculus [and Newton’s} . . . o: truths by a kind of 
analysis, and without any effort he imagination—which 
often succeeds only by accident a d it gives us all the advan- 
tages over Archimedes that Vieta?and Descartes have given us 
over Apollonius,” S* 

The calculus of Newtoland Leibniz at last provided the 
long-sought method forGhvestigating continuity in all of its 
manifestations, whe’ in the sciences or in pure mathematics. 
All continuous change, as in dynamics or in the fiow of heat and 
electricity, is at Spr sent attackable mathematically only by the 
calculus and modern developments. The most important 
equations 1echanics, astronomy, and the physica! sciences 
are differential and integral equations, both outgrowths of the 
teNS h-century calculus, In pure mathematics, the calculus 
at one.sweep revealed unimagined continents to be explored and 

re ‘ed to order, as in the creation of new functions to satisfy 

erential equations with or without prescribed initial condi- 
Diions. One of the simplest of all such equations, dy = f(x)dx, ina 
sense defines the integral calculus; and the corresponding 
integral, [f(x)dx, alone suggests an endless variety of functions 
according to the form of f(x). 
; In the discrete division, continuity is of only secondary 
importance. Primarily, combinatorial analysis is concerned with 
the relations between subclasses of a given class of discrete 
objects, for example with the interrelations of the permutations 
and combinations of the members of a given countable class. 
Fermat’s and Pascal’s work of 1654 on probability lifted com- 
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binatorial analysis from the domain of mathematical recreations 
into that of severely practical mathematics; and only about 
fifty years elapsed between the creation of the mathematical 
theory of probability and the calculation of mortality tables by 
its use. In modern combinatorial analysis the calculus is indis- 
pensable in obtaining usable approximations to formulas beyond 
practicable exact computation.? 

The other great advance in the discrete division, Fermat’s 
creation of the modern higher arithmetic, was for long restricted 
to the study of relations between subclasses of the class of, 
rational integers. Since about 1850, numerous arithmeti 
have extended the classical theory of Fermat and his suc 
to vastly wider classes of integers. The peta 2 all 
mathematics of the higher arithmetic has been ein in the 


invention of new techniques, particularly in ern higher 
algebra and to a lesser extent in analysis, pri ly for applica- 
tion to problems concerning the rational integers. Conversely, 
extensive tracts of the modern theory of ae bers would not exist 
had not analysis made them possibleX© 

The careers of synthetic proje ry geometry and symbolic 
logic afford an interesting coutaaigh mathematical obsolescence 
and survival. Both will be nots subsequent chapters; here we 
remark only the striking nce between their fate and the 
uniform prosperity of t her creations of the seventeenth 
century. After its inye) by Desargues and Pascal, synthetic 
projective geometry ished till the early nineteenth century, 
when it became Sremely popular among geometers with a 
distaste for an: . Leibniz’ dream of a mathematical science of 
deduction laydormant till the mid-nineteenth century, and 
even therm{Pappealed to but very few, although Leibniz had 
a ia importance of symbolic logic for all mathematics, 


and himself made notable progress toward an algebra of 
cee Only in the second decade of the twentieth century did 
mathematical logic become a major division of mathematics. 
Concurrently, synthetic projective geometry was receding defi- 
nitely into the past with the reluctant admission that an essen- 
tially Greek technique, even when revitalized, is hopelessly 
impotent in competition with the analytic methods of Descartes 
and his successors. 

From all this it is clear that after the period of Archimedes, 
Euclid, and Apollonius, that of Descartes, Fermat, Newton, and 
Leibniz is the second great age of mathematics. If the funda- 
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mental distinction between the old and the new can be suggested 
in a word, it may be said that the spirit of the old was synthesis, 
that of the new, analysis. 

‘Anticipations’ 

Before proceeding to the individual advances, we must dis- 
pose of a purely historical matter which will not be further 
discussed. It concerns numerous aborted or sterile ideas which 
have not passed into living mathematics. 

Behind each of the major advances of the apron cen- 
tury were many short steps in the general direction h, and 
some of these partial advances all but reached theimuriperceived 
goals. At least that is what we might be tempted Oeragine now. 
Looking back on these efforts, some may 6 Thclined in the 
generosity of their hearts to believe that out these halted 
steps final success would have been lon; iyed or unattained. 
In the specific instances of analytic ase and the calculus, an 
examination of the mathematics— he sentiments—involved 
has convinced a majority of fessionals that the alleged 
anticipations are illusory. Espedidlly is this the opinion of men 
who themselves create mathéthatics and who know from dis- 
concerting experience th; ndsight sees much to which fore~ 
sight was blind. 

In retrospect we Prrace the evolution of analytic geometry, 
for example, bag ipparchus, or even to the ancient Egyp- 
tians. Like ev stronomer who has recorded the positions of 
the planets, parchus used coordinates, in particular latitude 
and longi , But the use of coordinates entitles nobody to 
priority 4@the invention of analytic geometry; nor does even an 
exte use of graphs. As any intelligent beginner who has 
undepstood the first three weeks of a course in analytic geometry 

ws, analytic geometry and the use of coordinates in the plot- 

.®) ng of graphs are a universe apart. Only in the sense that they 
preceded analytic geometry are such comparatively childish 
activities anticipations of that geometry. This also is the judg- 
ment of a majority of professional geometers, who probably 
are as competent as anyone in this matter. 

We must refer the reader elsewhere? for a detailed evaluation 
and rejection of the romantic claims that several early mathe 
maticians, and in particular Apollonius, Nicole Oresme (fou- 
teenth century), and Kepler, ‘anticipated’ Descartes and Fermat 
in their independent invention of analytic geometry. To preserve 
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the balance, and to exhibit a clean-cut instance of the absolute 
zero to which so many scholarly differences of opinion in the 
history of mathematics add up, we cite another evaluation of 
these ‘anticipations’ in which exactly the opposite conclusion 
is ably upheld.‘ Dozens more on either side might easily be 
mentioned; the two selected wiil suffice to orient whoever may 
be interested, and to start him on his own critical evaluations. 

In each of the major advances of the seventeenth century 
some definite step led from confusion to a new method. Thu 
Newton himsclf states what gave him a hint for the differentials 
calculus: “Fermat’s way of drawing tangents.” : 

But there is one ‘anticipator’ of the calculus, B. Capalieri 
(1598-1647, Italian), who merits more than a passing gitation for 
the lasting mischief his ‘anticipation’ has don aVvalieri’s 
method of indivisibles has endured, to the distraction of hun- 
dreds of teachers of the elementary calculus whd‘Ynust extirpate 
heretical notions of infinitesimals from t tudents’ minds. 

In the United States, much of this lethéritary confusion can 
be traced to a generation of college reagi who were thoroughly 
indoctrinated in their school cousgesin solid geometry with 
Cavalieri’s method of indivisi ese Their school geometries 
contained a seductive section what some textbook writers 
called Cavalieri bodies; aj ese indivisibly-divisible non~ 
entities were used, amon; er absurdities, to inculcate a disas- 
trously nonsensical ac of mensuration in three dimensions. 

Cavalieri did no icipate the calculus; he committed the 
unpardonable si ‘nst it. But for his indivisibles and their 
absorption by Ae: of otherwise rational men who were to 
become collegéCteachers, the common delusion that an infini- 
tesimal is extele zero’ would have been extinct two generations 
ago. 

T storical appeal of Cavalieri’s indivisibles is undeniable, 
and that, perhaps, is why some historians palliate their flagrant 
offenses. They were inspired by the scholastic lucubrations of 
Thomas Bradwardine, Archbishop of Canterbury (thirteenth 
century), and the submathematical analysis of Thomas Aquinas. 
As Cavalieri never defines his indivisibles explicitly, it is open 
to his apologists to read into them anything they know should be 
there but is not. But if his mystical exposition (1635) means 
anything at all, Cavalieri regarded a line as being composed of 
points like a string of countable but dimensionless beads, a 
surface as made up similarly of lines without breadth, and a solid 
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as a stack of surfaces without ultimate thickness. These are the 
yery notions which a conscientious teacher will purge out of his 
students if it takes four years. 

A historical argument in favor of these indivisibles is that 
Leibniz was acquainted with them. But even this does not make 
Cavalieri an anticipator of the calculus. As will appear shortly, 
Newton clearly recognized the untenability of indivisibles; and 
although he did not fully succeed in clearing up his own difii- 
culties, he did not mistake nonsense for sound Teasouiats That 
is the fundamental distinction between one who imagthed the 
calculus and one who did not. Contrary estimates, fBevalies’s 
work are readily available. a 

x 


Descartes, Fermat, and analyticegéémetry 


René Descartes (1596-1650, Frenc] ~) more widely known as 
a philosopher than as a mathematician, although his philosophy 
has been controverted while hi: sata) ematics has not. 
Descartes’ family was of, o& lesser French nobility. His 
mother died shortly after Ried son’s birth, but an unusually 
humane father and a cap; nurse made up for this loss. After a 
broad education in theShumanities at the Jesuit college of La 
Fléche, Descartes ee for two years in Paris, where he studied 
mathematics b pe elf, before joining Prince Maurice of Orange 
at Breda as a hg éman officer in 1617. In 1621, Descartes aban- 
doned his military career, partly because he had seen enough 
service bothactive and passive, partly because, as he declared, 
three ane on the night of November 10, 1619, suggested the 
germeOPhis philosophy and analytic geometry. 
ch of the remainder of his life was spent in Holland, where 
as safer from possible religious persecution than he would 
re yo been in Fiance. These were his productive years; and in 
spite of his desiie for tranquillity, he could not conceal the 
greatness of his thought. Rumors of what he was thinking were 
discussed wherever others with minds akin to his own dared to 
think. Largely through the efforts of Father M. Mersenne (1588- 
1648, French) of Paris, who acted as intermediary between the 
French intellectuals and the justly cautious Descartes, his fame 
spread over all Europe. 
In 1637 Descartes published the work on which his greatness 
asa mathematician rests, the Discours de la méthode pour bien 
conduire sa raison et chercher la vérité dans les sciences, the third 
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and last appendix of which, La géométrie, contains his subversive 
invention. 

The closing months of his life were spent as tutor to the young 
and headstrong Queen Christina of Sweden. The rigors of a 
Stockholm winter and the inconsiderate demands of his royal 
pupil caused his death. In accordance with the ideals of his age, 
when experimental science was first seriously challenging arro- 
gant speculation, Descartes set greater store by his philosophy 
than his mathematics. But he fully appreciated the power of -hi 
new method in geometry. In a letter of 1637 to Mersenne, tor 
saying “I do not enjoy speaking in praise of myself,” D. ae 
continues: “ . . . what I have given in the second b fay) the 
nature and properties of curved lines, and the metho@ohexamin- 
jing them, is, it seems to me, as far beyond the try tment in the 
ordinary geometry, as the rhetoric of Cicero i nd the a, b,c 
of children.” Y 

The famous appendix’ on geometry coum of three books, of 
which the second is the most importagtThe third is devoted 
mostly to algebra. It will suffice to reson current terminology 
the essential features of Descartes’eadvance.* 

A plane curve is defined byesome specific property which 
holds for each and every on the curve. For example, a 
circle is the plane locus ofapoint whose distance from a fixed 
point is constant. Any rate a curve is uniquely determined by 
its coordinates # and #4@tid an equation f(x, y) = 0 between the 
coordinates comple: represents the curve when the specific 
geometric property defining the curve is translated into a rela- 
tion, denoted he function f, between the coordinates x, y 
of the parti -general point on the curve. 

There asthus established a one-one correspondence between 
plane Ves and equations in two variables x, y: for each curve 
thereG3-a definite equation f(x, y) = 0, and for each equation 
15) = 0 there is a definite curve. 

‘urther, there is a similar correspondence between the alge- 
braic and analytic properties of the equation f(x, y) = 0 and the 
geometric properties of the curve. Geometry is thus reduced to 
algebra and analysis. 

Conversely, analysis may be spoken in the language of 
geometry, and this has been a fecund source of progress in 
analysis and mathematical physics. 

The implications of Descartes’ analytic reformulation of 
geometry are obvious. Not only did the new method make possi- 
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ble a systematic investigation of known curves, but, what is of 
infinitely deeper significance, it potentially created a whole 
universe of geometric forms beyond conception by the synthetic 
method. 

Descartes also saw that his method applies equally well to 
surfaces, the correspondence here being between surfaces defined 
geometrically and equations in three variables. But he did not 
develop this. With the extension to surfaces, there was no 
reason why geometry should stop with equations in tee vari- 
ables; and the generalization to systems of equations oe y finite 
number of variables was readily made in the nine century. 
Finally, in the twentieth century, the farthest sion possible 
in this direction led to spaces of a non-den) ble infinity of 
dimensions. The last are not mere fantasi the mathematical 
imagination; they are extremely wet afnevarks for much of 
the intricate analysis of een os sics. The path from 
Descartes to the creators of higher” ace is straight and clear; 
the remarkable thing is that it ot traveled earlier thanit was. 

Another direct road fro: . scartes to the present may be 


noted in passing. The fo: (a — x2)? + G1 — 2)? for the 
square of the distance Kg een any points (a3, y:), (¥2, y2) ina 
plane (surface of ze: rvature) suggested the corresponding 
formulas in dtr geometry for the square of the line 
element joinin; boring points in any space, flat or curved, 
of any aumibg dimensions, as quadratic differential forms. 
The germ s long evolution was the Pythagorean theorem. 
In d , Descartes’ presentation differs from that now 
current{/Fhus, he used only an x-axis and did not refer to a yraxis. 
For value of 2 he computed the corresponding y from the 
e ion, thus getting the coordinates x and y. The use of two 
es obviously is not a necessity but a convenience. In our 
erminology, he used the equivalents of both rectangular and 
oblique axes. But in one important particular his procedure was 
needlessly restricted. He considered equations only in the first 
quadrant, as it was thence that he translated the geometry into 
algebra. This consistent but unnecessary limitation led to inex- 
plicable anomalies in the translation back from algebra to 
geometry. As analytic geometry evolved and negative numbers 
were fearlessly used, the restriction was removed. By 1748, when 
Euler codified and extended the work of his predecessors, both 
plane and solid analytic geometry were practically perfected, 
except for the introduction of homogeneous coordinates in 1827. 
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The new method was not fully appreciated by Descartes’ 
contemporaries, partly because he had deliberately adopted a 
rather crabbed style. When geometers did see what analytic 
geometry meant, it developed with great rapidity. But it was 
only with the invention of the calculus that analytic geometry 
came into its own. As early as 1704 Newton’ was able to classify 
all plane cubic curves into seventy-eight species, of which he 
exhibited all but six. This comparatively early work in the 
geometry of higher plane curves is especially remarkable fora 

€ 


discussion of the nature of the curves at infinity, and for 
ton’s assertion, which he did not elucidate, that all spegi 
obtainable as projections (‘shadows’) of the curves 
++ bx? + ex + d. When we reflect that, only sixty-s ev 
before Newton published this work, geometers h; en labori- 
ously anatomizing those other ‘shadows,’ the, aie sections, by 
the synthetic method of Apollonius and had nDt even imagined 
Newton’s cubics, we begin to appreciatetRe magnitude of the 
revolution Descartes precipitated in PNG try. 

It is evident from Descartes’ exp] jon of his method that 


he had an intuitive grasp of the e concepts ‘variable’ and 
‘function,’ both of which we bs 


ic in analysis. Moreover, he 
intuited continuous variations Yieta before him had used letters 
to denote arbitrary const umbers; Descartes knew that the 
letters in his equation, resented variables, and he clearly 
recognized the distitfction between variables and arbitrary 
constants, althou nde defined neither formally. The significance 
of this advance he calculus that was to follow only sixteen 
years after his@#eath is plain. . 
Descarteé)progress in generality is illustrated by two of his 
minor but Reometrically important observations. He classified 
algebrai®’ curves according to their degrees, and recognized 
ney points of intersection of two curves are given by solving 
thel’equations simultaneously. The last implies what actually 


is a major advance over all who had previously used coordinates: 
¢ distinct curves can be referred 


Descartes saw that an infinity 0: 
to one system of coordinates. In this particular he was far ahead 


of Fermat, who, apparently, overlooked this crucial fact. Fermat 
may have taken it for granted, but nothing in his work shows 
unequivocally that he did. : 
Still seeking generality, Descartes separated all curves into 
two classes, the “ geometrical” and the “mechanical. This is 
curious rather than illuminating. He defined a curve to be 
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geometrical or mechanical according as (in our terminology) 
dy/dx is an algebraic or a transcendental function. Although this 
classification was abandoned long ago, it affords an interesting 
sidelight on the quality of Descartes’ mind. The current defini- 
tion of a transcendental curve as one which intersects some 
straight line in an infinity of points was given by Newton in 
his work on cubics. 

Descartes’ method for finding tangents and normals need not 
be described, as it was not a happy inspiration. It wasQhickly 
superseded by that of Fermat as amplified by Newopferna 
method amounts to obtaining a tangent as the limi ‘position 
of a secant, precisely as is done in the calculus y. The his- 
torical significance of this conception is eviden: when it is recalled 
that the tangent at (x, y) is drawn by a siraple Euclidean con- 
struction once its slope dy/dx is kno ermat’s method of 
tangents is the basis of the claim th anticipated Newton 
in the invention of the differential @ culus. It was also the 
occasion of a protracted controve¥sy with Descartes. 

We pass on to Fermat and,Itis part in the invention of ana- 
lytic geometry. There is n © doubt that he preceded Des- 
cartes. But as his work of t 1629 was not communicated to 
others until 1636, and wad published posthumously only in 1679, 
jt could not possibly {ave influenced Descartes in his own inven- 


tion, and Fermat, r hinted that it had. 

Fermat w: of those comparatively rare geniuses of the 
first rank, liké Newton and Gauss, who find all their reward in 
scientific itself and none in publicity, Under modern 


economi@ednditions, it is inexpedient for a scientist to hide his 
lightinder a bushel unless he wishes to starve to death in the 
da, nd few do. Of course it is impossible to say what effect the 
pect of jobless starvation would have had on the more aloof 
ntists of the past. Some of them lived in economic security 
independently of any scientific work they might or might not do. 
Today men make the only livings they have at science or mathe- 
matics, and it seems like a misapplication of a warped yardstick 
to measure their professional ethics by those of a hypothetical 
past that may never have existed. For it has yet to be proved 
that a full mind can outargue an empty stomach. In Fermat’s 
case, either lifelong security or excessive modesty made publica- 
tion of very minor importance to him, and as a result his superd 
talents were all but buried in his own generation. Descartes, not 
Fermat, was the geometer whom others followed. 


so) 
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Pierre de Fermat (1601-1665, French, date of birth disputed) 
cultivated mathematics as a hobby. His profession, like Vieta’s, 
was the law. As a counselor of the local parliament at Toulouse, 
he lived a quiet, orderly life which left him ample leisure for 
his favorite study. An accomplished linguist and classicist as 
well as a first-rank mathematician, Fermat knew the master- 
pieces of Greek mathematics at first hand. 

Fermat did not discover his extraordinary powers in mathe- 
matics till he was about thirty, and even then he seems scarcely, 
to have realized their magnitude. From his letters we get the 
impression that he regarded himself as a rather ingenious f i, 
capable occasionally of doing a little better than Apollonius‘and 
Diophantus, but not very much after all in comparis ith the 
ancient masters. Such sincere modesty would be engage g were it 
not exasperating: arithmeticians today would givesa good deal 
for a glance at the methods Fermat must have Mévised but never 
published. In partial compensation for his jndi i 
cation, Fermat was a voluminous corre, lent. 

With the exception already noted erning the use of one 
coordinate system for the represegitation of any number of 
curves, Fermat’s analytic geometg¥appears to be as general as 
that of Descartes. It is also mage tomplete and systematic.’ By 
1629, according to Fermat’s dating, which there is no reason 
to question, he had fou e general equation of a straight 
line, the equation of aqi with center at the origin, and equa- 
tions of an ie bola, and a rectangular hyperbola, the 


last referred to t] mptotes as axes. 

‘after Descartes had published his geometry, 
icated to him the accepted method of finding 
tangents. originated in Fermat’s investigation of maxima 
and minigh’, which he approached in substantially the same way 
as is dow today in the calculus. What he did amounts to equat- 
i derivative f’(x) of f(x) to zero to find the values of # 
which maximize or minimize f(x). Geometrically, this is equiva- 
lent to finding the abscissas of the points on the curve y = f(x) 
at which the tangent is parallel to the x-axis. He did not proceed 
to higher derivatives or their geometrical equivalent to determine 
whether f'(x) = 0 actually gives maxima or minima, as is 
necessary in a complete discussion. Nor did he isolate the calcula- 
tion of the derivative from its implicit occurrence in problems of 
maxima and minima. Descartes either did not grasp the supe- 
tiority of Fermat’s method or was too chagrined to admit it, and 
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his side of the controversy over tangents became somewhat 
acrimonious. 

One positive gain has survived from this work on maxima 
and minima, Fermat’s principle of least time’ in optics. This 
was the first (1657, 1661) of the great variational principles of 
the physical sciences. 

As we shall pass on presently to Newton and his calculus, we 
may consider briefly here what the account given above of 
Fermat’s tangents implies. If accepted at its full value, itmakes 
Fermat an inventor of the differential calculus. greatest 
mathematician of the eighteenth century, Lagegni , did so 
accept it. But the verdict is not unanimous. . 

The difference of opinion seems to hinge rmat’s implicit 
conception of initially ‘neighboring’ but ately coincident 
points on a curve. To maximize or mininjize/(x) Fermat replaced 
x by « -+ E, where £ differs but lle zero. He then equated 
f(x) to f(* + E£), simplified the al; eb , divided by F, and finally 
set E equal to zero. SS 

If this is legitimate diffe Ra calculus, then Fermat in- 
vented that calculus. If it isMot, it scems no more illegitimate 
than its historical rivals, Phus Newton in his exposition of 1704, 
discussing the “fluxion*X0f x*, » an arbitrary rational number, 
used his binomial fogtmbla (1676) to expand (« -+ 0)", and formed 
the difference ge 0)” — x". He then said, “Now let these 
augments [n » (¢ + 0)” — x" and o] vanish, and their ulti- 
mate ratio be 1 to nx”. This was his method of “prime 
ratios.” In the Leibnizian notation used today, 
‘us finds dx"/dx = nx"1, 

conclusion seems to be that either nobody in the seven- 

te century invented the differential calculus, or Fermat was 

of those who did. The matter is not settled by citing New- 

9 ‘on’s conception of a limit, because he did not develop a theory of 

limits in what he actually printed. But on this debatable differ- 

ence of opinion everyone must form his own opinion after 
understanding the evidence as he may. 

Before leaving the creators of analytic geometry, we may 
mention three further items from Descartes, although only the 
first is related to geometry. Descartes devised the notation 
x, wx, x5, 24, | |. for powers, and made the final break with the 
Greek tradition of admitting only first, second, and third powers 
lengths,’ ‘areas, ‘volumes’) in geometry. After Descartes, 
geometers freely used powers higher than the third without 4 
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qualm, recognizing that representability as figures in Euclidean 
space for all of the terms in an equation is irrelevant to the 
geometrical interpretation of the analysis.¥ 

The principle of undetermined coefficients was also stated by 
Descartes. Anything approaching what would now be admitted 
as a proof. was about two centuries beyond the mathematics of 
his time. A second outstanding addition to algebra was the 
famous rule of signs given in every text on the theory of equa- 
tions. This was the first universally applicable criterion for th 
nature of the roots of an algebraic equation. Even if it does bss 
always yield any useful information, it admirably illus 8 
Descartes’ flair for generality which made him the ie 
matician he was. 


Newton, Leibniz, and the calculus <O 


In the history of Newton’s calculus, the t ation to read 
‘anticipation’ into the works of his contem; s and immedi- 
ate predecessors is perhaps stronger t that of any other 
major advance in mathematics. Kno) what we now do of 
the calculus and its implications ip\géometry and elementary 
kinematics, we can look back onGhany isolated discoveries in 
those domains and see in themQvhat we now recognize as steps 
toward differentiation. B discoverers, sometimes to our 
amazement, completely what we now perceive so plainly. 
They failed in each int ic to take the last gigantic stride that 
now seems to us but\a short step; and to credit them with strides 
they might ha ptten but did not is sheer sentimental 
romanticism. Ss 

As a reli t exercise in distinguishing between mathe- 
matical i and facile prophecy after the fact, students of 
the cale may wish to test their critical powers on the history 
of theN differential triangle” of Isaac Barrow (1630-1677, 
E . This was somewhat in the manner of Fermat. Ignoring 
this,”we shall adhere to the generally accepted tradition and 
proceed on the hypothesis that Newton in his calculus did some- 
thing new. 

Isaac Newton (1642-1727, English), the posthumous son of 
a yeoman farmer, was born near Grantham, Lincolnshire, and 
passed his boyhood there. As a boy he was only passively inter- 
ested in his schoolwork until he suddenly woke up at the age of 
adolescence. Earlier, he had shown unmistakable promise of 
experimental genius in the mechanical toys he invented and 
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made to amuse himself and his young friends. It is interesting 
that both Newton and Descartes were delicate in childhood, and 
therefore had time to think and develop their own personalities 
while rougher boys were reducing one another to a very common 
denominator. Both matured into sturdy men, Descartes through 
military training, Newton by the inherited toughness of his 
farmer forebears. 

After a desultory attempt to learn farming, Newton was sent 
to Trinity College, Cambridge, in 1661 (age nincteep), His 


undergraduate career, from all that is definitely know: it, was 
not particularly distinguished. Before going to Cady dge he 
had skimmed Euclid’s Elements, and is said to hye dubbed it 


“a trivial book.” When, later, he understood id’s purpose, 
he revised his hasty judgment. In his own/@york he refers to 
Euclid with evident respect. His baffling.eftgbunters with “very 
little quantities” made him sppreciate east the tenth book 
of the Elements. It should encourageyintelligent beginners to 
know that Newton found analytigsgeometry difficult at a first 
reading. 

Perhaps fortunately for mathematics, Newton’s studies were 
interrupted in 1665-6 by ¢) reat Plague, when the university 
closed. Newton returne me, but not to farm. Before he was 
twenty-four years of e had imagined the fundamental ideas 
of his fluxions (cal ) and his law of universal gravitation. 

On returningsig) 667 to Cambridge, Newton was elected a 
fellow of Trinity, and in 1669 succeeded Barrow, who resigned in 
his favor a: ‘asian professor of mathematics. His first work to 
become M4 beyond the narrow circle of his intimate friends 
was in cs, beginning with his lectures of 1669. 

@ are interested here mainly in Newton’s calculus, we 

sh. jmerely summarize the material circumstances of his career, 

accounts of which are readily accessible. These also describe 

is epochal work in optics, which will not be discussed here as 
it belongs rather to physics than to mathematics. 

In 1672 (age thirty), Newton was elected to the Royal 
Society, and from 1703 till his death was its president. His 
Principia, universally estimated by competent judges to be the 
greatest contribution to science ever made by one man, was 
composed in 1684-6 at the instigation of the astronomer E. Hal- 
ley (1656-1742), at whose expense it was printed in 1687. 

In 1689, and again in 1701, Newton was elected to represent 
Cambridge University in Parliament. He had no taste for de- 
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bating, but he took his duties seriously, and showed a fine cour- 
age in championing the University’s rights against the dictatorial 
meddling of King James the Second. At the age of fifty (1692) he 
suffered a severe illness and lost interest in scientific work, 
although he retained his unsurpassed intellectual powers to the 
end of his life. 

Partly by his own desire, partly at the insistence of friends 
who wished to see him honored, Newton entered public life when 
he tired of science, and in 1696 was made warden of the mings 
Having successfully directed the reform of the coinage, he NY 
promoted to the mastership in 1699. In 1705 he was knig! hoy 
Queen Anne, and in 1727 he died. He is buried in W stminster 
Abbey. < . 
Newton’s excessive reluctance to publish his atific work 
yeflects certain aspects of his character. Altho} by no means 
a shy or timid man, Newton had a strong distaste for anything 
bordering on controversy. An unintelligenygspute over his work 
in optics at the beginning of his caree t him that scientific 
men are not always so objective ag Hey might be, even in 
science, and he retired within himself-in astonished disgust. 

Nor was his notorious indifference to the survival of his 
scientific work affectation. ButYor the adroit coaxing and goad- 
ing of Halley, the Princigta would probably never have been 
written. Newton hims teemed the theological writings to 
which he devoted thete lure of his later years far more highly 
than his science ameymiatismatice Again, in his work on light, 
Newton had préged himself one of the most acute experi- 
mentalists ino itor of science; so it was but natural that 
he shoul Séhd much time and a considerable amount of 
money 01 Oat we should call alchemy, but what in his day 
was ortho lox chemistry. 

(was the ironic misfortune of this hater of profitless dis- 
P ‘to be embroiled in the most disastrous mathematical con- 
troversy in history, when some of his busy friends inveigled him 
into insinuating that Leibniz had plagiarized his own form of the 
calculus, We shall not discuss this, but merely state that the 
almost universal opinion now is that Leibniz invented his calculus 
later than Newton and independently. It must be gratifying to 
Englishmen to recall that it was another English mathematician, 
that born nonconformist Augustus De Morgan (1806-1874), 
who first undertook a judicial examination of the dispute and 
obtained some measure of justice for Leibniz. 
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The effects of this controversy on British mathematics for a 
century were deplorable. Patriotic loyalty to Newton blinded 
the English mathematicians to the obvious superiority of 
Leibniz’ notation over Newton’s dots, 4, ¥, . . . ; and early in 
the eighteenth century mathematical leadership passed to 
Switzerland and France. The Continental mathematicians, 
not Newton’s countrymen, became his scientific heirs. At last, in 
the 1820’s, the younger Cambridge mathematicians realized 
that their reactionary elders were not honoring Newton’s mem- 
ory by their obstinate nationalism, adopted tinental 
improvements in the calculus, and introduced ana! gcometry 
and the Leibnizian notation into examinations. Gambridge again 


began to live mathematically. ‘ : 


Newton the mathematical .astronome lowever, has con- 
tinued to dominate English mathematics? least in the popular 
estimate of what mathematics is. ‘The most widely known 
English workers in the exact sciengesare not England’s leading 
mathematicians, but men who aati the British Empire would 
be classed as mathematical ang! heoretical physicists. There is 
more than an academic distiiction between the two. A mathe- 
matician creates ‘new matics or significantly improves 
and unifies what alre; exists. A mathematical physicist as 
a rule has but litthe time for purely mathematical pursuits, 
and uses mathematics merely as one of several convenient 
tools. A theoretic physicist has even less time to devote to 
mathematic 

Newt “almost unique in his triple supremacy as a pure 
mathe jan, an applier of mathematics, and an experi- 
mental Of the other two usually assigned to his class, Archi- 
m s generally considered his equal, and Gauss his superior 
i re mathematics but his inferior in other respects. 


on Newton’s competitor in the calculus was a man of strikingly 


different tastes and character. G. W. Leibniz (1646-1716, Ger- 
man) came of a scholarly family and had all the advantages (and 
disadvantages) of growing up with the Greek and Latin classics. 
Unlike Newton, he was remarkably precocious. His early mas- 
tery of languages, philosophy, theology, mathematics, and the 
law foreshadowed his later eminence in all fields of knowledge 
and, what seems regrettable, in diplomacy. 

Leibniz is one of those rare characters in history of whom it 
can be said without exaggeration that he had a universal mind. 
His talents were purely intellectual. He had little or no artistic 
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ability, and his lack of a feeling for tangible things occasionally 
betrayed him in science. Like Descartes, who also went astray 
in science, Leibniz is probably most widely known today for his 
philosophy; but to a modern scientific mind his monads are as 
fantastically absurd as Plato’s eternal ideas. He thought 
incessantly. His unresting curiosity was attracted by everything 
and distracted by nothing. Perhaps the world is fortunate that 
much of his intelligence was dissipated in one way or other in the 
pursuit of money and fugitive honors. ft 

As the reward for a revolutionary essay on the teachinvof 
the law, Leibniz at the age of twenty-one was engaged! the 
Elector of Mainz as general agent and legal adviser. Most of his 
time thereafter was spent in travel on diplomaticymissions for 
the Elector until the latter’s death in 1673. Leibpigythén became 
librarian, historian, and political factotum forve e Brunswick 
family at Hanover. » 

During visits to France and Englendope political or diplo- 
matic missions, Leibniz met the leadi nch and English men 
of science, and in exchange for som heir ideas disclosed his 
own. One such trade was to prove\profoundly significant in the 
development of the calculus. [f{(we seek the origin of modern 
work in the foundations no’ ly of analysis but of all mathe- 
matics, we need look no yas than the following incident. 

Until he met the set uich physicist and mathematician 
Christian Huygens ae 1695) in Paris in 1672, Leibniz had but 
little if any competence in what was then modern mathematics. 
Such firsthan ematical knowledge as he had was mostly 
Greek. Huy; of enlightened him and undertook his mathe- 
matical edagetion Leibniz proved himself an exceedingly apt 


pupil. TRetwo became good friends, corresponding till the 
death uygens in 1695. Leibniz begged Huygens for criticism 
of his\projects and, naturally, got it. 


is only a speculation, but from Leibniz’ ambitious char- 
acter and his philosophic propensity for solving the universe, it is 
conceivable that his daring project for a universal symbolic 
reasoning was fostered by a determination to beat Descartes 
at his own game. The philosophic Frenchman had reduced all 
geometry to a universal method; the more philosophic German 
would similarly reduce all reasoning of whatever kind to a 
universal “characteristic” or, as would be said today, a symbolic 
mathematical science. Leibniz in 1679-80 confided his project 
to Huygens. The physicist was not impressed, 
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By fatal mischance, Leibniz chose a trivial and singularly 
uninteresting geometrical problem to illustrate what he in- 
tended,” with the result that Huygens misunderstood the entire 
matter. He became somewhat polemical. This failure to see 
what Leibniz meant is the more remarkable as Huygens himself 
had a scientific vision which saw forests in spite of their innum- 
erable trees. Possibly he was antagonized by Leibniz’ boastful 
attitude. In his misunderstanding of what the ambitious phil- 
osopher-mathematician was trying to do, Huygens f nce 
descended to the pedantries of captious criticism. ps 

At first glance it may seem that Leibniz’ atten toward 
symbolic logic are irrelevant in the development ¢ calculus. 
Nothing could be farther from the fact. We s me é presently 
that Newton in his early encounters with co ity lost himself 
in the racecourse of Zeno, of whose par. s he perhaps had 
never heard. Subtly disguised but ye MS same, these hoary 
difficulties have perplexed every magh@matician, from Newton 
in the seventeenth century to wera in the nineteenth, 
who has sought not merely to ol useful or interesting results 
by routine differentiations a: ‘tegrations, but to understand 
the calculus itself. The us was difficult to Newton and 
Weierstrass; it is easy to those who understand it too 
easily. “w 
The modern aty Seon the fundamental problems of con- 
tinuity has revealed the nature of the difficulties which baffled 
Newton, Leiba and the more thoughtful of their successors. 


It seems sa say that without the mathematical logic which 
Leibniz a ated, and which he started to create, the critical 
work ‘twentieth century on the foundations of analysis, and 


me. ali mathematics, would have been humanly impossible. 

ibniz imagined the project of a ‘calculus’ of deductive 

re me and if his own steps toward it were but short and 
esitating, nevertheless it was his bold conception which encour 
aged others to proceed. It seems rather late in the day, therefore, 
to persist in seeing Leibniz the mathematician merely as a major 
satellite of Newton. 

Historical tradition reiterates to weariness the undisputed 
fact that the d-notation of Leibniz is vastly superior to the dots 
of Newton. But if, with Gauss," we believe that in mathematics 
notions are more important than notations, we must place the 
emphasis elsewhere. The greatest work of Leibniz, from the 
standpoint of modern mathematics, is not his improvement of 
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the differential and integral calculus, great though that was, but 
his calculus of reasoning. He shines by his own light. 

Little need be said here of Leibniz’ career as a diplomat. 
‘To him is attributed that epitome of unstable equilibrium which 
later jugglers of destiny were to worship as the Balance of Power. 
In his diplomacy, Leibniz was neither more nor less unscrupulous 
than any of his famous successors in that dubious art. He was 
merely less incompetent than the majority. Unlike some of them, 
Leibniz did not succumb beneath a weight of honors heaped on 
him by grateful princes, but died neglected and forgotten 2 
those whose petty fortunes he had made, When his employe: 
departed from Hanover to become King George the f 
England, Leibniz was discarded in the library to co. e his 
history of the Brunswick family, surely a fitting opie tion for 
one of the supreme intellects of all time. Only(his secretary 
followed him to his grave. Key 

Such were the two mortals who finally cr at the calculus. 


Newton’s version of the calculus 


Newton’s first calculus, of 1 ; seems to have been 
abstracted from intuitive ideas of jon. A curve was imagined 
as traced by the motion of wing’ point. The ‘infinitely 
short? path traced by the poistn an Snfinitely short’ time was 
called the “‘momentum” this momentum divided by the 
infinitely short time waS)the “fiuxion.” If the “flowing quan- 
tity” is #, its fluxi ng noted by %. In our terminology, if 2 
is the function f(¢ ‘Sbthe time t, # is dx/dt, the velocity at time 
t. Similarly, th fon of & is ¥, our d2x/di?; # is d'x/dt*, and 


so on.” > 

Newton cagarded our dx/dt as the actual ratio of two “in- 
finitely gi@all quantities” in this first calculus. He had no 
appr to a limit that would be recognized today. The follow- 
i ‘act from the Principia (1687) will indicate that Newton 
hinteelf was dissatisfied with his own refinement of the method 


of fluxions. 


Tt is objected that thereis no ultimate ratio of evanescent quantities because 
the proportion [ratio] before the quantities have vanished is not ultimate; and, 
when they have vanished, is none. But by the same argument, it might as well 
be maintained, that there is no ultimate velocity of a body arriving at a certain 
place, when its motion is ended: because the velocity, before the body arrives 
at the place, is not its ultimate velocity; when it has arrived, is none. But the 
answer is easy .. . There is a Hmit, which the velocity at the end of the 


motion may attain, but cannot exceed. 
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This is what Zeno and the tortoise knew, and what neither of 
them succeeded in clarifying. It is no disparagement of Newton 
to observe that the foregoing extract might have been written 
by Aristotle; indeed it bears a singular resemblance to Aristotle’s 
discussion” of the infinite, the continuous, motion, and Zeno’s 
paradoxes. A further observation of Newton’s recalls Eudoxus: 

“Tt may also be argued, that if the ultimate ratios of evanes- 
cent quantities are given, their ultimate magnitude will also be 
given; and so all quantities will consist of indivisibles mech is 
contrary to what Euclid has demonstrated concerni com- 
mensurables, in the tenth book of his Elements.” ompare 
with Aristotle, § 

From the last it is clear that Newton’s uhdérstanding of 
Euclid was sharper than Cavalieri’s. It also@uggests that the 
difficulties of intelligent beginners wi its and continuity 
are not mere willful perversity. In é ird attempt (1704), 


Newton returns to the attack on ¢: ity, and transfers the 


central difficulty to an unanalyzedy$continued motion”: 
“T consider mathematical quantities in this place not as con- 
sisting of very small parts. ras described by a continued 


motion. Lines are descrii and thereby generated not by 
the apposition of parts, y the continued motion of points 
5 

It was consider 's of this kind, among others, that drove 
the analysts of thé Hineteenth century to desperation and im- 
pelled them to @ttempt a meaningful foundation for the calculus. 
In spite of resolute abandonment of “very small parts,” 
Newton never quite circumvented the “very small quantity” 
which, stently annoyed him. In the Principia (Bk. I, Sec. J, 
Lem: , he started toward a theory of limits and continuity: 
juantities, and the ratios of quantities, which, in any 
rere e time, tend continuously to equality; and before the end 

f that time, approach nearer to each other than by any given 
difference, become ultimately equal.” 


Leibniz’ version 


Leibniz for his part favored a species of differential, as that 
highly elusive concept is frequently misunderstood by practical 
engineers today. Thus, to find the differential of xy, he sub- 
tracted xy from (x + dx)(y + dy) and rejected dx dy because 
he considered it negligibly small in comparison with x dy and 
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dx—all without sound justification. This gave him the correct 
result, d(xy) = «dy + y dx. 

On safer ground, he introduced the current notation for 
derivatives and the integral sign, f, an elongated 5 from summa 
(sum). Both Leibniz and Newton were familiar with the funda~ 
mental theorem of the calculus connecting integrals as sums 
with integrals as anti-derivatives. They also established the 
elementary formulas of the calculus. It is of interest that 
the correct result for the derivative of a product eluded Leibnjgs 


on his first attempt. : 
& 
© 


Rigor; anticipations 

It is generally agreed that reasonably sound bu: Gye neces- 
sarily final ideas of limits, continuity, differen’ tion, and 
integration came only in the nineteenth and t th centuries, 
beginning with Cauchy in 1821-3. This an extremely 
interesting question: how did the master,dfialysts of the eight- 
eenth century—the Bernoullis, Ful bsgrange Laplace— 
contrive to get consistently right res in by far the greater 
part of their work in both purg {and applied mathematics? 
What these great mathematiciads mistook for valid reasoning 
at the very beginning of the calgtlus is now universally regarded 
as unsound, “A 

No short answer is elie; but history shows that frequently 
the essential, usable. ae ‘of a mathematical doctrine is grasped 
intuitively long be! any rational basis is provided for the 
doctrine itself. creative mathematicians between Newton 
and Cauchy ined mostly correct results~according to 
present sta: s—because, in spite of their ineffectual attempts 
to be logily rigorous, they had instinctively apprehended the 
self- ent part of their mathematics. 

ey as no short answer can dispose of our predecessors’ good 
fortwhe, so none can dispose of ours. Like them, we consistently 
get meaningful results, although we realize that there is much 
obscurity in the foundations of our own analysis. It is now 
generally admitted that neither Cauchy nor his more rigorous 
successor Weierstrass said the last word, and we may con- 
fidently expect that it will not be uttered in our generation, 

Whatever else may be said of Newton’s calculus, it is still 
true that he endowed mathematics and the exact sciences with 
their most effective method of exploration and discovery. 
Linked to his own law of universal gravitation, the calculus in 
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less than a century gave a more comprehensive understanding 
of the solar system than had accrued from thousands of years 
of pre-dynamical astronomy. And when differential equations, 
Newton’s method of inverse tangents, were applied to the 
physical sciences, a new and unsuspected universe was revealed. 
‘The experimental method of Galileo combined with the calculus 
of Newton and Leibniz generated modern physical science and 
its applications to technology. 

To conclude this account of the emergence of the cal 
shall compensate for the deliberate neglect of pseud 
tions by citing a real one in a subject which is 
modern attack on the foundations of analysis. > 

Galileo observed as early as 1638 that t] are precisely 
as many squares 1, 4, 9, 16, 25,... as SE are positive in- 

q 


tegers altogether. This is evident from t uences 
1, 2, 3, 4, 5, 6... PY aK 


12, 22, 33, 47, 5%, 62 +5 0, 

He thus recognized the funda: ESS distinction between finite 
and infinite classes that bec: current in the late nineteenth 
century. An infinite class G@‘one in which there is a one-one 
correspondence between ‘the whole class and a subclass of the 
whole. Or, what is e lent, there are as many things in some 
part of an infinit oD as there are in the whole class. The like 
is not true of fi RA lasses. 

A class w elements can be put in one-one correspondence 
with the in 31, 2,3, ... is said to be denumerable. All the 
points in gany line segment, finite or infinite in length, form a 
non-d erable set. A basic course in the calculus (usually 
the sécond) starts from the theory of point sets. The distinction 

en denumerable and non-denumerable classes was not 

> ted by Galileo; it was observed about 1840 by Bolzano and in 

878 by Cantor. But Galileo’s recognition of the cardinal prop- 

erty of all infinite classes makes him one of the genuine anticipa- 
tors in the history of the calculus. The other was Archimedes. 


Emergence of the mathematical theory of probability 
Games of chance are probably as old as the human desire 
to get something for nothing; but their mathematical implica- 
tions were appreciated only after Fermat and Pascal in 1654 
reduced chance to law. Galileo had given a correct solution of a 
gaming problem by laborious tabulation of possible cases, but 
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did not proceed to general principles. The “problem of points” 
which inspired the originators of the mathematical theory of 
probability was well known to Cardan who, among his other 
accomplishments, was a reckless gambler. He, however, did 
nothing of importance toward a science of chance; and it is 
customary without any quibbling to regard Pascal and Fermat 
as the founders of mathematical probability. 

In the epoch-making problem, the first of two players who 
scores n points wins. If the game is abandoned when one ig 
made a points and the other 6, in what ratio shall the stak 
divided between them? This reduces to calculating th b= 
ability each has of winning when the game is stop It is 
assumed that the players have equal chances of malay point. 

The problem was proposed to Pascal by a hi; intelligent 
gentleman addicted to gaming, Antoine re d, Chevalier 


de Méré, and Pascal communicated it to Ferntat. Both solved 
it correctly, but by different reasoning. ome of his work, 
Pascal made a slip, which Fermat cor: Thus originated the 
mathematics of chance which toda asic in all statistical 
analysis from stock-market trends@nd insurance to intelligence 
tests and biometrics. RS 

As modern physics has beddine more certainly uncertain, the 
mathematics of probabilig€s has steadily increased in scientific 
importance. Newtonianqmechanics is applicable to a completely 
determinate science fa rhich differential equations imply the 
future history of a thec anistically determined universe. For the 
scientific interpydtation of laboratory experiments, particularly 
in atomic ph , the strictly mechanical method of Newton, 
Lagrange t@) ‘ace, and their successors, originating in Galilean 
mechani d dynamical astronomy, is no longer adequate and 
is being increasingly supplemented by the mathematics of 
statigtics and probability. The necessary mathematics all 
developed from the fundamental principles of mathematical 
probability laid down by Fermat and Pascal in about three 
months by a painstaking application of uncommon sense.) 

Later applications of analysis to the theory of probability, 
chiefly to obtain usable approximations to the very large num- 
bers occurring in even simple combinatorial problems, have 
made the modern theory highly technical. But with the excep- 
tion of epistemological difficulties concerning the meaning of 
probability, the basic principles remain those of 1654 as stated 
in intermediate texts on algebra. In this connection it should be 
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mentioned that the versatile Huygens got wind of what Pascal 
and Fermat were doing, and in 1654 published one of the earliest 
treatises on probability.” The concept of mathematical expecta- 
tion was his. 

The relative permanence of the mathematical foundations of 
probability as laid down in the seventeenth century is character- 
istic of the mathematics of the discrete, in which generally there 
has been less need for revision than in analysis. 


The origin of modern arithmetic ne 


We shall understand ‘arithmetic’ in the sense she Greek 
arithmetica. Equivalents are ‘the higher arithm@tic’ and ‘the 
theory of numbers,’ also, unfortunately, t ybrid ‘number 
theory’ with its Aryan adjective and adver, umber theoretic’ 
and ‘number theoretically.’ Gauss, the ost exponent of the 
classical theory after Fermat, preferredthe simpler ‘arithmetic’ 
or, at longest, ‘higher arithmetic.’ 

Modern arithmetic began 
period 1630-65. Significant a Fermat’s work in other 
departments of mathemati s usually considered to have 
made his greatest and m ersonal contribution in arithmetic, 

This extensive divisign of mathematics differs from others in 
its lack of general ¢methods. Even comprehensive theorems 
appear to be more\dificult to devise than, say, in algebra or 
analysis. Thusfia algebra there is a complete theory of the 
solution of raic equations in one unknown; in fact there 
are two ete theories. In arithmetic the simplest corre- 
spondi oblem is the solution in integers of equations in two 
Sak with integer coefficients, and for this there is nothing 
ap} thing a complete theory. Such progress as has been made 
imcé Fermat will be noted in a later chapter. 


Fermat, roughly in the 


or Many of Fermat’s discoveries were either recorded as 


marginal notes in his books (the arithmetic in his copy of 
Bachet’s Diophantus) or were communicated, usually without 
proof, to correspondents. Some of his theorems were proposed by 
him as challenge problems to the English mathematicians. For 
example, he demanded a proof that the only positive integer 
solution of x? +2 = yeisx = 5,y = 3. 

It will suffice to state those two of Fermat’s discoveries 
which appear to have had the profoundest influence on arith- 
metic and algebra since his time, and the one general method in 
arithmetic due to him. 
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Fermat stated that if is a positive integer not divisible by 
the positive prime p, then n?~? — 1 is divisible by 9. The Chinese 
“seem to have known as early as 500 3.c.”* the special case 
n = 2, Any student of the theory of algebraic equations, or of 
modern algebra, or of arithmetic, will recall the frequent appear- 
ance of this fundamental theorem. The first published proof 
was Euler’s in 1738, discovered in 1732; Leibniz had obtained 
a proof before 1683 but did not publish it. The rule of priority in 
mathematics is first publication. AN 

The second famous assertion of Fermat, his celebrated ‘ ase 
Theorem,’ states that x* + y" = 2", ayz #0, 2 > 2, igs - 
possible in integers x, y, z, 2. He claimed (1637) to have’ dis- 
covered a marvelous proof; and whether or not he h Yo proof 
has yet (1945) been found. There seems to be butAittle point 
now in proving the theorem for special 1’s, eno Ain that direc- 
tion being known to make it fairly plausible t at’the theorem is 
true. But, to take out insurance apn ree disproof 
tomorrow, it must be emphasized th paarithmetic is the last 
place in mathematics where unsubs Yated guessing is either 
ethical or profitable. Numerical evidence counts for very little; 
the only luxury a reputable avithmetician allows himself is 


or false, is of but slight il st today. But its importance in the 
development of arith’ and modern algebra has been very 
great. This will be ssed in the proper place. 

Fermat’s ge ethod, that of “infinite descent,” is pro- 
foundly ingenigug, but has the disadvantage that it is often 
extremely di t to apply. In the particular theorem for which 
Fermat i ‘ed the method, it is required to prove that every 

eof the form 4n + 1 is a sum of two integer squares. 
assumption that the theorem is false for some such 
pring p, Fermat deduced that it is also false for a smaller prime 
of the same kind. Descending thus he proved, on the assumption 
of falsity, that 5 js not the sum of two squares. But 5 = 12+ 23; 
hence the theorem. 

The outstanding desideratum in arithmetic is the invention 
of general methods applicable to nontrivial types of problems. 
Further, “the arithmetical solution of a problem should consist 
in prescribing a finite number of purely arithmetical operations 
(exempt from all tentative processes), by which all the numbers 
satisfying the conditions of the problem, and those only are 


proof. SS. 
It is generally agreed ae e famous ‘Last Theorem,’ true 
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obtained.”%® Nobody after Euclid and before Lagrange in the 
eighteenth century even distantly approached this ideal. 


Emergence of synthetic projective geometry 


The sudden rise of synthetic projective geometry in the 
seventeenth century appears now as a belated resurrection of 
the Greek spirit. As already noted, Pappus in the fourth century 
A.D. anticipated a cardinal property of cross ratios; and even 
earlier Menelaus (first century a.p.) may have proved a thédrem 
which can now be interpreted similarly. But it was with 
G. Desargues’ (1593-1662, French engincer ands itect) 
eccentric Brouillon project (abbreviated title) of1639 that 
synthetic projective geometry was developed 8 new and 
independent division of geometry. < 

Doubtless the great advance in perepente drawing by the 
artists of the Renaissance made inevitable the emergence of a 
geometrical theory including perspective as a special case; and 
Desargues the architect was dou s influenced by what in 
his day was surrealism. In any , he composed more like an 
artist than a geometer, inventisi® the most outrageous technical 
jargon in mathematics for thé enlightenment of himself and the 
mystification of his disciplés. Fortunately, Desarguesian has 
long been a dead Jang . In current terminology, ‘projective’ 
means invariance the group G of all general linear homo- 
geneous transfo: ions in the space (of 1, 2, 3, .. . dimen- 
sions) concern ut not under all the transformations of any 
group conta; G as a subgroup. 

After “own fashion, Desargues discussed cross ratio; 
poles aa@ polars; Kepler’s principle (1604) of continuity, in 
which@ straight line is closed at infinity and parallcls meet 
t involutions; asymptotes as tangents at infinity; his 

Y ous theorem on triangles in perspective; and some of the 
frojective properties of quadrilaterals inscribed in conics. 
Descartes greatly admired Desargues’ invention, but happily 
for the future of geometry did not hesitate on that account to 
advocate his own. 

Desargues’ most enthusiastic convert was the same Pascal 
who participated in the creation of the mathematical theory of 
probability. B. Pascal (1623-1662) was therefore a very con- 
siderable mathematician, even if, like Descartes and Leibniz, 
he is popularly remembered for other things. His magnitude as 4 
religionist has overshadowed his accomplishments as a mathe- 
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matician and physicist, and for one who has ever heard of 
Pascal’s Essay pour les coniques there must be a million who have 
read at least a page of his Pensées, If anything, Pascal was more 
genuinely precocious than Leibniz. As a boy he was no mere 
sponge absorbing the learning of others, but a creative mathe- 
matician. At twelve he rediscovered and proved for himself 
several of the simpler theorems of elementary geometry. Four 
years later he had composed the famous essay on conics, in 
Which he developed the consequences of his hexagramma my. ~S 
cum—pairs of opposite sides of a hexagon inscribed in a coni 
intersect in collinear points. Combining his mathematics fs 
talent for physics, Pascal at nincteen (1642) invented an wdding 
machine, the ancestor of all those in use today. This.wa8 greatly 
improved about thirty years later by Leibniz, wh6se machine 
did both addition and multiplication. WS 

Pascal made grateful acknowledgment t SPesargues for his 
skill in projective geometry. Perhaps in his mathematics 
Pascal was the brilliant commentat ther than the bold 
originator. Organically and spiritual for most of his thirty- 
nine years, he was unable, appare: ‘0 concentrate his powers 


on the creation of a comprehensi@ method in anything, and his 
brilliance was dispersed and dis§{pated in the piecemeal illumina- 
tion of other men’s ideas. h of his mentality was absorbed in 


the religious controversi€syof his time and in hopeless attempts 
to reconcile his ownnternal conflicts. Beyond his ‘mystic 
hexagram’ and hi, re in probability, it cannot be said that 
Pascal’s contrib, s left more than a transient shadow on the 
surface of ma: ‘atics. The main stream flowed far deeper than 
he ever dr. d. 

Befor&quitting the field for about a century and a quarter, 
synth, rojective geometry fought a terrific pitched battle to 
su. against its analytic antagonist, in the impressive Sec- 
itomef conicae (1685) of P. de ja Hire (1640-1718, French). 
La Hire proved over three hundred projective theorems syn- 
thetically, and in an astounding appendix showed that all the 
theorems of Apollonius on conics are obtainable by the method 
of projection. But even these spectacular gymnastics failed to 
convince geometers that the synthetic method is as supple as the 
analytic. The conics no doubt were idealized from the Archetypal 
Circle by Plato’s Geometer with the Eternal Idea of projective 
geometry at the back of his mind; but then, not all plane curves 
are conics. Nor were they even when La Hire fought his desperate 
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rearguard action against Descartes’ analytics. Synthetic pro- 
jective geometry Japsed into temporary oblivion, and the 
treatises of Desargues and La Hire became collectors’ rarities. 

The other incidental advance of the seventeenth century 
that likewise was forgotten for a season, the universal character- 
istic of Leibniz, will be noted in a later chapter. We pass on to 
the origin of the applied mathematics which was to dominate the 
work of Newton’s most prominent successors for a centygyatter 
his death. 


» 
. ; _ 
Origin of modern applied mathematics, 


The indebtedness of science and technology*to’ pure mathe- 
matics was noted in the Prospectus. We sha{Pfow inspect the 
other side of the ledger at somewhat gr ey ength than may 
seem necessary to those already conver: with the facts. We 
do this because hypersensitive mat ticians are sometimes 
inclined to exalt unduly the fr and purely imaginative 
character of their creations, any dwell exclusively on the 
admitted indebtedness of sci€pce to mathematics. The his- 
torical balance sheet indicates, as will be seen in greater detail 
later, that science and. qodern mathematics are so closely 
affliated that neither,owes the other anything, each borrowing 
freely from the other repaying its debts a hundredfold. 

Intermediate Be ween pure and applied mathematics, im- 
provements in seieeal calculation are of more importance for 
the applicasi@d than for mathematics itself. Logarithms, for 
example. lerated the practical developments of astronomy 
but we t a necessity even to that most efficient servant of 
eivilt . The pertinacity of a Kepler cannot be thwarted by 
anal ount of manual computation; and to claim that loga- 

ms made modern astronomy or any other science possible 

to forget that human zeal—or obstinacy—in pursuit of @ 
fixed idea can withstand any finite punishment. But as loga- 
rithms undoubtedly hastened the sciences of the eighteenth and 
nineteenth centuries on their way to whatever is to be their 
ultimate contribution to civilization, or to its destruction, they 
must be included in any account of the origin of modern applied 
mathematics. The seventeenth-century invention of logarithms 
may therefore be properly assigned to applied mathematics. 

Modern applied mathematics originated in Newton's theory 
of universal gravitation developed in his Principia. Astronomy 
before Newton was purely descriptive. The motions of the 
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planets were described with increasing accuracy, and from the 
Babylonians to Ptolemy were fitted into geometrical frameworks 
of ever greater complexity. Copernicus simplified the geometry. 
But there was no physical hypothesis abstracted and con- 
solidated in postulates from which the geometry could be 
deduced. Before such postulates could be stated profitably, 
accurate observations to determine the facts were necessary. 
These were provided in abundance by Tycho Brahe (1546-1601, 
Danish), whose industrious assistant for a short time, Joha 
Kepler, (1571-1630, German), subsumed the observations wae 
the three laws of motion known by his name. The first t ere 
published in 1609, the third in 1619: the orbit of a plat is an 
ellipse with the sun at one focus; the areas swept “in equal 
times by the line joining the sun to a planet, equal; the 
squares of the periodic times of the planets ‘oportional to 
the cubes of their mean distances from the gun? 

Kepler’s laws were the climax of th ds of years of an 
empirical geometry of the heavens. Ty ere discovered as the 
result of about twenty-two years off ssant calculation, with- 
out logarithms, one promising ass after another being ruth- 
lessly discarded as it failed t et. the exacting demands of 
observational accuracy. O;1 gv eplers Pythagorean faith in a 
discoverable mathema rmony in nature sustained him. 
The story of his png spite of persecution and domestic 
tragedies that would ¢ broken an ordinary man is one of the 


most heroic in sci; 
The cont faneous invention of logarithms was to 
reduce all s human labor as Kepler’s to more manageable 


PROpOrelNys he history of logarithms is another epic of per- 

severans Pond only to Kepler’s. Baron Napier of Merchistoun 

(SS0.0B17 Scotch), in the leisure remaining from his duties 

a ‘diord and his unavailing labors to prove that the reigning 
‘was Antichrist, invented logarithms. 

‘When it is remembered that Napier died before Descartes 
introduced the notation m, 17, 7,° . . - for powers, we cease to 
wonder that it took him all of twenty years to reason out the 
existence and properties of Jogarithms. 


‘The fundamental idea of the correspondence between two series of numbers, 
one in arithmetic, the other in geometric progression, . . . Was explained by 
Napier through the conception of two points moving on separate straight lines, 
the one with uniform, the other with accelerated velocity. If the reader, with 
all his acquired modern knowledge, will attempt to obtain for himself in this 
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way a demonstration of the fundamental rules of logarithmic calculation, he 
will rise from the exercise with an adequate conception of the penetrating 
genius of the inventor of logarithms. (G. Chrystal.) 


Add to this that Napier’s logarithm of » would be our 
10° log, (10° 2), where ¢ is the base of the natural system, 

After the invention of the calculus, investigation of the 
logarithmic function, of greater significance in mathematics 
than the logarithms computed by its use, followed as a matter 
of course from the simple differential equation dy = yay) 

Napier gave Tycho a forecast of his invention fey 4, and 
in 1614 published his Descriptio. In 1624 a u able by 
H. Briggs (1561-1631, English) was published, also was one 
by Kepler. Other tables quickly appeared. any 1630 loga- 
rithms were in the equipment of every co: g astronomer. 

For those interested in squabbles oyéy’ priority, it may be 
recalled that logarithms are one of t ost disorderly battle- 
grounds in mathematical history, Ie wall suffice here to state the 
outcome of the fray as adjudica n 1914. Napier’s priority in 
publication is undisputed; J. Burgi (1552-1632, Prague) inde- 
pendently invented logarithmS*and constructed a table between 
1603 and 1611, while “Napier worked on logarithms probably 
as early as 1594... . SStherefore, Napicr began working on 
logarithms probably @udch earlier than Birgi.’?* 'The only facts 
concerning logan of any importance for the development 
of mathemati those stated in the concluding sentence of 
the precednggpragrsph, 


Disputésiike this and the other over the calculus have made 
more thaffne man of science envy his successors of ten thousand 
years\iehce, to whom Newton and Leibniz, Napier and Biirgi, 
and eores of lesser contestants for individual fame will be semi- 

ical figures as indistinct as Pythagoras. 

.®) ‘The harmonious geometry of Kepler’s laws challenged 
mathematical ingenuity to devise a hypothesis from which they 
could be deduced. Among others, Newton’s self-constituted rival 
and gadfly, the brilliantly original R. Hooke (1635-1703, 
English), had guessed and perhaps proved that Kepler’s laws 
implied an inverse-square law of attraction, but could not deter- 
mine the form of the orbit from this law. Newton, on being 
consulted in 1684, restored a proof, which he had discovered but 
mislaid, that the required orbit is an ellipse. This incident 
appears to have been the origin of the Principia. From his 
hypothesis of universal gravitation that any two particles of 
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matter in the universe, of masses my, m: at a distance d apart, 
attract one another with a force proportional to mymo/d? (m1, ma, 
d, and the force being measured in the appropriate units), 
Newton deduced Kepler’s laws. 

The deduction would have been impossible without a 
rational dynamics. This had been provided by Galileo* and by 
Newton himself. Just as the Pythagoreans had reduced the 
intuitive perception of form to geometry, and the great geo- 
metrical astronomers from Eudoxus and Hipparchus to Cop. 
nicus and Kepler had reduced the motions of the plane 
geometry, so Galileo undertook the reduction of all mee to 


mathematics. He advanced beyond his predecesso éthiefly 
because he aided reason by experiment, determin: “facts in 
‘d observa- 


connection with falling bodies by accurate, coi 
tion before venturing to mathematicize. * 

To some it seems incredible that any 
ever have believed it possible to reasoi 
falling bodies without appeal to ent. But one of the 
greatest intellects in history, Aristo’ iad sufficient confidence 
in his logic to legislate for a ee has but little respect 


an being could 
the behavior of 


for the unaided intellect. Oth see nothing questionable in 
attempts such as Aristotle’s, stituting for the classical and 
medieval belief in Aristot logic an eager faith in the creative 
power of the intricate jebilors of mathematics. It may yet 
be too early to judge whith side, if either, is right; but it is a fact 
that Galilean sciemte, not Aristotelian logic and metaphysics, 
made our materj@Pcivilization what it is. 


Whether t the legendary experiment in which Galileo 
confound ‘Aristotelian scholastics by dropping shot from 
the Leanj ‘ower of Pisa ever took place,® Galileo knew by 


1591 ‘a one-pound shot and a ten-pound shot dropped 
si neously from the same height strike the ground simul« 
eo Experiments on motion down inclined planes gav= 
him further data to be fitted into the mathematical theory of 
motion he sought to construct. As tentative hypotheses were 
subjected to experimental verification, the cardinal definitions 
and postulates of dynamics began to emerge. 

In particular, Galileo mathematicized distance, time, veloc- 
ity, and acceleration into the scientific (experimentally measur- 
able) things they still are in classical dynamics. He sought to 
frame definitions that would respond to repeatable observations. 
He also understood an equivalent of Newton’s first postulate 
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of motion—inertia: every body will continue in its state of rest, 
or of uniform motion in a straight line, except in so far as it jg 
compelled to change that state by impressed force. This postu- 
late contradicted the naive intuitions of Galileo’s predecessors 
and controverted the common sense of ages. 

Galileo also understood at least special cases of Newton's 
second postulate: rate of change of momentum is proportional to 
the impressed force, and takes place in the direction in which the 
force acts. The mathematically important concept hergGs that 
of a rate; for rates are derivatives, and hence velocity, accelera- 
tion, and force are brought within range of the cal We have 
seen that Newton probably had velocity in mind When thinking 
about fluxions. 

“In the two plague years of 1665 an, 1866,” as Newton 
states, he deduced from Kepler’s thir that “the forces 
which keep the Planets in their Orbs must be reciprocally as the 
squares of their distances from the“é&nters about which they 
revolve: and therefore [f] comp. he force requisite to keep 
the Moon in her Orb with the férée of gravity at the surface of 
the Earth, and found them ver pretty nearly,” 

Further progress in theWathematical theory of gravitation 
was temporarily halted\By Newton’s lack at the time of a 
theorem in the integta} calculus: the gravitational attraction 
between two ho: peeieous spheres can be calculated as if the 
masses of the KS es were concentrated in their centers, Once 
this theorem jg proved, the Newtonian law of universal gravita- 
tion is ap ‘ble. If there is one master key to dynamical 
astronon@y is is it. With this key Newton procecded in 1685 


to unloé@the heavens. He also, for the first time, gave a rational 
the f the tides. 


e Newtonian celestial mechanics was the first of the great 
CPPcheses of natural phenomena. From its very nature, celestial 
echanics without the dynamics of Galileo and Newton, or 
without the calculus of Newton and Leibniz, is unthinkable. 
The Galilean method in science was to provide the model for 
even more recondite mathematical syntheses, as in the theories 
of heat, light, sound, and electricity. But the modern scientific 
method, invented by Galileo and Newton, of welding experi- 
ment and mathematics into a single implement of discovery and 
exploration was to remain fundamentally the same as it was in 
Galileo’s Discorsi and Newton’s Principia. 


THE BEGINNING OF MODERN MATHEMATICS 165 


In a day when science is being discredited by messianic 
ignoramuses with enormous followings, it is well occasionally to 
recall the cliché, trite though it may be, that without this union 
of experiment and mathematics our civilization would not exist. 
Less trite is the more recent observation that because of this very 
union our civilization may cease to exist. And, while we are 
facing facts, we note the opinion of many observers that ever 
since the days of Aquinas science has been feared or secretly 
hated by nine human beings out of every ten who have sufficie: 
animation to hate or fear anything. Science has been grud, 
tolerated since the days of Galileo and Newton only bec 


it 


has increased material wealth. If science dies, mi atics 
dies with it. < 
To give an indication of how significantly dy: ts and the 


Newtonian theory have influenced analysis, weCMay cite a few 
specific instances, some of which will be co; sidered more fully 
in later chapters. Since the earth is not a ‘e but a spheroid, 
its attraction on an exterior mass-partiel@scannot be calculated 
with the same precision as if its mass were concentrated at the 
center. When astronomy became exact after Newton, the 
slight departure from perfect spheNicity had to be included in the 
calculations, and this necessitated the invention of new func- 
tions, such as Legendre’s igpotential theory. So rudimentary a 
dynamical problem as leo’s of the time of vibration of a 
simple pendulum of ct nt Jength leads at once in the general 
case to an elliptic dntegral. Such integrals, by inversion, gen- 
erated the vastytheory of doubly periodic functions. These in 
their turn we: Cdrognized jn the late nineteenth century as but 
special ca: .<) ‘automorphic functions, whose theory still is far 
from co te. 

All ¢ earlier functions together suggested to Lagrange, 
c , and others in the late eighteenth and early nineteenth 
cones general theories of functions, culminating in the theory 
of functions of a complex variable. Fourier’s analytical theory 
of heat (final form 1822), devised in the Galileo-Newton tradi- 
tion of controlled observation plus mathematics, is the ultimate 
source of much modern work in the theory of functions of a real 
variable and in the critical examination of the foundations of 
mathematics. Finally, the gravitational interactions of a system 
of mass-particles, in particular of three, generated the theory of 
perturbations and all its intricate analysis; and the problem of 
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three bodies, partly topologized in the late nineteenth century, 
is the source of the modern theory of periodic orbits from which a 
qualitative, topologized dynamics is rapidly developing. 
Geometry also has enriched itself by successive alliances 
with mechanics. In the seventeenth century the astronomical 
need for the accurate measurement of time inspired Huygens to 
construct the first pendulum clock (1656). Incidentally, he was 
compelled to investigate the (small) oscillations of a compound 
pendulum, the first dynamical problem beyond the dynamics of 
particles to be discussed mathematically. From ical clock 
making Huygens was led to his great work* i. ‘ogy (1673), 
in which he defined and investigated evol and involutes. 
The cycloid, sometimes called the Helen sien partly on 
account of its graceful form and bea properties, figures 
prominently in this science. Huygeds roved the remarkable 
theorem that the cycloid is the x ‘ochrone. In more recent 
times, the four-dimensional ge try of Pliicker (nineteenth 
century) in which straight ligeseinstead of points are taken as 
the irreducible elements of space, found a ready interpretation 
in the dynamics of rigid ies. Conversely, this dynamics sug- 
gested much to be do line geometry. But what is perhaps 
the greatest a hysical science has ever rendered geom- 


etry was the si acceleration imparted to differential 
geometry by in’s general relativity and his relativistic 


theory of ation in the second decade of the twentieth 
century. Igoe curiously sanguine months after the buzzards of 
Versaiilee) ad completed their labors, it was frequently said 
that tein’s work would outlast the memory of the world war, 
a science and mathematics of Archimedes has outlasted the 
Biri wars in the consciousness of all but professional his- 
rians. Twenty years later the human race had made a complete 
recovery from its attack of optimism, 
Here we leave the mathematics of the seventeenth century 
and commit ourselves to the turbulent stream that gushed from 
that inexhaustible source. 


CHAPTER 8 


Extensions of Number 


= 
SF 

In following the development of mathematics singe the death 

of Newton (1727), we might start from any osf@ybf arithmetic, 

algebra, geometry, or applied mathemati ss As arithmetic 

preceded the others in the historical ote rom Babylon to 

Géttingen, we shall discuss it first. vl ‘who are more inter- 
ested in one of the other topics ma, at once to it. 

The detailed growth of the nu: concept to be described 


in this and the following five chapters being quite intricate, we 
shall indicate first the principal features to be observed. 


Foug tritical periods 

About four ce oO of generalization, confused and hesi- 
tating at first, pr ‘s 4 the number systems of analysis, algebra, 
mathematical pos, and the higher arithmetic of the twen- 
tieth centurp\Phe final gain left mathematics with three major 
acquisitio, the ordinary complex numbers of algebra and 
analysigy 4 their subclasses of algebraic integers; the hyper- 
com: number systems of algebra, geometry, and physics; 
‘itinuum of real numbers ag it appears in the modern 
g es of functions of real and complex variables. The five 

tiods of most radical change were the decade bisected by the 
year 1800, the late 1830’s and early 1840's, the 1870’s, and the 
twenty years bisected by 1900. 

With the first period is associated one beginning of modern 
abstract arithmetic and algebra, in the use by Gauss (1801) of a 
particular equivalence relation, which he called congruence, to 
map an infinite class of integers on a finite subclass. The general 
method of mapping (homomorphism) implicit in this early 

167 


168 THE DEVELOPMENT OF MATHEMATICS 


work was not clearly formulated and isolated for independent 
study until the twentieth century, when it became basic in 
abstract algebra, topology, and elsewhere. 

In the 1830’s, the British algebraists clearly recognized the 
purely abstract and formal character of elementary algebra. This 
was followed, in the 1840’s, by Hamilton’s quaternions and 
the vastly more general algebras of Grassmann, from which the 
vector algebras of mathematical physics evolved. From the 
standpoint of pure mathematics, the lasting residue of this period 
was a widely generalized conception of number. * & 

The 1870’s saw the inception of the modern Of on the 
real number system in the work of Cantor, Dedekirid, Méray, 
and Weierstrass. The outcome, in the late ningteenth century, 
was the arithmetization of analysis and theNbeginning of the 
modern critical movement. What no pee. as the most 
enduring residue of this stormy period ae enormous expansion 
of mathematical logic during the fir; ur decades of the twen- 
tieth century, 

The third period passed in fourth about 1897 with the 
first appearance of the moi “paradoxes of the infinite. The 
latter were largely esponati or the sudden growth of mathe- 


matical logic, which h acted strongly on all mathematics 


and in particular on umber concept. 
We shall have Sion to refer frequently in anticipation to 
problems as Feu titled concerning the nature of number and 
6 


the continuu real numbers. Because a problem defies solu- 
tion is no gee for believing it to be unsolvable. The outstand- 


ing obsta that have hitherto blocked clear perception of the 
nature number may be removed tomorrow. In any event, 
noi he unsolved problems of number has stopped progress in 


bgth pure and applied mathematics. On the contrary, in pure 
thematics these unresolved difficulties have inspired much 
aluable work; and for applied mathematics, even the most 
serious doubts have as yet proved wholly irrelevant in obtaining 
scientific conclusions which can be checked against experience 
in the laboratory. 

Having followed the development of number in its purely 
mathematical aspects, we shall return in a later chapter to the 
impact of science on mathematics. It will be seen that applied 
mathematicians have been justified in their bold use of a 


analysis which may not yet meet all the demands of logical 
tigor. 
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From time to time we shall call attention to points of special 
significance to be observed while following details. A general 
observation may be emphasized here. As mathematics passed the 
year 1800 and entered the recent period, there was a steady trend 
toward increasing abstractness and generality. By the middle of 
the nineteenth century, the spirit of mathematics had changed so 
profoundly that even the leading mathematicians of the eight- 
eenth century, could they have witnessed the outcome of half a 
century’s progress, would scarcely have recognized it as mathe- 
matics, The older point of view of course persisted, but it wag. 0. 
longer that of the men who were creating new mathe tide. 
Another quarter of a century, and it had become almo; 
grace for a first-rank mathematician to attack a speci ‘oblem 
of the kind that would have engaged Euler in muchfMhis work. 
Abstractness and generality, directed to the crea j6D0f universal 
methods and inclusive theories, became thi ees of the day. 
There had been one precedent in the eighte century for such 
work, the dynamics of Lagrange, There i cond clue through 
the intricate development. This lea: to Pythagoras, and 
is so suggestive that we shall describéifnext by itself in relation 
to the preceding sketch. RCS 


The Pythaghyean adventure 


Perhaps the feature ofpcestest general interest in the entire 
development is the wide)departure from the Pythagorean pro- 
gram of basing all seins on the ‘natural’ numbers 1, 2, 
3,... in the petiods of intensest creativity, and the final 
return to Pyth “is for a brief interval after the natural num- 
bers had bee: ended to meet the demands of analysis, geom- 

i PO lnebra, and the higher arithmetic. What was 
golden age of the Pythagorean program lasted 
the second half of the nineteenth century. Thereafter, 
ern critical movement sought to base the natural num- 
Vers} and hence all their acquired extensions, on mathematical 
logic. This later program was already strongly hinted in that 
of the nineteenth century, which had attempted to derive num- 
ber from the theory of infinite classes. : 

To be appreciated as the great adventure in thought that it 
is, this circling movement away from Pythagoras and back to 
him, with the subsequent flying off at a tangent he was incapable 
of imagining, must be inspected in some detail. This we shall do 
in the following five chapters. We shall see modern mathematics 


o) 
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as a whole becoming increasingly self-conscious and critical of 
its own naive behavior in the eighteenth century, and passing 
safely through adolescence in the decade 1820-30. Mathematics 
then became less interested in the uncritical analysis that 
produced surprisingly accurate results in the heavens with 
Laplace’s celestial mechanics (1799, 1802, 1805), and on earth 
in the intuitive calculations of Fourier’s analytic theory of heat 
conduction (1822). Most of the great mathematicians of the 
eighteenth and early nineteenth centuries were more like engi- 
neers than modern mathematicians in their thinkin; ormula 
revealed in a flash of intuition, or hastily inferredyfrom loose 
reasoning, was as good as any other provided itworked. Their 
formulas worked admirably. Gauss (1777— = was the first 
great mathematician to rebel successfully dgainst intuition in 
analysis. Lagrange (1736-1813) had triedafd failed. 

The focus of the last serious trou! as found most unex- 
pectedly in the speciously innocuoy ‘atural numbers 1, 2, 3, 
++. that, since the days of Pythag6ras, had been eagerly ac- 
cepted by mathematics as ‘a from heaven. Indeed L. 
Kronecker (1823-1891, Ger » himself a confirmed Pytha- 
gorean and one of the leadikg algebraists and arithmeticians 
of the nineteenth century;onfidently asserted that “God made 
the integers; all the resis the work of man.” By 1910, some of 
the more wary maticians were inclined to regard the 
natural numbe, he most effective net ever invented by the 
devil to snar Wspecting men. Others, of a yet more mystical 
sect, maintajnéd that the natural numbers have nothing super- 
natural er kind about them, asserting that the ‘unending 
> 2,3, ... is the one trustworthy ‘intuition’ vouch- 
safed co Rousseau’s natural man. The tribes of the Amazon 
Reo were not consulted. 

Cl 


¢ ashes between these and other opposing factions of mathe- 
atic 


al orthodoxy temporarily relegated the Pythagorean 
program to limbo shortly after 1900. All parties to the many- 
sided dispute united in torturing logic into new and fantastic 
shapes to make it reveal at last what meaning, if any, there may 
be in the natural numbers and in the dream of Pythagoras con- 
cerning them. Do these numbers tell the truth about mathe- 
matics and nature, or do they not, ‘truth’ being merely 4 
self-consistent description? If they do not, is it necessary for 
human needs that the mathematics constructed on the natural 
numbers be ‘true’ in this sense? Whatever may be the answer 
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to the first question, that to the second seems to be an emphatic 
No. A vast amount of mathematical reasoning now known to be 
unsound led in the past to extremely useful consequences. 
However, our concern here is not with such profound questions, 
all of which may be meaningless, but with the technical mathe- 
matics which has bred these inquiries and many more like 
them. But we may note in passing that mathematics is not the 
static and lumpish graven image of changeless perfection that 
some adoring worshippers have proclaimed it to be. ‘ 
The extensions of the number system since the si enth 
century are one of the outstanding accessions of all math ics. 
In the opinion of those competent to estimate the ¢8chnical 
evidence, these extensions are likely to be of valyte\for many 
years to come. The ‘crisis’ of the early twentie' ury in all 
mathematics, induced by an uncritical accept: of the formal- 
ism that had generated the successive extensions of the number 
system, was precipitated by too bold a us! finite classes in an 
attempt to be logically rigorous. Infini asses penetrated the 
domain of number, as will appear lates from two diametrically 
opposite points, namely, the finite\cardinal numbers of common 
arithmetic and the continuum. nalysis. In the higher arith- 
metic also, Dedekind’s ge ization (about 1870) of the 
rational integers and th mique decomposition into primes to 
the algebraic integers a corresponding unique decomposi- 
tion into prime idea! oduced denumerably infinite classes of 
algebraic integers\The concurrent entry of non-denumerably 
infinite classe: 02) tional numbers came with the theories of 
Cantor and ee ind, devised to provide the continuum of real 


te cough alysis with a self-consistent foundation. Thus 


the cen bstacle, the mathematics of the infinite, that had 
stopped Pythagoras halted his successors over two thousand 
yearsSafter he had become a legend. Eudoxus seemed to have 
d ered a way round the obstacle, or perhaps through the 
thickest part of it; and the builders of the modern continuum, 
following essentially the same path, sought only to clear it of 
obstructions and give it a firmer foundation. What at first looked 
like security appeared on closer inspection to be an illusion. The 
road had yet to be built. 

To anticipate the report in a later chapter and bring this 
forecast to a close, we recall the singular conversion of H. 
Poincaré (1854-1912, French) in 1908. This, in a way, sums up 
the progress of 2,300 years. At the close of the nineteenth cen- 
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tury, Poincaré was a major prophet of a self-confident mathe- 
matics. In 1900 he declared that all obscurity had at last been 
dispelled from the continuum of analysis by the nineteenth- 
century philosophies of number based on the theory of infinite 
classes (Mengenlehre). Ail mathematics, he declared, had finally 
been referred to the natural numbers and the syllogisms of tradi- 
tional logic; the Pythagorean dream had been realized. Hence~ 
forth, reassured by Poincaré, timid mathematicians might 
proceed boldly, confident that the foundation under, er feet 


was absolutely sound. ‘ 

Eight stormy and eventful years changed Ae >propher's 
vision: “Later generations will regard the Mefgeaichre asa 
disease from which one has recovered.” <y 

Thirty years after Poincaré’s somewhat ori prognosis was 
pronounced, the theory from which ithematics was to have 
recovered was still flourishing. This of purse disproves nothing; 
Euclid’s geometry lasted unm: Ag the minds of generation 
after generation of mathemat ww ho for two thousand years 
believed it to be flawless. Both the prognosis and its possibly 
retarded realization are rec here merely to exhibit in a just 
perspective the great ac: tions of number since the sixteenth 
century. If in its continaal development mathematics seldom if 
ever attains a ow constant growth does mature some 
residue that perso ut it is idle to pretend that what was good 
enough for o fa fers in mathematics is good enough for us, or 
to insist tha) “hat satisfies our generation must satisfy the next. 


o Extension by inversion and formalism 


@arliest extensions of the system of natural numbers 


aos Babylonian and Egyptian fractions. These illustrate 
p 


rolific method of generating new numbers from those 
ready accepted as understood, namely, inversion. To solve the 
problem ‘by what must 6 be multiplied to produce 27, a new 
kind of ‘number, the fraction 4, must be invented. Here the 
direct operation is multiplication, and the inverse, division. The 
other pairs of elementary inverses are addition and subtraction; 
raising toe powers and extracting roots. 

All of these elementary operations were known to the an” 
cients. The inverses, division and subtraction, of the rational 
operations, multiplication and addition, necessitated the inven- 
tion of common fractions and negative numbers; the operation 
inverse to powering was in part responsible for the invention © 
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irrationals, including the pure imaginaries and the ordinary 
complex numbers. The solution of an algebraic equation, or of a 
system of such equations in several unknowns, can be restated 
as a problem in inversion with respect to iterations of addition 
and multiplication. Up to about 1840, algebraic equations were 
probably the most prolific source of extensions of the natural 
numbers. 

Considering the extensions up to and including the acquisi- 
tion of ordinary complex numbers, we shall take a point of view. 
which may be indefensible historically but which can be justified) 
mathematically: mere accidental encounters with, say, ne; e 
numbers do not constitute mathematical discovery. Nor@bes a 
rejection of imaginary roots of equations entitle ‘one to 
priority in the invention of complex numbers. Unti Sonscious 
attempt was made to understand negative and ci plex numbers, 
and to state rules, however crude, for thei Wherever they 
might occur, neither had any more right considered a 
mathematical entity than has an unco1 ‘d child to be con~ 

ct 


sidered a human being. Mathemati these numbers did 
not exist until the conditions indicated-Were met. 

Professional historians are or iglegac agreement on the 
following details in the develop t of negatives. Diophantus, 
in the third century a.p., enc: ting —4 as the formal solution 
of a linear equation, r tas absurd. In the first third 
of the seventh centur hmagupta is said to have stated the 
rules of signs in mul ‘ation; he discarded a negative root of 
a quadratic. The be of signs became common in India after 


their restateme y Mahavira in the ninth century. Al- 


Khowarizmi, out the same time, made no advance except 
that he ap to have exhibited a positive and a negative root 
for a qu tic without explicitly rejecting the negative. 


uropeans, Fibonacci in the early thirteenth century 
negative roots, but took a step forward when he inter- 
preted a negative number in a problem concerning money as a 
loss instead of a gain. It has been claimed that the Indians did 
likewise. L. Pacioli (1445?-1514, Tuscan) in the second half 
of the fifteenth century is credited with a knowledge of the rule 
of signs on such evidence as (7 — 4)(4—2) =3X2= 6. 
M. Stifelt (1487 ?-1567, German) a fine algebraist for his time, 
called negative numbers absurd in the middle of the sixteenth 
century. Cardan, in his Ars magna (1545), stated the rule ‘minus 
times minus gives plus’ as an independent proposition; he also 
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is said to have recognized negative numbers as ‘existent,’ but 
on evidence which seems doubtful, In fact, he called negatives 
‘fictitious.’ 

Bombelli in 1572 showed that he understood the rules of 
addition in such instances as m— ”, where m, m are positive 
integers. Vieta, about the same time, rejected negative roots, 
Finally J. Hudde (1628-1704, Dutch) in 1659 used a letter to 
denote a positive or a negative number indifferently. As an 
historical curiosity, it may be mentioned that T. Hage (1560- 
1621, English) was one of the first Europeans to upticate the 
feat of the ancient Babylonians in permitting a n, am number 
to function as one member of an equation. fa? he refused to 
admit negative roots. < . 

With one exception, all items in the. féregoing list may be 
classified as partial extension by for . The extension was 
incomplete because no free use of n ves was made until the 
seventeenth century. The extens! vas formal because it had 
no basis other than the meshed ean of rules of cal- 
culation that were known td(pfoduce consistent results when 
applied to positive numbergand were assumed to be legitimate 
in the manipulation of tives. This unbased assumption was 
to be elevated in the to the dignity of a general dogma in 
the notorious and redited ‘principle of permanence of form.’ 
By the middle of the seventeenth century, untrammeled use of 
negatives hadsgiven mathematicians a pragmatic demonstration 
that the rulésof common algebra lead to consistent results. But 
there ee attempt to go any deeper and put a substratum of 


postul under the rickety formalism. 
The one glimmer of mathematical intelligence in the early 
i@tdry of negatives is the suggestion of Fibonacci that a negative 
m of money may be interpreted as a loss. This appears to have 


re ae the first step toward the second stage in the evolution of 


negatives, that of interpreting the results of formalism in terms 
of something which is accepted as consistent. It marks the 
beginning of two distinct but complementary philosophies of 
mathematics: the products of mathematical formalism are to be 
admitted only if they can be put in correspondence with some 
already established system accepted as self-consistent} all. 
mathematics is a formalism without meaning beyond that 
implied by the postulates defining the formalism. For example, if 
Euclidean geometry is accepted as self-consistent, and if the 
formal algebraic operations with complex numbers can be inter- 
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preted in terms of that geometry, the formalism of complex 
numbers is admissible. This is according to the first philosophy, 
which was that instinctively and subconsciously adopted by 
Fibonacci in his encounter with negatives. The second philosophy 
js illustrated by the rules of algebra in any modern elementary 
text, where a, b,c, + + + ,-+, X, = are displayed, and it is postu- 
lated that a = a,a+6b =) +4, ete. 

Each philosophy has greatly enriched mathematics. The 
first, seeking interpretations, may be called synthetic; the. 
second, beginning and ending in a formalism within its owas 
postulated universe,? may be termed analytic. The designations 
are merely for convenience, and are not intended to recalkKant’s 
terminology, although the parallel may be sugge . The 
development of the number system is the record ofj@continual 
interplay between the synthetic and the anal; approaches. 
For applied mathematics, as in uae d the vector 
algebras that evolved from the geometrii nterpretation of 
ordinary complex numbers, it is the s Seic philosophy that 
dominates; in pure mathematics the are alone is relevant. 

The history of mathematics holdso greater surprise than 
the fact that complex aumbers Were understood, both syn- 
thetically and analytically, Aa negative numbers. Accord- 
ingly, we shall retrace first ge) rinci 


cipal steps by which complex 
numbers arrived at macheee ical maturity. The negatives will 
then enter incidental! <S 


F sxe menipalaion to interpretation 


The earl Gory of complex numbers is much like that of 
negasives boo of blind manipulations unrelieved by any 
serious attempt at interpretation or understanding, The first 
gnition of imaginaries was Mahavira’s extremely 
mt remark in the ninth century that, in the nature of 
thin¥s, a negative number has no square root. He had mathe- 
matical insight enough to leave the matter there, and not to 
proceed to meaningless manipulations of unintelligible symbols. 
It is of more than historical interest that Cauchy’ made the same 
observation a little less than a thousand years later (1847): 
“we discard] the symbolic sign “/—1, which we repudiate 
completely, and which we may abandon without regret, because 
one does not know what this alleged sign signifies, nor what 
meaning one should attribute to it.” These sentiments were the 


+.) 
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origin of Kronecker’s project in 1882-7 for a unified derivation 
of all extensions of the natural numbers. 

The next step forward after Mahavira was toward the 
analytic philosophy of number. Cardan in 1545 regarded imagi- 
naries as fictitious, but used them formally, as in the resolution 
of 40 into conjugate complex factors 5 ++ —15, without raising 
any question as to the legitimacy of the formalism. A more 
vicious species of pure formalism appeared in a totally unwar- 
ranted conjecture of A. Girard (71590-71633, DutchyHaving 
noticed that some equations of low degrees m have, Yéal roots 
and that some quadratics have two imaginary. s, Girard 
inferred that any equation of degree 7 has 1 roo; 3 3upplying any 
awkward lack of real roots by guessing that ae Yecreney would 
be exactly met by complex roots. O 

Leibniz‘ by 1676 had progressed nq ther than Cardan. He 
gave a forma! factorization of x* +2 and succeeded in con- 
vincing himself that he had be ing remarkable when he 
verified by actual substitutios t Cardan’s solution of the 
general cubic in the irreducible}éase satisfies the equation. He 
was equally astonished by ilar verification of the expression 
of a special real radical sum of conjugate complexes. The 
truly astonishing thin, corically about Leibniz’ performances 
with complex bungee is that less than three centurics ago one 
of the greatest mathematicians in history should have thought 
that any of thés&ineaningless manipulations were mathematics, 
or that ark ere was more unexpected than is that of turn- 
ing a tu upside down twice in succession. That a mathe- 
ae gician, and philosopher of the caliber of Leibniz could 


80 fe himself, substantiates Gauss’ observation that “the 


ics really has progressed since the ever-memorable seven- 
eenth century. 

In the eighteenth century, blind formalism at last produced 
a formula of the first magnitude. About 1710, R. Cotes (1682- 
1716, English), the man whose death moved Newton to lament, 
“Tf Cotes had lived, we might have known something,” stated 
an equivalent of the result usually called DeMoivre’s theorem 
in trigonometry. In current notation, i denoting* VY—1, Cotes’ 
formula’ is id = log, (cos @ + isin ¢). DeMoivre’s theorem 
(1730), cos n@ + isin 2d = (cos $6 + isin 6)* [=e], 2 an 
integer > 0, is an immediate formal consequence. Euler (1743, 
1748) extended the last to any m; he also gave the exponential 


hte yh of Y=1" is hard, It also suggests that mathe- 
ti 
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forms of sin }, cos ¢—evident from Cotes’ result. Thus, by 1750 
trigonometry had become a province of analysis, and all that 
remained was to derive the analytic formulas with due attention 
to convergence and to create a self-consistent theory of complex 
numbers. The first desideratum was met in the third decade of 
the nineteenth century, by Cauchy; the second, in the last decade 
of the eighteenth century, by Wessel. So, after about a thou- 
sand years of meaningless mystery, the so-called ‘imaginary’ 
numbers were incorporated into unmystical mathematics. 
Before proceeding to Wessel and his successors, we recall twe 
noteworthy steps toward what has just been described, n 
Bernoulli observed the connection between inverse tangents and 
natural logarithms. This was in Cotes’ directio en more 
significant was the long stride toward a geometriggNinterpreta- 
tion of complex numbers taken in 1673 by J. Weis (1616-1703, 
English), an original mathematician and at ime a fashion- 
able preacher. Wallis missed by a hairsb h the usual geo- 
metrical interpretation of complex numpé “But in mathematics 
a hair may be as thick as a ship’s cab! d Wallis is not usually 
credited with Wessel’s invention. In-effect, Wallis represented 
the complex number x + iy by the point (+, y) in the plane of 
Cartesian coordinates; what issed was the use of the y-axis 
as the axis of imaginaries. 
It remained for a egian surveyor, C. Wesscl* (1745— 
1818), to take the tep and produce a consistent, useful 
interpretation of ke numbers in 1797, He modestly called 


his completely sful effort “an Attempt.” It fully explained 
what is custo misnamed the Argand diagram in texts, and 
mapped th: ‘mal algebra of complex numbers on properties of 


the diagram J. R. Argand (1768-1822, French) independently 
arrived.at similar conclusions in 1806. 
eV’s decisive contribution suffered the misfortune of 
published (1799) in a scholarly journal that mathemati- 
cians were not likely to read. A French translation in 1897, 
exactly one hundred years after Wessel had communicated his 
paper to the Royal Danish Academy, secured its author what- 
ever reward there may be in posthumous fame. Thus a work 
that could have hastened the development of the number system 
might as well never have been written for all the influence it 
had; and it remained for the great authority of Gauss (1831) 
to get complex numbers accepted as respectable members of 
mathematical society. 
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Two possible generalizations were suggested by Wessel’s 
interpretation. The geometry of complex numbers was obviously 
translatable into a description of rotations and dilatations in a 
plane. Were further extensions of the number system possible by 
which rotations in space of three dimensions could be described? 
Or were the complex numbers themselves adequate for the 
purpose? The answer to the first was to be affirmative, to the 
second, negative; but this could scarcely have been predicted 
in 1799 when Wessel’s interpretation was published. 

The geometrical approach was not the ‘natural’ way to the 
heart of the problem, although W. R. Hamilton, O05 1865, 
Irish) was to follow it successfully. But Hamilton, @vi 1 be seen, 
rested content with an algebra adapted to page three dimen- 
sions. In mathematics, however, three is no n acred than any 
other cardinal number, and the real peoplem was to extend 
complex numbers to ‘space’ of 1 dime Se 


The E wcidegeSPoeram 


Gauss took as the nba is doctor’s dissertation (1799) 
a proof of the fundamen eorem of algebra: an algebraic 
equation has a root of t rm a +- bi, a, b real. (For the precise 
statement of the thearet , we refer to any text on the theory of 
equations. The for ig statement, like others in this account, 
is intended me: ‘o recall the theorem.) After Girard’s con- 
jecture, thereyhad been attempts at proof, including essays by 
D’Alembe 6) and Euler (1749). All were faulty, as were the 
first and eh attempts (1799) by Gauss.’ It may be stated in 
passin, at ‘the fundamental theorem in its classic form, as 
proyed'in the theory of functions of a complex variable, is no 
one regarded as belonging to algebra. It is supplanted in 


rn algebra by a statement which is almost a triviality.s The 

asic ideas of the modern treatment go back to Galois (1811- 
1832), Dedekind (1831-1916), and Kronecker (1823-1891), not 
to Gauss. 

This first serious work of the greatest mathematician since 
Newton convinced him that a satisfactory theory of complex 
numbers had yet to be created. Unaware of Wessel’s work, Gauss 
himself arrived at a geometrical representation.? But the mat 
who gave it as his mature opinion that “Mathematics is the 
Queen of the Sciences, and Arithmetic the Queen of Mathe- 
matics,” could not be satisfied with a helpful but irrelevant 


EXTENSIONS OF NUMBER 179 


geometrical picture of what, he believed, was purely a question 
of number. By 1811, Gauss had convinced himself that a 
‘formal’ treatment alone could provide a sound theory of com- 
plex numbers; and he came within an ace of committing himself 
to the mysterious principle of permanence which was to guide 
others to the desired end about a quarter of a century later. But 
jn 1825 he confessed that “the true metaphysics of V=1” was 
elusive. 

By a formal treatment, Gauss meant the deduction ofttie 
properties of complex numbers from the accepted post s of 
common arithmetic. He sought proofs in the manner clid 
from definitions and explicit assumptions. We shaleigira later 
to the principle of permanence. \ 

What Gauss regarded as “the true meta {Qe of complex 
numbers was invented by him in 1831, six efore Hamilton 
communicated his independent discover, the same method 
to the Royal Irish Academy. ‘The ae etaphysics’ banished 


geometric intuition entirely, defini + bi, a, b real, as the 
number-couple (a4, 6) subjected st postulates necessary and 
sufficient to yield the desired rties of complex numbers as 
given by algebraic manigglations. For example, equality 
(a, b) = (c, d) is defined 40 ean a = c, b = d; addition, 
SB) +64, 

by definition, is h c, b +d); multiplication, (4, 6) X (c, d) 
is (ac — bd, ad. ic). The mysterious i has vanished, and the 
algebra of c ex numbers is replaced by what De Morgan. 
and other: ed a “double algebra” of couples of real numbers 
a,b, obs . subject only to the accepted laws of arithmetic 
and thon algebra, asa -+b = b+ 4, ab = ba, 


.e) a(b +c) = ab + ac, ete. 


The occasion for Gauss’ disclosing his anticipation of Hamil- 
ton’s method was a letter of 1837 from his old university friend 
W. Bolyai (1775-1856, Hungarian) in which Bolyai reproached 
Gauss for having propagated a geometrical theory of complex 
numbers. Bolyai argued that geometry has no place in the 
foundations of arithmetic, and that complex numbers should 
be referred to the real numbers whose arithmetic was assumed 
to be known. Gauss replied that he was of exactly the same 
opinion and that, in 1831, he had done what Bolyai demanded. 
He remained of this opinion, and only five years before his death 
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emphasized that the “abstract,” postulational method is th, 
P. po: ie 


desirable approach to complex numbers. This method is now 
fairly common in texts on college algebra. 

Anyone seeing the algebra or arithmetic of number-couples 
for the first time might be pardoned for thinking it a sly subter- 
fuge, or at best a beating of the imaginary devil round a sup- 
posedly real bush. Familiarity corrects misapprehension; and 
when the suggestive notation (a, 5) for couples is extended to 
triples (a, 6, c), and beyond, to sets of # ordered real bers or 
elements of a field, with appropriately defined law; addition 
and multiplication, the creative power of Hag simple 


invention becomes evident. Multiple algebra, Mi innumer~ 


able applications to the sciences, was alr in sight when 
Hamilton replaced a + bi by (a, b). He héx elf elaborated the 
algebra and geometry of abe nears (a, b, c, d) in his 
quaternions; Grassmann almost sim@ftaneously took a more 

general point of view and created ePalecbra of number-n-ples, 

(a1, a2, . » « 4x). We shall re WME this in a later chapter; for 

the moment, we follow the eeouaices of the resumption of 

the Euclidean methodology,By Gauss and Hamilton. After about 
twenty-three centuries ightless wandering, arithmeticians 
and algebraists opened ¢htir eyes and saw what Euclid had done: 

definitions, postulagé®y deduction, theorems. They then took a 

long stride ahead. 

It may hay&been clear to Euclid that his geometry was that 
of a postul are ideal universe having no necessary connection 
with an ii ively perceived ‘real world’ of common experience; 
but if s did not convey the full import of his philosophy to 
his ssors. Euclid’s geometry, or any other mathematical 
syst constructed on the deductive pattern, is now almost 

Qihersally regarded as a free and arbitrary creation of the 
©) athematician constructing the system, whether the initial 

impulse came from experiences of the material world sublimated 
into abstractions, or whether it originated in formal extensions of 
algebraic symbolism, as in the passage from number-couples to 
ordered sets of m real numbers. The philosophy behind the 
Euclidean program as now conceived is analytic. 

It seems singularly appropriate that the conception of alge- 
bra as pure formalism should have first appeared in that country 
which above all others has revered Euclid. It was an Englishman, 
G, Peacock (1791-1858), at one time Lowndean professor in 
Cambridge University, later a Dean of Ely, who first! (1834, 
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1845) perceived common algebra’! as an abstract hypothetico- 
deductive science of the Euclidean pattern. 

Peacock was not an ‘important’ mathematician in the ac- 
cepted sense of wide reputation; so possibly the following is a 
just estimate of his place in mathematics: ““He was one of the 
prime movers in all mathematical reforms in England during the 
first half of the 19th century, although contributing no original 
work of particular value.’? He was merely one of the first to 
revolutionize the whole conception of algebra and general 
arithmetic. NY 

The Euclidean program advocated by Peacock was de; 
by the British school, notably by D. F. Gregory (1 
Scotch), and A. De Morgan; but it did not become widely known 
until H. Hankel (1839-1873) in 1867 expounded an.with insight 
and massive German thoroughness. Hankel reformulated 
the principle of permanence of formal op ons, which had 
been stated in less comprehensive term Peacock: “Equal 
expressions couched in the general terms 6f universal arithmetic 
are to remain equal if the letters <ey 0 denote simple ‘quan- 
tities,’ and hence also if the inte: ‘ation of the operations is 
altered.” For example, ab = age remain valid when a, b are 
complex. 

Itis difficult to see wh: aS principle means, or what possible 
value it could have eve a heuristic guide. If taken at what 


appears to be its fagerfati, it would seem to forbid ab = —ba, 
iv 


one of the most su e breaches of elementary mathematical 
etiquette cee pt as every student of physics knows from 


his vector an . As a parting tribute to the discredited prin- 
ciple of per, nce, we note that since2 X 3 = 3 X 2, it follows 
at once the principle that Vi x Wa VB x V2. But 
ssh for proving such simple statements as the last was 


one, e spurs that induced Dedekind in the 1870’s to create 
eory of the real number system. According to that peerless 
extender of the natural numbers, “Whatever is provable, should 
not be believed in science without proof.” 

The device of number-couples, invented to exorcise the 
imaginary and reduce the theory of complex numbers to that of 
pairs of real numbers, also banished rational fractions and 
negative numbers. Thus, for negatives, —n is replaced by 
{m, m +n], where m is an arbitrary positive number; zero is 
[m, m], and x is [m -+ n, mJ. As the details are available in stand- 
ard texts, we pass on. The last and most difficult step in reducing 
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all ‘number’ to the natural numbers 1, 2,3, . . . concerned the 
real irrationals. This arithmetized analysis. 

Between the final step and the formalizing of algebra and 
arithmetic by Peacock, De Morgan, Hamilton, and others, the 
natural numbers were vastly extended in another direction, that 
of algebraic numbers, beginning with Gauss in 1831 and continu- 
ing into the twentieth century. Concurrently, the generalizations 
of number-couples to multiple algebra were developed. Another 
type of arithmetization, originating in 1801 in the work@PGauss 
and reaching one of its climaxes in Kronecker’s werkt 1882-7, 
incidentally provided another means of reducing numbers to 
the natural numbers. This will be described inthe following 
chapter. c.¥ 

The Euclidean program, which woul, a{@mately reduce all 
mathematics to a pure formalism, a, pponents as well as 


its partisans in the nineteenth cent s it has had since. To 
illustrate the ironies of prophecy, wetecall the vigorous attack 
delivered in 1882 by a disting d analyst, P. du Bois-Rey- 
mond (1831-1889, German), \Whose penetrating researches 
contributed much to the pragtéss of analysis in its second heroic 
age—that of Newton a ibniz being the first—in the nine- 
teenth century. The am of formalism, du Bois-Reymond 
declared with con ie passion, would replace mathematics 
by “‘a mere pl h symbols, in which arbitrary meanings 
would be att: io to the signs as if they were the pieces on a 
ying cards.” He went on to prophesy that such 
” outcome would fritter out in barren efforts and 

be the of mathematics as Gauss had pictured the Queen 

of the Gdiences. Since 1920, mathematics for one highly produc~ 

tiv! “<thool has become exactly what the prophet feared it might. 

Aire who cali themselves formalists revel in their endless game 


chessboard 


chess and exult that it has no meaning whatever beyond the 
rules of the game. Ultimate realities and eternal truths, at least 
in mathematics and science, suffered an eclipse in the twentieth 
century. 

Thus has ended one quest after the meaning of number; and 
this conclusion, disconcerting to some, was reached by following 
the same road that Euclid took. It was D. Hilbert’s (1862-1943, 
German) close scrutiny of the postulates of elementary geometry, 
in an endeavor to put a solid foundation under that venerable if 
somewhat palsied science, that led him to a similar inspection © 
the bases of common arithmetic. Addressing the second intet- 
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national congress of mathematicians in 1900, Hilbert observed! 
that the noncontradiction of the postulates of geometry is dem- 
onstrated by constructing a suitable domain of numbers such 
that, to the geometrical postulates, there correspond analogous 
relations between the numbers of the domain. Consequently, any 
contradiction in the conclusions drawn from the geometrical 
postulates would necessarily be recognizable in the arithmetic 
of the domain. Thus the self-consistency (noncontradiction) of 
the postulates of geometry is referred to the self-consistencyof 
the postulates of arithmetic. Consequently Hilbert emphaabed 


as one of the outstanding unsolved problems of mathe 
1900 the proof that, by proceeding from the postula arith- 
metic, it is impossible to reach contradictory result means of 
a finite number of logical deductions. The probl as still open 
in 1945, Attempts to solve this seemingly mtary problem 
were in part responsible for the formalis hess-playing— 
school of mathematica! philosophy led b bert, the foremost 
mathematician of his generation. Xe) 

Enough has been said to indicate ‘the fundamental impor- 
tance of the natural numbers for all mathematics, not merely for 
arithmetic and its algebraic nsions, and to suggest that 
Euclid’s methodology is a! | in modern mathematics as it 
was in ancient. It will be well before proceeding to further 
extensions of number ojease up the account of Pythagoras with 
mathematics thus 


@ Pythagoras to 1900 


Glancing Bat over the confused effort to incorporate imagi- 
naries with e reals in one self-consistent number system, we 
note thg-@urious fluctuations in mathematical creed accompany~ 
ing Seruggle. The abrupt check experienced by the Pytha- 
3 in their encounter with irrationals practically abolished 
suration in orthodox Greek mathematics, and the investiga- 
tion of number independently of its geometrical representation 
all but ceased, Euclid’s summary of arithmetica being a partial 
exception, The academic Greek mathematicians were at ease 
with number only when it was geometrized into ‘magnitude’— 
a vague concept whose tenability they seem never to have 
questioned. Thus number was supposed to be apprehensible 
through form, the opposite of what the Pythagoreans first held 
and of what a majority of mathematicians have believed since 


Descartes. 
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The diagrams of Wessel and Argand were an unseasonable 
reversion to pre-Cartesian mathematics. Exactly nothing is 
provable by the geometrical representation of complex numbers 
unless it be assumed that the underlying geometry is founded 
consistently. Gauss also, we have seen, at first sought to ‘justify’ 
imaginaries geometrically, but later decided that this was a 
mistake. In all these earlier developments, geometry was ac- 
cepted without question as the irreversible court of last appeal. 
But with increasing sophistication, it was perceiv hat the 
geometrical justification is merely disguised arithmetic, real 
numbers entering with the coordinates of a poi e plane of 
complex numbers. The geometrical interpretatt6n is thus left 
without a foundation until the real num! a ten is firmly 
based in self-consistency. Going deeper, Hilbert in 1899 resumed 
the Pythagorean program for all geenjetry, referring form to 
pumber and demanding a proof of ‘ontradiction for the real 
number system, or even for its s So of rational integers. 

Hamilton also was a Pytha¥o¥ean in his escape from yeom- 
etry into number-couples. RY ‘as the more suggestive method 


for future extensions to hyp&fcomplex numbers. But he was less 
critical than Hilbert, in@hat he took the self-consistency of the 
real number system férgranted. 

The modern auadek, as in abstract algebra, attempts to strip 
Hamilton’s number-couples (a, b) of all arithmetical connota- 
tions by postal that the ‘coordinates’ a, b are defined by the 
postulates abstract field. The last vestige of number as the 
Pythago 's conceived it has been sublimated from the ‘mean- 
ingless @@arks’ a, b and their equally ‘meaningless rules of com- 
binatich,’ But the problem of proving that the rules will never 
Pp: ce a contradiction is not eliminated by manipulating a set 
postulates which, by assumption, completely define the 
ce) athematical system deducible from them. 

n escaping from form to number, and back from number to 
form, thence again to number, and finally into complete ab- 
straction, mathematicians from Pythagoras to Hilbert have 
sought to validate their creations by deductive reasoning. 
H Hilbert was the first to recognize the futility of such vacillation 
until deductive reasoning as applied in all mathematics should 
d itself be shown to be incapable of producing contradictions. This 
put the whole Pythagorean program on trial; for the cardinal 
hypothesis of the Pythagoreans assumed that number and form 
may be consistently described by deductive reasoning. The final 
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question, then, is, How far can mathematical deduction be 
trusted if it is not to produce contradictions such as ‘4 is equal 
to B, and A is not equal to B’? This is debated in the symbolic 
language of reasoning foreseen by Leibniz. Some of the conclu- 
sions will be noted in the last chapter. 

For the moment it is sufficient to observe that the ability 
of modern mathematics to discuss such questions profitably is 
one of its titles to superiority in power over its predecessors. 
And, whatever the outcome is to be, the admitted utility, of 
complex numbers, whether conceived as affixes of points i 
plane or as number-couples, in both pure and applied 3e- 
matics, will doubtless remain substantially unaffected, © 


CHAPTER 9 


Toward Mathematical Structure 
1801-1910 RN 


‘Three new approaches to number, i: I and in the 1830’s, 
were to hint at the general concep ofetematia structure 
and reveal unsuspected horizons j fe whole of mathematics. 
That of 1801 was the concept of c uence, introduced by Gauss 
in what many consider his magieslece, the Diszuisitiones arith- 
meticae, published when its or was twenty-four. To this and 
the revolutionary vosk 830-2) of E. Galois (1811-1832, 
French) in the theory ef algebraic equations can be traced the 


partial execution of eronscees’s (1823-1891, German) revolu- 
tionary program m fe 1880’s for basing all mathematics on the 


natural numbe' 

The sa copes are one origin of the modern abstract 
developmeit algebraic and geometric theories, in which the 
structur mathematical systems! is the subject of investiga- 
tion, it is sought to obtain the interrelations of the mathe- 
mati¢al objects concerned with a minimum of calculation. 
“Sty cture’ may be thought of for the present in any of its intui- 

ive meanings; it was precisely defined in 1910 by the 
mathematical logicians. It might be compared to morphology 
and comparative anatomy. We shall approach mathematical 
structure through the union effected in the nineteenth century 
between algebra and arithmetic. 


Abstraction and the recent period 


From the standpoint of mathematics as a whole, the method- 
ology of deliberate generalization and abstraction, culminating 
in the twentieth century in a rapidly growing mathematics of 
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structure, is doubtless the most significant contribution of all 
the successive attempts to extend the number concept. But at 
every stage of the progression from the natural numbers 1, 2, 
3, ..» to other types of numbers, each of several fields of 
mathematics adjacent to arithmetic was broadened and enriched. 

New acquisitions in other ficlds reacted reciprocally on 
arithmetic. For example, the first satisfactory theory of ordinary 
complex numbers to become widely known was that of Gauss 
(1831), devised to provide a concise solution for a special proble 
in diophantine analysis: If p, g are primes, what conditions . 
?, q satisly in order that at least one of the e rey 
x = gy +p, 24 = pw +4, shall be solvable in intege: bey 
w? The theory of complex numbers necessitated a 
sion and generalization of the concept of arithmeti 
which in turn suggested a reformulation of certéi? parts (inter- 
sections of varicties) of algebraic geometry\The latter in its 
turn was partly responsible for further gel 
systems) in the algebraic arithmeti 
of the twentieth century. 

The like may be observed ‘creation of the numerous 
vector algebras invented durin; after the 1840’s for applica- 
tion to the physical sciences. “Phe first of these evolved directly 
from the vectorial interpretation of ordinary complex numbers. 
The extension in the 1840% of vector algebra in a plane to space 
of more than two dim‘ ng was one origin of the hypercomplex 
number systems of Algebra, and these again supplied arithmetic 
with new species,éPintegers. The development of the correspond- 
ing arithmeti y turn reacted, particularly in the twentieth 
century, she algebra in which it had originated. It would 
seem to correct, therefore, to say that any one division of 
mathextatics was alone responsible for the steady progression 
sineeCD800 from the special and detailed to the abstract and 
genoa. The forward movement was universal, and cach major 
advance in one department induced progress in others. 

In following this development, one misapprehension above all 
others that might be possible is to be particularly guarded 
against. Those who are not mathematicians by trade are some- 
times inclined to confuse generality with vagueness, and abstrac- 
tion with emptiness. The exact opposite is the case in the 
mathematical generalizations and abstractions with which we 
shall be concerned here. Each, on appropriate and definitely 
prescribed specialization, yielded the specific instances from 


ithmetical algebra— 


188 THE DEVELOPMENT OF MATHEMATICS 


which it had evolved. The theory of hypercomplex numbers, for 
example, contains as a mere detail that of ordinary complex 
numbers; and once the general theory of hypercomplex number 
systems has been elaborated, the special theory of ordinary 
complex numbers follows automatically. Moreover, each gen- 
eralization gives in addition a whole universe of mathematical 
facts distinct from those in the special instances from which the 
generalization proceeded. 

It was remarked in the Prospectus that the separatigh of all 
mathematical history into a remote period, to 1637),a° middle, 
1638-1801, and a recent, 1801-, distinguishes threeGvell-marked 
epochs in the development of mathematics. Fol ne the rapid 
growth of arithmetic and algebra, we shall in the passage 
from the middle period to the recent there profound change 
in the quality of mathematical though Sis objectives. This 
change is most simply observed, perh, in the evolution of the 
number concept. It is the item of est interest to be noticed 
in this chapter and the following.)Geometry might have been 
considered instead of arithmetic exhibit the same change. But 
as the transformed ea wa arithmetic played important 


parts in the expansion ometry, it seems more natural to 
consider them first. It%8*to be borne in mind, however, that 
while arithmetic an: bra were being transformed into shapes 
the mathemati ig@ f the eighteenth century would not have 
recognized as A matics, geometry and analysis were under- 
going corresphoing transformations, 
O Prospect 
The abstract approach of the 1830's to algebra parallels 
th epochal advance in geometry made simultaneously with the 
ication in 1829 of N. 1. Lobachewsky’s (1793-1856, Russian) 
n-Euclidean geometry. This also stems from 1800 or earlier 
in the preparatory work of Gauss and others. As this properly 
belongs to geometry, it will be discussed in that connection. The 
relevant detail here is that geometers and algebraists perceived 
almost simultaneously that mathematical systems are not 
supernaturally imposed on human beings from without, but are 
free creations of imaginative mathematicians. Lobachewsky’s 
new geometry was the earliest mathematical system to be 
recognized as such a free creation. It provided the first proo: 
of the complete independence of a particular postulate (Euclid’s 
postulate of parallels) in a system which tradition and common 
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sense had agreed must contain that postulate. The significance 
of this radical step in methodology was only slowly appreciated; 
and it would seem that the almost simultaneous advance of 
algebra and arithmetic in a parallel direction was more directly 
responsible than geometry for the modern abstract view of 
mathematics. 

The explicit recognition, by the British schoo! in the 1830's, 
of common algebra as a purely formal mathematical system 
shortly led to a revolution in arithmetic and algebra of signifi, 
cance comparable to that precipitated by non-Eucli an 
geometry. < 

Hamilton’s rejection (1843) of the commutative ‘I ostu- 
late) of multiplication, in his invention of quaterigah 
the gates to a flood of algebras, in which one after. her of the 
supposedly immutable ‘laws’ of rational arithm’ and common 
algebra was either modified or discarded outs as too restric~ 
tive. By 1850 it was clear to a majority ative mathemati- 
cians that none of the postulates of ¢ n algebra, which up 
to 1843 had been thought necessary OP" the self-consistency of 
symbolic reasoning, was any more essity for a noncontradic- 
tory algebra than is Euclid’s pata lel postulate for a self-con- 
sistent clementary geometry. the astonishment of some, it 
was found that the modified algebras, such as Hamilton’s 
quaternions, were adaptalileé'to mechanics, geometry, and mathe- 
matical physics. The' 2x4 hand of authoritative tradition had 
been brushed asidepmathematics was free. As G. Cantor (1845- 
1918, Germany),@rie of the boldest extenders of the number 
concept, was te about three-quarters of a century later, “the 
essence of mathematics is its freedom.” No mathematician, not 
even Gauss could have conceived such a thought in 1801. The 
accom. hed facts of the revolutions in geometry and algebra of 
th 's and 1840’s made freedom conceivable. 


From supernaturalism to naturalism 


‘The change during the ninetcenth century from what may be 
called Platonic supernaturalism to modern naturalism in mathe- 
matics is reflected in three aphorisms, the first of which may 
have expressed the Greek reverence for synthetic geometry; the 
second, the early nineteenth-century worship of arithmetic and 
analysis; and the third, the final admission that mathematics is 
made by men. The second and third, following the example of 
the first, were phrased in classic Greek. 
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Plato is said to have asserted that “God ever geometrizes”; 
C. G. J. Jacobi (1804-1851, German), a great arithmetician and 
analyst, declared that “God ever arithmetizes”; while J. W. R. 
Dedekind (1831-1916, German), first and last an arithmetician, 
wrote as the motto for his famous essay on the nature of number 
(Was sind und was sollen die Zahlen?, 1888), “Man ever 
arithmetizes.” 

A proposition less open to objection than the last today 
would be “Man attempted to arithmetize during the se€dnd half 
of the nineteenth century, and came to grief so doing*sarly in the 
twentieth.” Although this is less elegant than t! ‘ginal, it is 
closer to historical fact. Nevertheless, man’s falls ‘as yet tocom- 
plete the Pythagorean program of arithmetigitg mathematics 
and the universe has been, and is, a potent%timulant to the con- 
tinual creation of new and interesting eful mathematics. 

During the nineteenth century physical sciences were 
given to solving the universe by di ing itin vast generaliza~ 
tions distilled from inadequates@aba. So powerful were some of 
these solvents that they dissolyé@themsclves. Having learned by 
disconcerting expericnce thatthe universe is not to be solved 
between breakfast and | » the physical sciences took a more 
modest view of their furtetion, and in the early twentieth century, 
after critical intros on, contented themselves with consistent 
descriptions in Mt le to instructed human beings. Universe- 

in f fashion temporarily about the time of the 


solving went 
first world we 
cog ics in the meantime was experiencing similar diffi- 


culties irPitS abortive struggle to comprehend its own vast empire 
in thes -inclusive generalization of Pythagoras. What is to be 
theSGutcome is not yet predictable. But two things may be 
eBonably conjectured. 
.©) The Pythagorean project of deriving all mathematics from 
number will continue for many years to suggest new accessions 
to mathematics, and it will remain essentially as the Pythag- 
oreans imagined it in their unmystical moments. If form, for 
example, is to be better described by our successors in terms of 
something other than number, we have no inkling at present of 
what that something may be, unless it be symbolic logic or 
analysis situs, themselves in partial process of arithmetization- 
We may also conjecture that mathematics, like the physical 
sciences, will take a less inflated view of itself as a result of its 
critical self-analysis. There will be less mysticism in the mathe- 
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matics of the future than there has been in that of the past, and 
fewer grandiose claims to immortality and eternal truth. Mathe- 
matics will become less self-conscious, less introspectively 
critical, and more boldly creative. It will resign its soul to the 
metaphysicians for such tortures as they may choose to inflict, 
feeling nothing; for it will continue to serve with its living body 
the purposes of the men who create it to meet human needs 
rather than to be the plaything of sterile philosophies. The 
very implements of torture—symbolic logic, for example—w, 
devised in mathematics itself as by-products of more immedi- 
ately useful inventions. < 

It is the latter that are of vital significance in a Scientific 
civilization; the by-products too often carry with t! em ‘the cold 
smell of a mildewed scholasticism. The spirit e Middle 
Ages, which the successors of Galileo and J ton imagined 
they had laid forever in science, stirs agai the twentieth- 
century disputes concerning the nature a eaning of number. 
Ignoring these for the present, we sh, ntinue with the more 
profitable arithmetic of 1801 which, “century later, was to 
deliquesce in metaphysics. But histery will compel us to return 
to these disputes. Our attitudega ‘what follows will be that of 
Moliére’s despised “average sensual man,” who seeks through 
science merely to make life less barbarous for himself and his 
fellows, and who is content to leave what professed humanists 
call “the really ifatpt ‘tant questions” to God and the 
philosophers. 


ongruence from 1801 to 1887 


‘Congr £3; like ‘analysis,’ ‘formal,’ ‘ideal,’ ‘functional,’ 
‘analytic, orcas? ‘conjugate,’ ‘modulus,’ ‘integral,’ and a 
dozen. ers, is one of those overworked technical terms in 
math@matics which appear to have been invented to confuse the 
whinitiated by a multitude of meanings having no connection 
with one another. Congruences in higher geometry, as in con- 
gruences of lines or circles, are unrelated to congruence in 
elementary geometry, as in congruent triangles; and congruence 
in arithmetic, with which we are concerned here, has nothing in 
common with congruence elsewhere. Nor are the ideal elements 
of projective geometry significantly connected with ideals as in 
arithmetic and algebra. 

Gauss in 1801 defined two rational integers a, b to be con- 
gruent with respect to the rational integer modulus m if, and only 
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if, a, b leave the same remainder on division by m; and he 
expressed this by writing @ = mod m, Otherwise stated, if 
a =b mod m, then a — 6 (or 6 — a) is a multiple of m, and 
conversely; and « = 0 mod m asserts that x is exactly divisible 
by m. 

This simple but profound invention is one of the finest illus- 
trations of Laplace’s remark that a well-devised notation is 
sometimes half the battle in mathematics. Writing ‘x is divisible 
by m’ as x = 0 mod m at once suggested to Gauss extremely 
fruitful analogies between algebraic equations and a: ened 
divisibility. The last is one of the central and mosté sive con- 
cepts of all arithmetic. It is not this technical @Spect of con- 
gruence, however, that is of primary im ehtance for our 
immediate purpose, but another, of far deep: ‘Brtificance, which 


was perceived only by the successors uss. If Gauss did 
foresee this, he seems to have left no r of the fact. 

To bring out the point, of the fir portance for an under- 
standing of modern mathematica ght, we must return fora 


moment to a hypothetical pre! ry, long before Pythagoras 
and even prior to Sargon. Abstraction, to judge by the behavior 
of contemporary primitives\ is not by any means ‘natural’ to 


Rousseau’s carefree savage. Numbers first were nouns as con- 
crete as father and er, an early instance, perhaps, of ‘one,’ 
ean 
two. 


No trace surfers of the actual passage from concreteness to 

abstractness, has ‘two’ was realized as applicable to a couple of 
parents, a and a stone, or any other of its innumerable 
manifest, s; and we can only imagine the dismay of human 
bein, oy en they were first overwhelmed by the appalling 
revi on that the natural numbers have no end. Traces of the 
ai pt to cope with that first deluge of knowledge survive in 
the symbolism, meaningless to us, of number mysticism. Sym- 

Qpathetically viewed, all that prehistoric nonsense was the 
outcome of men’s first groping efforts to regiment the generative 
freedom, ‘n into x + 1,’ of the numbers in the unending sequence 
1, 2,3,..., 2, 2+1,.... If only some finite restraint 
could dominate the endless generations of numbers, they would 
be less terrifying. 

It must have given the mind that first perceived that ‘odd’ 
and ‘even’ suffice to comprehend all the natural numbers a sense 
of almost supernatural power. The endless sequence after all 
was no more mysterious than humanity itself, which could be 
subsumed under ‘male’ and ‘female.’ Accordingly, the mathe 
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matically useful separation of the natural numbers into only 
two classes was made more concretely satisfying to the primitive 
mind by calling odd numbers male and even numbers female. 
Arithmetic and numerology thereafter flourished together in 
happy and fruitful symbiosis. But however nonsensical the 
numerological fruits of that early union may now appear, its 
occasion was the urge to comprehend an infinite totality in finite 
terms, and hence to bring the infinite within the grasp of a finite 
syntax. “CN 

Gaussian congruence has proved the most fruitful Hel 
classifications of the rational integers 0, +1, +2, +3, Qinito 


a finite number of classes, as may be appreciated on. ifpecing 


any elementary text on the theory of numbers. it Gauss 
could not have foreseen was that his invention lapping one 
assemblage, finite or infinite, of individua’ SS another, by 
classifying the individuals in the first set with’ respect to some 
relation having the abstract properties 6f>reflexiveness, sym- 
metry, and transitivity, shared by ation of congruence, 
was to become a guiding principle ¢ structure of algebraic 
theories. With the gradual evol of this and similar ideas, 
mathematics transcended the¢ agorean dream and, as in 
the theories of groups, ficl int sets, symbolic logic, etc., 
escaped from the “he are 3 into a domain where number 


is irrelevant and the ture of relations is the subject of 
investigation, 


The concepts tioned above being fundamental! in modern 
mathematics, wi Il recall their definitions. A relation, denoted 
by ~, is sai be binary with respect to the members a, , 


en class of things (which need not be ‘numbers’ 
a~b is either true or false for any a, b in the 
~ a for every a in the class, ~ is reflexive; if a ~ 5 
i b ~ a, ~ is symmetric; and finally, if @~b andb~e 
together imply a ~ c, ~ is transitive. A relation such as ~ is 
called an ‘equivalence relation’ for the given class. Equality, =, 
is a simple instance of ~. If m, a,b,c, . » - are rational integers, 
and m #0, and if a ~b is interpreted as 4 = mod m, it is 
easily verified that this Gaussian congruence is an equivalence 
relation. Further, congruence is preserved under addition and 
multiplication: if « = a mod m, y =) mod m, then x+y = 
a+b mod m, and xy = ab mod m. P 
Any equivalence relation separates its class, whether finite 
or infinite, into subclasses, all those members, and only those, 
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of the whole class that are equivalent to a particular member 
(and hence by transitivity to one another) being included in a 
particular subclass. Any member of a subclass may be taken as 
representing the entire subclass. Congruence with respect to the 
positive integer modulus m separates all the rational integers 
into precisely m classes, whose representatives may be taken as 
0, 1,2,..., m—1. Congruence is a typical example, and 
historically the first, of the modern methodology of mapping an 
infinite totality on a comprehensible finite set. The ee of 
arithmetical congruence as developed by Gauss a iS succes- 
sors belongs to the higher arithmetic, and will bi ted in that 
connection. Our present interest in congrucncgigin yet another 
direction, of deeper significance than the gate applications 
to arithmetic for mathematical thought agy@ whole. 

In the preceding chapter we rosa Cauchy’ objections 
(1847) to the symbol i (=V-1D immediate extension of 
Gaussian congruence to congri between polynomials in 
one variable (more properly, ‘indevérminate’) « provided Cauchy 
with the escape into the illusory “reality” he so ardently desired. 
If 


7 2 
f, = 1a and M, = > Box, 
rao “ a0 
are polynomial Sh mz nand AoBy # 0, there is exactly one 
polynomial R egree Sn — 1, and exactly one polynomial 
Q, such 4 F = OM + R. Cauchy wrote the particular 
case of this ch By = Las acongruence, F = Rmod M, and 
imitatedythe Gaussian theory in his easy development of such 
con, mces for polynomials. 
r the particular modulus «* + 1(=M), Cauchy found that 
residues’ R had all the formal properties of complex numbers, 
is “x” taking the place of ‘i.’ He was thus enabled to construct 4 
wholly ‘real’ algebra abstractly identical with (having the same 
structure as) that of complex numbers. A moment’s reflection 
will show why his ingenious device succeeded. It offered an 
alternative to Hamilton’s number-couples. 

It seems rather surprising that Cauchy, having gone so far, 
should not have continued to the expulsion of negatives from his 
paradise of ‘real,’ ‘existent? numbers, for they surely are a8 
‘unreal’ and as ‘inexistent’ as i to the Pythagorean mind. Natu- 
rally enough, the Cauchy who in 1821 had given the first satis- 
factory definitions of limits and continuity in the calculus 
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noticed nothing demanding reform in 1847 in the continuum of 
real numbers with their non-denumerable infinity of irrationals. 
A thoroughgoing Pythagorean would have expelled the real 
jrrationals along with 7. 

Cauchy cxtended his invention to what he called algebraic 
keys; but, as these were very special instances* of some of the 
algebras? already implicit in the work (1844) of H. G. Grass- 
mann (1809-1877, German), they have rather missed fire. The 
prolific Cauchy passed on to new creations more conformable. 
his passion for analysis. His ingenious suggestion went unnoticed 
for forty years, when (1887) it reappeared, greatly amplige yin 
the arithmetical program of Kronecker.‘ > 

Here at last was the modern Pythagoras. Gay said to 
have ascribed an ‘external reality’ to ‘space’ and “time,’ while 
reserving for number the ideal purity of a ‘crea of the mind.’ 
Kronecker denied this philosophy, isting geometry and 
mechanics are expressible wholly in terms: relations between 
numbers, and by numbers he meant positive integers 1, 2, 
3, ... . Thus, for him, the continu: space’ and ‘time,’ fused 
in the concepts of kinematics, hagesnog only in terms of the 
ineradicable discontinuities RAY ese same God-given natural 
numbers. Continuity had no‘méaning; all was discrete. 

To show how his subyéPsive program might be carried out, 
Kronecker expelled ne; e numbers by means of congruences 
to the modulus j -, PAprecisely as Cauchy had banished imagi~ 
naries a + bi wit! Chis modulus i? + 1. Since only the natural 
numbers iar gb Kronecker, he exorcised rational fractions 


by a similar 4 ic, introducing (in effect) a new symbol, or 
‘indeterminate? for each objectionable fraction. To dissipate 
4, for exAmple, it sufficed to use congruences to the compound 
modi k -+ 37. An irrational, say + \V—2, could be dispensed 
wh a new indeterminate t and an additional modulus #* + 2. 
Arithmetic, algebra, and analysis began to grow somewhat 
complicated. But that was beside the point. 

In the work cited and in an extensive earlier memoir (1882), 
Kronecker outlined in some detail how the program of Pythag- 
oras could be realized in modern mathematics. Whether such a 
Project was worth doing is irrelevant. Kronecker was interested 
primarily in showing that the Pythagorean vision could be 
materialized. Provided that were once demonstrated, careless 
mortals presumably were to be permitted to use negatives and 
irrationals in the customary manner and in the usual notations, 
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on the understanding, however, that they admitted their work. 
able mathematics to be merely a convenient shorthand for the 
only true mathematics, that of Kronecker’s modular systems, 

Tt would be interesting to know what Gauss would have 
thought of this devastating outcome of his simple device of 
writing ‘x is divisible by m’ as x = 0 mod m, Eminent mathe- 
maticians have called it anything from anarchy to hocus-pocus. 
Kronecker, however, might have recompensed himself at the 
expense of the nineteenth-century analysts, had lived to 
participate in the debates of the twentieth centuryyen“the con- 
sistency of classical analysis. For few in the 1941 ould have 
written with the resolute conservatism of E. W, ‘Hobson (1856- 
1933, English) in 1921: <y 


Kronecker’s ideal . . . that every theorem! xnalysis shall be stated 
as a relation between positive integral numbe: + + + sdf it were possible 
to attain it, would amount to a reversal of ae ctual historical course which 
the science has pursued; for all actual Has has depended upon successive 
generalizations of the notion of numb though these generalizations are 
now regarded as ultimately depende; the whole number for their founda- 

agguinable advantages of the formal use in 
‘n of number could only be characterized 
ism. 


tion, The abandonment of the i: 
Analysis of the extensions of the: 
as a species of MathematicalyNil 


Apart from its Sterne, Kronecker’s effort left a 
useful residue, bie ory of modular systems. This provides an 
alternative aj Sich to algebraic numbers, Dedekind’s being 
that usually.foliowed. 

One ofthe elementary by-products of Kronecker’s algebra 
(1882) ided a rigorous theory of elimination for systems of 
pol tals in any number of variables. This rendered obsolete 
m: unsatisfactory attempts, particularly by algebraic geome- 

» to give sound proofs for the speciously simple formalism of 

.®) ich methods as grow out of J. J. Sylvester’s (1814-1897, 
English) of 1840, and E. Bézout’s (1730-1783, French) of 1764. 
The latter was also invented independently by L. Euler (1707- 
1783, Swiss). The usual textbook discussion is still in the spirit 
of 1764, although there are honorable exceptions. 

The same cynical fate awaited Kronecker’s reduction of all 
mathematics to the natural numbers that seems sooner or later 
to nullify all human attempts to solve the universe at one stroke. 
It does not appear to have occurred to him that the natural 
numbers themselves might some day be put on trial as he had 
tried all other numbers and found them wanting in meaning. 
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Any savage might have suggested such a possibility; but it 
remained for the mathematical logicians of the early twentieth 
century to demonstrate the possibility up to the hilt and beyond. 


A period of transition 


We must briefly indicate the involuntary participation of 
E. Galois (1811-1832, French) and N. H. Abel (1802-1829, 
Norwegian) in the development of Kronecker’s Pythagoreani 
Galois himself adhered to no such creed. Nor did Abel. 
was in the attempt to understand and elucidate the Galo; 
of equations, left (1832) by its young author in a rat 
mentary and unapproachable condition, that Kyengcker ac- 
quired some of his skill. Both Kronecker and D, ind, two of 
the founders (E. E. Kummer [1810-1893, German] being a 
third) of the theory of algebraic numbers, ore inspired partly 
by their scrutiny of the Galois theory to in their own revolu- 
tionary work in algebra and arithmetic; ‘Kronecker also began 
some of his researches in the arith ation of algebra with a 


profound study of abelian equa 

Galois and Abel mark ae of one modern approach 
to algebra. The transitio: om highly finished individual 
theorems to abstract a: idely inclusive theories is plainly 
evident in the algebra auss contrasted with that of Abel and 
Galois. The like is seein other fields, as will appear presently. 
This transition toglplace about 1830, contemporaneously with 
the abstract ice of the British algebraists. 


Younger Gauss by thirty-four years, and dying twenty- 
three year<™péfore him, Galois now, curiously enough, seems 
more ing@vtn than Gauss. A single example will suffice to sub- 
stantiat® the radical distinction between the two minds. 
<i occasion for Gauss’ making mathematics his lifework was 
hiSépectacular discovery at the age of nineteen concerning the 
construction of regular polygons by means of straightedge and 
compass alone. Gauss proved that such a construction is possible 
if, and only if, the polygon has sides where 7 is an integer 
of the form 2° pipe.» - Pr 5 Z 0,in which pi, po, . - « sPrarer 
different primes, each of the form a power of 2 plus 1, The alge- 
braic equivalent of this theorem, concerning binomial equations, 
is partly developed in the seventh and last section of the Dis- 
quisitiones arithmeticae. This particular work marks the end of 
its era in mathematical outlook. 


198 THE DEVELOPMENT OF MATHEMATICS 


Gauss terminated his investigations on the nature of the solu- 
tions of algebraic equations with the binomial equation 


a —1=0. 


Galois grasped and solved (1830) the general problem, prov- 
ing, among other things, necessary and sufficient conditions 
for the solution by radicals of any algebraic equation. Mathe- 
matics after Gauss, and partly during his own lifetime, became 
more general and more abstract than he conceived it, nterest 
in special problems sharply declined if there wa; 2 general 
problem including the special instances to be attagie ‘Or, what 
amounts to the same, mathematics after Gauss warned to the 
construction of inclusive theories and general thethods which, 
theoretically at least, implied the detailed ¢oltitions of infinities 
of special problems. In this sense Galoi Was more modern than 
Gauss. In the same sense, Gauss was | SNodern than Abel, his 
junior by a quarter of a century, w ¢ outlived by thirty-six 
years. Ne) 

The reasons in Abel’s cas & similar to those for Galois. 
The abelian equations in which Kronecker began his most 
individual work were namgdQfcr Abel; they are a generalization 
of the equations discussé# by Gauss in his problem of regular 
polygons. If it ever oectrred to Gauss that there was a generali- 
zation, he has fe ecord of any attempt to attack the more 
inclusive prob! eth) ‘onfronted with binomial equations, Abel 
immediately 4 through the special case to the abstract gen- 


erality be it, and elaborated the general theory. There is a 
similar cOmttast in the approaches of the two men to elliptic 
functi 

athe respects indicated by these comparisons, Gauss was 

to the eighteenth century than he is to the twentieth. His 

enian motto, “Few but ripe,” was doubtless responsible for 

he classic perfection of the masterpieces he published himself. 

But the very perfection, reminiscent of the Greeks at their most 

tigid, repelled younger and less patient workers to whom time 

was the essence of their contract with genius, and they sought 

smoother ways round the obstacles in their path. Though they 

spoke of the master with respect and unsuccessfully courted his 
approbation, they seldom followed in his footsteps. 


The liberation of algebra 


Algebra attained its first freedom in the 1830’s and 1840’s in 
the hypercomplex number systems of Hamilton and Grassmana- 
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These two liberators of algebra are among the nineteenth 
century’s major mathematical prophets. Both were richly gifted 
in many things besides mathematics. Hamilton at the age of 
thirteen was an accomplished classicist and a proficient linguist 
in the oriental as well as the European tongues; Grassmann 
was a profound scholar of Sanskrit. At twenty-seven Hamilton 
was famous as the result of his mathematical prediction of con- 
ical refraction, a deduction from his comprchensive theory of 
systems of rays in optics; and by thirty he had practically co: 
pleted his fundamental work in dynamics, an advance bey, 
Lagrange comparable to Lagrange’s beyond Euler. At the f 
thirty-eight (1843) he overcame the difficulty which had*pre- 
vented him from extending the algebra of coplanar ors toa 


theory of vectors and rotations in space of three sons. He 


discovered that the commutative law of mult ation is not 
necessary for a self-consistent algebra. The: er Hamilton’s 
scientific life was devoted to the labors Rw of his theory of 
quaternions, in the mistaken hope that new algebra would 
prove the most useful addition to matics after the dif- 
ferential and integral calculus. Sy; d 

Honors were showered on Hami ton; none fell on the less 
fortunate Grassmann. ow a particularly happy life. 
Hamilton was afflicted by stic troubles and personal weak- 
nesses; Grassmann Some hn his wife, and nine children 
by elementary teachi: rofession for which he was eminently 
unsuited, A steadfastly»pious man, Grassman trusted that if his 
contemporaries fajled to reward his signal merits, the Lord 
would. He nev: £05 plained of the torments he endured from the 
young sava: ie was meagerly paid to civilize. His avocations 
were his life—the Sanskrit classics, philosophy, phonetics, 
harmon, jlology, physics, theology, politics being among the 
exsegyenery miscellany. But with the possible exception of 
théology, Grassmann’s creation of “a new branch of mathe- 
matics”* in 1840-4 gave him the most abiding satisfaction. Here 
his inventive imagination and his perverse originality had free 
play. His theory of extension (Ausdehnungstehre), in which 
Hamilton’s quaternions are a potential detail, was first published 
in 1844, about a year after Hamilton had found the clue to his 
problem of rotations in the equations i# = 7? = k? = k= 1 
defining the quaternion units i, 7, %. 

It has often been observed that it is not healthful for a 
mathematician to be a philosopher. Whether or not this is a 
general theorem, it was certainly true in the unfortunate Grass- 
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mann’s case. Endowing his theory with the utmost generality it 
could support, he all but smothered it in philosophical abstrac. 
tions. This was one of the greater tragedies of mathematics, 
Gauss looked the Ausdehnungslehre over, and blessed it with his 
qualified approval. It was partly in the same directon, he said 
as he himself had taken almost half a century earlier. But it was 
too philosophical with its “peculiar terminology” even for 
Gauss, himself no inconsiderable amateur of philosophy. 

Gauss in the meantime had recorded his own incenendent 
discovery of Hamilton’s quaternions. In a brief abstfaet which 
he never published,® ascribed to the year 1819, G: “wrote out 
the fundamental equations of what he called mutations in space, 
essentially quaternions. . 

Grassmann continued his efforts to g: igye ‘ognition for his 
own incomparably more general theoryyBighteen years (1862) 
after the first publication of his boo QNne brought out a com- 
pletely revised, greatly amplified, somewhat less incom- 
prehensible version.’ But a mgpetiican who has once been 
seriously called a philosopher @hi t as well have been hanged 
for all the hearing he is like} get from his fellow technicians. 
The second edition alga the first into temporary oblivion. 
Grassmann abandoned wat ematics. The scope of his theory was 
perhaps not fully Baines until the twentieth century. As 


one implicit det Srassmann’s work included the algebra of 
the tensor cal that became widely known only after its 


application ( -16) in general relativity. . 
The cegtral difficulty that had blocked Hamilton in his 
attemp reate an algebra of vectors in space of three dimen- 


sion: the commutative law of multiplication. His own 
gr account of how he saw his way round the obstruction in 
age h of certainty after much fruitless work being readily acces- 
ble, we need not repeat it here. But it is well worth thoughtful 
consideration by all students, especially by those who imagine 
that mathematical inventions fall into people’s laps from 
heaven, 

Before Hamilton succeeded, able men had failed to find the 
clue to a consistent algebra of rotations and vectors in space. 
For one, A. F, Mobius (1790-1868, German), who in 1823 had 
been a pupil’ of Gauss, took a considerable step toward the 
desired algebra of four fundamental units in his barycentnic 
calculus of 1827, a work which Gauss complimented as being 
composed in the true mathematical spirit. But Mobius was 
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balked by the commutative law of multiplication, which he 
lacked the daring to reject. However, his new algorithm was of 
importance in the development of analytic projective geometry, 
particularly in the use of homogeneous equations, and he was an 
independent discoverer of the geometric principle of duality.* 
So his effort was anything but wasted. 

The four fundamental units 1, i, j, & of Hamilton’s quarter- 
nions a + bi + oj + dk, (a, b, c, d real numbers), do for rotations 
and stretches in space what 1, i do for the like in a plane. Bar 
whereas multiplication of complex numbers is commutative he 
of quaternions is not. Familiar as mathematicians are today. th 
swarms of algebras in which the postulates of common “algebra 
are severally violated, they can still appreciate the itude of 
Hamilton’s success when, in a flash, he leas e tradition 
of centuries. His insight is comparable to that\of the founders 
of non-Euclidean geometry, or to that of ther hmeticians who 
restored the fundamental law of arithmége to the seemingly 
lawless algebraic integers. \e) 

It is radical departures from tr, Anal orthodoxy such as 
these that carry mathematics foi 
or more at one stride. The pai. ing, detailed cultivation of a 
newly discovered territory isaivtessary if it is to be fruitful; but 
such work can be well SS mere competence, while radically 


what seems like a century 


new discovery (or iny: ) is possible only to men who may 
imagine they are cofigervatives, but who at heart are rebels. 
Their boldness m. st them their scientific reputations or the 
comforts of a d livelihood; for the way of the transgressor— 
who may be ‘a harmless innovator with the courage to step 
out in fron€ Of the rabble of respectable mediocrity—is some- 
times as Haid in science as it is elsewhere. Grassmann paid for 
his cages with eighteen years of obscurity and final scientific 
og ion for the remainder of his life. Gauss, long in possession 
of Euclidean geometry, preferred his peace of mind to what 
he called “the clamor of the Boeotians,” and kept his treasure 
to himself. Hamilton, having won an imperishable success in 
optics and dynamics, courted the indifference of his contem- 
poraries when he devoted all of his superb talents to quaternions 
and, during his lifetime, acquired exactly one competent disciple 
in algebra. P. G. Tait (1831-1901, Scotch) gave up his all in 
mathematics to follow quaternions. : 

Ten years (1853) after his initial discovery, Hamilton pub- 
lished his Lectures on quaternions (64 + 736 + Ixxii pages), in 
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which he showed the utility of quaternions in geometry and 
spherical trigonometry. But the geometry was Euclidean and of 
three dimensions. The massive Elements of quaternions (Ivii + 
762 closely printed pages) followed in 1866, the year after Hamil- 
ton’s death. If anything could have convinced geometers and 
physicists that quaternions were the master key to geometry, 
mechanics, and mathematical physics that Hamilton antici- 
pated, his Elements should have done so. Literally hundreds of 
applications to these subjects were made by Hamilton in this 
elaborate work, which he considered his masterpiece. ) 

Many reasons have been suggested for the fi fiye of qua- 
ternions to fulfill Hamilton’s expectations. A sufieient explana- 
tion, which includes many of the others, is “the calculus of 
quaternions was simply too hard for the scientists whom 
Hamilton would have helped. It took: g to master the 
tricks, But the possibility of an Bo tener adapted to 


Newtonian mechanics and some p of mathematical physics 
had been more than merely s} ed, and it was reasonably 
certain that such an algebra @puld be forthcoming when the 
need for it became acute. pee terer form the desired algebra 
might assume, it was alsa ‘air guess that it would follow the 
example of quaternioggs and reject the commutative law of 
multiplication. 

On the long view, then, the permanent residue of Hamilton’s 
tremendous labée’was the demonstrated existence of a self 
consistent algebra in which the commutative law of multi- 
plication yddes not hold. This in turn, like the invention of 
non-E an geometry, encouraged mathematicians to break 
the iron Yaw of custom elsewhere and to create new mathematics 
in. ance of venerated traditions, A striking instance, which 

to prove of cardinal importance in the development of 
(Algebra and the number system, was the construction of algebras 
.®) in which ab = 0 without either @ or b being zero, or in which 
a” #0(n =0,1,..., m), but a = 0, A simple instance of 

the former occurs in Boolean algebra (belonging to the algebra 

of logic), in which the fact stated is the symbolic expression > 
Aristotle’s law of contradiction. Linear associative algebra 
furnishes any desired number of algebras containing ‘divisors 

of zero’—such as a, b described above—also any number of 
algebras of the second species. The origin of all these modifica~ 


tions of common algebra is in the work of Hamilton and Grass- 
mann in the 1840’s. 
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Grassmann’s outlook was much broader than Hamilton’s. 
To appreciate how much broader it was, we must remember that 
in 1844, when Grassmann published his first Ausdehnungslehre, 
‘space,’ for all but A. Cayley (1821-1895, English), was still 
imprisoned in Euclid’s three dimensions. Cayley’s sketch of a 
geometry of m dimensions is dated 1843; it could not possibly 
have influenced Grassmann’s theory of ‘extended magnitude,’ 
which also can be phrased in the language of n-dimensional 
space. A ‘real’ space or ‘manifold’ of n dimensions is the set,. 
class, of all ordered n-ples (1, #2, . . . , am) of » real numbers 
My Kay © + sy Mn, each of which ranges over a prescribed ¢ f 
real numbers. It is sufficient for purposes of illustratioh.to let 
each of x1, x2, . . . , % range independently over alk al num- 
bers. The class of all (x1, a2, . . . 5 %n) is also called@n n-dimen- 
sional real number manifold. x) 

In effect, Grassmann associated with (x1,Q0a)". . . , a) the 
hypercomplex number #1¢1 + a2¢2 + ° + Xnény Where ¢1, 
én... , &, are the fundamental units e algebra, which he 
proceeded to construct, of such hyp. plex numbers. Two 
such numbers, xiey + + °° + Xntn @nd yier t+ °° + + yntm are 
defined to be equal if, and only if = 91, . . tn = Pn 

Addition was defined by RY 


Gaerbov tb nen) ++ ynen) 
“i (ti teyaer tos + Ga + ndens 


of which an instani nsion vector addition if n = 2 or if 
a= 3, The vari peril kinds of multiplication that can be 
defined at will the general algebra its chief interest. 

To dema definition of multiplication without stating 
what properties the product is to have is meaningless. If, for 
example, thé associative law a(bc) = (ab)c is to be preserved, 
this i ivalent to imposing certain conditions on the funda- 
meg ni es...» 5 en; if either of the distributive laws, 
a(b ¥ c) = ab + ac, (b + oa = ba + ca, is to hold, this must 
be expressed in terms of relations between ¢1,... , én; and 
similarly for the commutative law of multiplication, ab =ba. 
Thinking partly in terms of geometrical imagery, Grassmann 
defined several types of multiplication. In particular, multiplying 
Out (ayer + + + + anen)(bier + * + * + dsen), and assuming 
that the ‘coordinates’ ai, . . - , @ bs, - - - » d2 commute with 
the units a1, .. . , én, so that aeibiee = aibseses, etc., Grass- 
mann called e1¢1, €162) €2€1, - «+» 9 &n—t¢n fnéna, in the distributed 
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product aybiever + @ibeesen + aabiexe1 + + + + units of the sec- 
ond order; and he first imposed conditions on these new units, 
For example, the product of aie: + ++ + and bier -+ + + + was 
called an inner product if ee, = 1 or 0 according as r = 5 or 
r ¥ s;and anouter productif ee, = —é¢,for7,s = 1... yn, 
From these two kinds of products, Grassmann constructed others 
for more than two factors. For example, if ¢,|e, denotes the inner 
product of ¢,, ¢, and [e,¢,] the outer product, there are the 


possibilities edeslee, edfeseel, among others, for the defigition of 
products of three factors, A type of particular importanbe is that 
in which each of the n? products ¢,¢, is a linear, jogeneous 
function of the fundamental units ¢,, .. . , én: multiplica- 


tion is postulated to be associative. The lineafssociative alge- 
bras of B. Peirce (1809-1880, U.S.A.), deyéloped in the 1860's 
but first printed in 1881, are of this ty, 

A third type of product, called ‘ ? or ‘indeterminate,’ 
was to prove of central importance e creation (1881-84) of 
a practical vector analysis by J ibbs (1839-1903, U.S.A.) 
The modern name for such a, product is a matrix.*° Gibbs, one 
of the most powerful matherkatical physicists of the nineteenth 
century, was perhaps bet! ualified than Grassmann or Hamil- 
ton to sense the kind ofaigebra that would appeal to students of 
the physical sciencesHis most original mathematical contribu- 
tions in this dir mn were in dyadics and the linear vector 
function. 

These hing must suffice to suggest that as early as 1844, 
Grassmann @Was in possession of an extensive theory capable of 
almost ess developments by specialization in various direc- 
tone g elaborated by its creator, this theory of “extended 

maghitudes’ might be interpreted as a greatly generalized vector 

aa for space of 2 dimensions. It incidentally accomplished 
.®) r any finite number of dimensions what Hamilton’s quaternions 
were designed to do for Euclidean space of three dimensions. 

We have already noted that Grassmann’s algebra includes 

quaternions as a very special case. As a general kind of algebra it 

also includes the theories of determinants, matrices, and tensor 
algebra. In short, Grassmann’s theory of 1844~62 was anywhere 
from ten to fifty years ahead of its epoch. 

Our present interest in Grassmann’s work is the wide general 
ization it afforded of complex numbers x: + ins as number- 
couples (x1, x2) to hypercomplex numbers (a, . - - 5 #»)» We 
must now relate this extension of the number concept to another, 
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made explicitly in 1858 by Cayley but already implicit in the 
work of Grassmann, namely, matrices. The elements of the 
theory of matrices are now included in the usual college course in 
algebra; and since their appearance (1925) in the quantum 
theory, matrices have become familiar to mathematical 
physicists. 

The invention of matrices illustrates once more the power and 
suggestiveness of a well-devised notation; it also exemplifies the 
fact, which some mathematicians are reluctant to admit, th 
trivial notational device may be the germ of a vast theory haying 
innumerable applications. Cayley himself told Ta pt 
what led him to matrices. “I certainly did not get thes lon of a 


matrix in any way through quaternions: it was fe directly 
from that of a determinant; or as a convenient, e of expres- 
sion of the equations WS 

x’ = ax +t by > 

y = e+ BOS 


Symbolizing this linear transforms on two independent 
variables by the square array a of its coefficients or ‘ele- 


ments,’ Cayley was led to hisWgebra of matrices of n? elements 
by the properties of Hingg@Nhomogeneous transformations of 
independent variables, 
Behind this in, 
Cayley had erat 


matrices C b a, b, c, d certain complex numbers, To Tait, 
the pugni is champion of quaternions ever since he had 
elected ieisel! Hamilton’s disciple in 1854," this discovery of 
Cayley’8\was conclusive evidence that Cayley had been inspired 
Re ‘ices by his master’s quaternions. Because the multiplica- 
tidn/of matrices is in general not commutative, and since the 
like is true of quaternions, therefore, etc. This illustrates the 
unreliability of circumstantial evidence in mathematics as else- 
where. But for Cayley’s testimony, critics might even now be 
asserting that Hamilton anticipated Cayley in the invention of 
matrices, or at least that Cayley got the notion of a matrix from 
quaternions. 

Applications, or developments, of these extensions of number 
followed two main directions. The first, in the geometrical 
tradition of Hamilton and Grassmann, led to the extremely 


mn there is a relevant bit of history. 
58) that quaternions can be represented as 
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useful vector algebras of classical mechanics and mathematical 
physics, and later to the tensor algebra and calculus of relativity 
with its modifications and generalizations in modern differential 
geometry, also to the matrix mechanics of the quantum theory. 
The second, in the arithmetical spirit of Gauss, guided in part 
by the abstract algebraic outlook of Galois, led to a partial but 
extensive arithmetization of algebra. The course of both was 
highly intricate and blocked by innumerable details, many of 
which still promise to be of some enduring significances But to 
see the principal trends at all, special and strictly limited devel- 
opments must be ignored, for the present at least. we shall 
attend only to the shortest paths from the past toehe gains just 
indicated. . 


From vectors to ten. 


The line of descent of vector algebr€NwW general is fairly clear. 
The composition of velocitics or o} ces in the corresponding 
parallelogram laws suggested dition of ‘directed magni- 
tudes.’ Wessel’s or Argand’s @jugram for depicting complex 
numbers was equally suggestive visually, geometrically, and 
kinematically. Hamilton, De Morgan’s ‘double algebra’ of 
number-couples, replacing that of complex numbers, naturally 
suggested a generalization to number-triples, -quadruples, and 
so on. As we hayevsten, the central difficulty was the purely 
algebraic obstdef et commutative multiplication. Thus, in at 
least the eadly Stages, geometrical and mechanical intuition 
shared abe equally with formal algebra in the creation of a 
workablesntathematics of vectors. 

‘mous Treatise on natural philosophy (1879) of Thomson 
andQait offered a magnificent opportunity to display the power 
fuaternions as an implement of exposition and research. in 
Ghechanics. Tait exhorted Thomson to repent of his Cartesian 
.®) sins and embrace the true faith of quaternions. But W. Thomson 
(Lord Kelvin, 1824-1907, Scotch), declaring that Hamilton’s 
good mathematics had ended with the masterpieces on optics 
and dynamics, hardened his heart and persisted in his iniquitous 
coordinates. The great opportunity was missed. 

Tait had a somewhat better success with J. C. Maxwell 
(1831-1879, Scotch). In his epoch-making Treatise on electricity 
and magnetism (1873, Art. 11), Maxwell made a slightly damning 
concession: “I am convinced . . . that the introduction of the 
ideas, as distinguished from the operations and methods of 
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Quaternions, will be of great use . . . especially in electro- 
dynamics ... ” And, with one exception, Maxwell studiously 
avoided quaternions. The exception (Art. 618) is a summary in 
quaternion notation of the electromagnetic equations. No use is 
made of this summary. But Maxwell did use “the ideas,” not of 
quaternions, but of his own conception of vector analysis. His 
convergence is the negative of the divergence in use today, and 
he introduced (Art. 25) what is now called the curl of a Vectorn. 
These innovations have lasted. NY 
The most profitable departure from quaternionic orth y 
was that of J. W. Gibbs in his vector analysis of the 188 is 


will be noted presently. The next was by O.  Bigbe 
el 


1925, English), in his profoundly individualistic £. agnetic 
theory of 1893. In a chapter of 173 pages, min aborated 


his own vector notation. His methods resembii ose of Gibbs; 
but of Gibbs’ notation, Heaviside cones do not like it.” 
Germany provided the next (1897) Ca e variation on the 


now familiar theme, in A. FGppel’s G: rie der Wirbelfelder— 
geometry of vortex fields. By 1900: é contest between rival 
claimants to physical favor had «narrowed down in English- 
speaking countries to Gibbs us Heaviside. Quaternions 
appeared to have been knocketout. Tait, their most formidable 
champion, died in 1901; thle vector analysis of Gibbs or some 
modification of it preyajled in the U.S.A. 

Much of this tor as development was enlivened by one of 
the most spirited ematical controversies of modern times. 
Unlike the num s squabbles over priority, the quaternions- 
Versus-vectors (yar was refreshingly scientific. The casus belli 
was a pure athematical difference of opinion: were quater- 
nions a medicine for applied mathematics, or was some one 
of sev, diluted substitutes a better? The uninitiated might 
thi ‘at so abstract a bone of contention would provoke only 
dry weademic discourse, with at worst an occasional growl of 
dissent, It did nothing of the kind. The language of the dis- 
putants even bordered on quite un-Victorian indelicacy at times, 
as when Hamilton’s devoted Tait!? in 1890 called the vector 
analysis of Gibbs “a sort of hermaphrodite monster, com- 
pounded of the notations of Hamilton and Grassmann.” That 
was Scotch and Irish against American. Gibbs, being a New 
Englander to the marrow and a confirmed bachelor cherished 
only by his married sister, was but slightly acquainted with the 
inexhaustible resources of the American language. Tait got away 
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with his abnormal physiology, but Gibbs got the better of the 
mathematical argument. 

Frenchmen, Germans, and Italians, urging their respective 
substitutes for quaternions, added to the din. By the second 
decade of the twentieth century there was a babel of conflicting 
vector algebras, each fluently spoken only by its inventor and 
his few chosen disciples. If, at any time in the brawling half. 
century after 1862, the bickering sects had stopped quarreling 
for half an hour to listen attentively to what Grassmann was 
doing his philosophical best to tell them, the noisy battle would 
have ended as abruptly as a thunderclap. Suc ; any rate, 
seems to have been the opinion of Gibbs. In retrospect, the fifty- 
year war between quaternions and its rivalg¥fef scientific favor 
appears as an interminable sequence of due rough: with stuffed 
clubs in a vacuum over nothing. S 

The disputes ceased to have any b mathematically trivial 
significance almost as soon as they, n. As Gibbs” emphasized 
in 1886, in his account of the el opment of multiple algebra, 
the mathematical root of the ESS is in Grassmann’s indeter- 
minate product, that is, ingthe theory of matrices. Gibbs also 
remarked the superior tality of Grassmann’s many possible 
kinds of product in mipieple algebra over the unique product 
insisted upon by Hamilton: 

Given only tl yy formal law of the distributive character of multipli- 
cation—that is, sie jent for the foundation of a science. Nor will such a science 
be merely a ime for an ingenious mind. It will serve a thousand purposes 
fi of particular algebras. Perhaps we shall find that in the most 


ses the particular algebra is little more than an application oF 
ion of the general. 


e whole of Gibbs’ judicial and profound evaluation (1886) 
oP multiple algebra in relation to its applications might be 


re ue with profit at any time by those interested in the con- 


tinued improvement of applied algebra. Vector analysis and even 
the infinitely more inclusive dusdehnungslehren of Grassman? 
are after all only provinces, although highly cultivated ones, 
algebra, which itself is but a territory of modern mathematics: 
Those interested in the advancement of mathematics, rather 
than in the perpetuation of individuals as dictators of provinces, 
will not be dismayed when particular theories to which they ™4Y 
be personally attached are supplanted by others. Obsolescenc? 
is a necessary adjunct of progress; and any effort such as Tait s 
to keep quaternions unsullied and perpetually fresh is likeiy to be 
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as futile as an attempt to stop the earth in its orbit. The vector 
analysis of Gibbs gradually displaced quaternions as a practical 
applied algebra in spite of the utmost efforts of the quaternion- 
ists; and after 1916 it seemed that the several special brands of 
vector analysis were about to be supplanted in their turn by the 
tensor algebra and analysis that became popular in 1915-16 
with the advent of general relativity. 

As in the struggle of vector analysis against quaternions, the 
advance to tensors generated its own opposition. Vector analy: iS 
like some human beings, needed above all else to be deliyere’ 
from the good intentions of its partisan friends, Progress eas 
elsewhere in the past of mathematics, appeared to be en 
only when all the friends and former pupils of RUN ae and 


justly famous master should have died. Then o1 ight it be 
possible to see the mathematics rather than an. 
Such retardations due to misdirected ent sm are frequent 


enough in mathematics, The master founds@¥8chool’; the pupils, 
remembering perhaps among other thi Si encouraging pat on 
the head from their first competent(feacher, graduate into a 
world that does not stop dead nagaatter who dies, to keep on 
repeating for the rest of their lives the only lesson they ever 
really learned. The school itsél# expires, leaving its useful con- 
tribution encrusted with cumulation of artificially stimu- 
lated growths that must’be cut away before the creative idea of 
the originator can bégin to live and function freely. Aware of 
these possibilities ‘e mathematicians, including one of the 
first rank, hav. ‘ained from propagandizing their own ideas 
or those of thgitteacher, and have made no attempt to gather a 
following ef(bigoted disciples. Kronecker took pride in the fact 
that he never tried to found a school or to acquire a host of 
studenttsHe believed, as did Gibbs, that “the world is too large, 

current of modern thought is too broad, to be confined 
by\the ipse dixit even of a Hamilton.” 

There seems to be but little doubt that applied algebra was 
held back by the partisans of jealous schools. The road to unity 
can be traced back from about 1940, when the rudiments of the 
tensor calculus had become fairly common in undergraduate 
instruction, to Grassmann’s n-dimensional manifolds of 1844. 
Three dimensions are inadequate for modern physics, or even 
for classical mechanics with its generalized coordinates. G. F. B. 
Riemann (1826-1866, German) in 1854 took the next long step 
forward after Grassmann when he introduced Gaussian {in- 
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trinsic) coordinates and made n-dimensional manifolds basic in 
his revolutionary work on the foundations of geometry. Another 
work of Riemann’s, published after his death, contained what 
is now known as the Riemann-Christoffel tensor in the rela- 
tivistic theory of gravitation. Riemann encountered this tensor 
in a problem on the conduction of heat. E. B. Christoffel (1829- 
1900, German) was the next to make significant progress toward 
a general tensor calculus, in his work of 1869 on the transforma- 
tion (equivalence) of quadratic differential forms.. Rinally, in 
the 1880's, the Italian geometer M. M. G. Ricci Sbined and 
added to all the work of his predecessors. The sth published 
in 1888,3* was the tensor calculus. Thus thre mathematical 
machinery demanded by the theory of g eral relativity was 
available a year after the Michelson Mog experiment, which 
was partly responsible for the spcci Kheory of relativity in 
1905; without the tensor calculus thi neral theory of 1915-16 
would have been impossible. T! ove assertion about the 
Michelson-Morley experimen Séoes not imply that Einstein 
was motivated by the paneer in his construction of special 
relativity. In fact he hag {stated explicitly that he knew of 
neither the experiment aiOr its outcome when he had already 
convinced himself that{the special theory was valid. 

The new metho@\attracted very little attention. On the 
invitation of F. Kein (1849-1925, German), Ricci and his former 
pupil, T. Levi-GNita 1873-1942, Italian), prepared an article on 
the tensor cafgulus and its applications to mathematical physics 


for publi m in a journal read by mathematicians of all 
nationafitiés. The article, in French, appeared in 1901. It fell 
rat . However, a few curious geometers outside of Italy 


begame aware of the new calculus, and at least one, M. Gross- 
niann of Zurich, mastered it and taught it to Einstein. The 


re ei calculus was the particular kind of generalized vector 


algebra appropriate for expressing the differential equations of 
relativity in covariant form as demanded by a postulate of the 
theory. F 
The debt of algebra and geometry to general relativity is a8 
great as that of relativity to algebra and geometry. Although 
Ricci and Levi-Civita in their expository article of 1901 had 
offered abundant evidence of the utility of tensor analysis 12 
applied mathematics, the new calculus was seriously taken uP 
by mathematical physicists only after their curiosity had been 
roused by the experimentally verified mathematical predictions 
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of relativity. The tensor method quickly induced a vast develop- 
ment of differential geometry. 

Gibbs had predicted inl 886 that vector analysis would some- 
day greatly simplify what in his time was modern higher algebra 
—the theory of algebraic covariants and invariants. He had 
jn mind the possibilities of Grassmann’s theory. His prediction 
was verified in the 1930’s. Another prediction of Gibbs of the 
same kind was verified in 1925, when W. Heisenberg found in the 
algebra of matrices the implement he needed for the non-cofn- 
mutative mathematics of his quantum mechanics. Phystgists 
took less kindly to ab ¥ ba than they had to tensor; Xj it 
was a great relief to many when C. Eckart USAand E. 
Schrédinger (Austria) in 1926 showed independenglyand simul- 
taneously that matrix mechanics could be re, d by wave 
mechanics, in which the theory of boundatyavalue problems, 
already familiar in classical mathematical ysics, is the key 
to the mathematics. <4 

It seems probable that Grasemaay id not anticipate any 
such outcome for his extremely 1 ‘geometrical algebra.’ 
Two of his successors, Riemann W. K. Clifford (1845-1879, 
English), both more physical- ed than Grassmann, ventured 
to predict the twentieth-cent¥ty geometrization of some parts 
of mathematical physics¢Fhis was in the middle stage from 
Grassmann to tensors. Orit was as remarkable a prophecy as 
any that mathem: dans have ever made. But it must not 
be forgotten, thas thematicians no less than scientists and 
others have many false prophecies. The successes are 
remembered 9» 


NO Toward structure 


wN 

. Yhematics,” according to Gauss in 1831, “is concerned 
opegoich the enumeration and comparison of relations.” B. 
Pinte (1809-1880, U.S.A.), one of the creators of linear associa- 
tive algebra, asserted? in 1870 that “Mathematics is the science 
which draws necessary conclusions.” Peirce also remarked that 
“all relations are either qualitative or quantitative,” and that 
the algebra of either kind of relation may be considered inde- 
pendently of the other, or that, in certain algebras, the two may 
be combined. 

These opinions, from what is now a remote past mathe- 
matically, might be admitted by some formalists as anticipations 
of their own conception of mathematics as the theory of struc- 
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ture, In particular, the Pythagorean program is superseded, 
Euclid’s postulational method remains. Large tracts of mathe- 
matics have become entirely formal and abstract; the content of 
a mathematical theory is the structure of the system of postu- 
lates from which the theory is developed by the rules of 
mathematical logic, and from which are derived its various 
interpretations. 

This excessively abstract view of mathematics evolved from 
the formalization of elementary algebra in the 18306 which has 
already been described; the work of Abel and Galois ih the theory 
of algebraic equations, of about the same time; Shouevelopmens 
of linear algebra throughout the nineteenth abd early twentieth 
centuries; the creation of mathematical IGBic, beginning with 
Boole in 1847-54 but vigorously pursueddnly in the twentieth 
century; and finally, from the free dvention of non-Euclidean 
geometries after 1825, and the rey d interest in postulational 
methods following Hilbert’s work? 1899 on the foundations of 
geometry. 

Of all these influences, tw in particular are germane here: 
the development of lin abSalgebra; and the infiltration of the 
ideas of Abel and Gass into algebra as a whole. ‘The Galois 
theory of equation: s acknowledged by both Dedekind and 
Kronecker to be he inspiration for their own general and semi- 
arithmetical a ach to algebra. Two of the basic concepts of 
the Galois thedry, domains of rationality, or fields, and groups, 
int of departure. Both groups and fields will be 
resently. For the moment we observe the underlying 
ogy which might have been followed and which would 
be followed today (1945), but which was not followed histori- 

y, in the generation of linear algebras, groups, and other 

stems in modern algebra. 

The methodology is that of generalization by suppression of 
certain postulates defining a given system. The system defined 
by the curtailed set of postulates is then developed. Linear 
algebra is obtainable in this way from the algebra of a field. 
Vector algebras, as we have seen, received their initial impulse 
from Hamilton’s suppression of the postulate that multiplication 
is commutative in common algebra, Common algebra is the most 
familiar example of a field. 

Groups also may be derived from common algebra by, the 
same technique of generalization. But they were not so obtainet 
originally; and it is doubtful whether they would ever have 
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attracted the attention they did, had not the momentum of 
history thrust them forward. There are 4,096 (perhaps more) 
possible generalizations of a field. To develop them all without 
some definite object in view would be slightly silly. Only those 
that experience has suggested have been worked out in any 
detail. The rest will keep till they are needed; the apparatus for 
developing them is available. Nevertheless, the postulational 
technique has been one of the most suggestive of twentieth~ 
century mathematics; and we shall have occasion to recur to in 
frequently as we proceed. . 

Fields being the most familiar of all mathematical sygtems; 
we shall define them first. A field’4 (Kérper, corpus, carps; do- 
main of rationality) F is a system consisting of a set S pfelements 
a,b,c, ...,%,%,... and two operations, @, which may 
be performed upon any two (identical or distinethelements a, b 
of S, in this order, to produce uniquely de ermined elements 
a@banda©b of S, such that the postalates (1) to ($) are 
satisfied. Elements of S$ will be called ents of F. For sim- 
plicity, a ® b, a © b will be written af, ab. 

(1) For any a, 6 of F,a + } an sa?are uniquely determined 
elements of F, andb+a=a Gy = ab. 

(2) For any a, b, ¢ of (a+b)+ce5a4 (+0), 
(ab)e = a(be), a(b + ¢) = ac. 

(3) There exist in Fy distinct elements z, 4 such that 
if ais any element, af = @,au =a. 

(4) For any clemeat a of F, there is in F an element x such 


thata +a = 
(5) For an ment a, other than z, of J, there is in F an 
element y s atay =u, 


It shoe noticed that equality, =, has been assumed as 
a know, ation. For completeness: equality is an equivalence 
slate defined earlier in connection with congruence). 
That's, if a, b are any elements of F, a = b or a # b, # meaning 
‘not equal to’; 4 = a; ifa = 6, then} = a; ifa = bandb =, 
thena =e, 

This familiar and somewhat elaborate abstraction of common 
algebra and rational arithmetic will serve to illustrate the mean- 
ing of structure and the history of its development. We note 
first that these precise postulates date only from 1903; and that 
in the postulates as given in 1903 (and 1923), the precise meaning 
of equality is not stated, being taken for granted. In texts of 
1930 or later, it became customary to define equality as an 
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equivalence relation before using equality in the postulates of 
a field. This is typical of the continually increasing precision 
in elementary mathematics since the first explicit definition of 
a number field in 1879 by Dedekind. As a final instance of the 
same tendency, it was only in’ the 1920’s that it became cus- 
tomary to state explicitly thata = bora # b. There is therefore 
little reason to suppose that even these precisely stated postu- 
lates have explicated all the assumptions underlying ourhabitual 
use of common arithmetic. IN 

If, in the postulates (1) to (5), the elements, ay&>é, . . . be 
interpreted as rational numbers, and x, z as 1, 0,qith’a + b, ab, 
the sum, product of a, b, it is seen that the ratignal numbers are 
an instance of a field with respect to additiox si multiplication, 
Subtraction and division follow from (4) Similarly, ordinary 
complex numbers x + iy furnish ano’ nstance; as also do 
Hamilton’s number-couples (x, y) with the appropriate defini- 
tions of «, z, addition, and aig o which the reader may 


easily recover. The rational i rs 0, +1, +2, ... do not 
furnish an instance, on accatnt of (5). If F is any field, and 
#1. . « 5 % are independeRt variables (or indeterminates), the 
set of all rational functigg of ™, .. . 5 %a, with coefficients in 
F, is another field. “A 
With ‘structure Still not defined formally, it is intuitively 
evident what i t by the statement that all instances of a 
field have th An structure, and that this structure is as in 
(1) to (5). Epes, it is clear that if the logical consequences of 
(1) to (5) ate eveloped, the body of theorems so obtained will be 
valid ach instance of a field. The last is indecd ‘clear, 
alth a proof of it might be difficult and, as a matter of fact, 
nogenerally accepted proof had been devised up to 1945. A 
‘oughly satisfactory proof must demonstrate that the rules of 
athematical logic applied to (1) to (5) will never produce a 
contradiction, such as “a = b and a # b.” It seems as if this 
must be the case; but seeming in mathematics is not the same 4s 
being. ‘Existence,’ for one school, is indeed identified with proof. 
The earliest recognitions of fields, but without explicit defini- 
tion, appear to be in the researches of Abel'® (1828) and Galois"® 
(1830-1) on the solution of equations by radicals. The first 
formal lectures on the Galois theory were those of Dedekind te 
two students in the early 1850's. Kronecker also at that time 
began his studies on abelian equations. It appears that the cone 
cept of a field passed into mathematics through the arithmetical 
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works of Dedekind and Kronecker. Both, especially Dedekind,'* 
early recognized the fundamental importance of groups for 
algebra and arithmetic. With Dedekind’s famous Eleventh 
supplement to the third edition (1879) of P. G. L. Dirichlet’s 
(1805-1859, German) Vorlesungen aber Zahlentheorie, the con- 
cept of a number field was firmly established in mathematics. We 
note, however, that Dedekind in this work was interested only in 
algebraic numbers—roots of algebraic equations with rational 
number coefficients. The fields he defined were therefore those 
real and complex numbers. Kronecker followed in 1881 wit) Ris 
domains of rationality, that is, fields. Although Kro: a: 
definition was more general than Dedekind’s, it did ee Sitain 
the complete generality of the postulate system qu ad ibove. 

The passage to final abstractness took about arter of a 
century. This need not be traced in detail beQOrthe references 
given are sufficient to orient anyone who wi 0 elaborate the 
history. The turning point was Hilbert’s worl n the foundations 
of geometry in 1899. Although this di t concern algebra or 
arithmetic directly, it set a new and high Standard of definiteness 
and completeness in the statemegtiof all mathematical defini- 
tions or, what is equivalent, i fe construction of postulate 
systems. Compared to what caphe after 1900 in this basic kind of 
work, that before 1900 now seems incredibly slack. With abun- 
dant resources at hand tontave the Euclidean program of 
stating explicitly what‘@ thathematical argument is to be about, 
a majority of nimeteéath-century mathematicians left their 
readers to guess, €factly what was postulated. Neglect to state 
all the intend sumptions incurred its own penalties in faulty 
proofs and ¢ propositions. The change for the better after 
1900 wasamost marked, but there is still room for improvement, 
especi ‘in mathematics of the intuitive kind—such as the 
re; appeal thus far to intuition for the meaning of structure. 

ssing to groups, we shall state in full a set of postulates 
for a group, as ‘group’ in the technical sense defined by these 
postulates will occur repeatedly in the sequel. We shall then be 
in a position to define structure. 

A group Gis a set Sof elements 4,3, ¢,.- + 5%) 315+ and 
an operation O, which may be performed upon any two (identical 
or distinct) elements a, b of S, in this order, to produce a 
uniquely determined element 20} of S, such that the postulates 
(1) to (3) are satisfied. 

(1) 20b is in S for every a, bin S. 
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(2) aO(bOc) = (a0b)Oc for every a, b, ¢ in S. 

(3) For every a, bin S there exist x, y in S such that aOx = b, 
yOa = b. 

These postulates may appear strange to those acquainted 
with others for a group; but they are simpler than some, and all 
are equivalent. Historical notes on groups will be given later; our 
present interest is in mathematics. We proceed to structure, 
which seems to have been first recognized, but not defined, in 


groups. Ss 
Consider two groups, with the respective elements ay, bi, 
C1... and as, bs, ¢o,... and the respec; ‘operations 
0;, Oz. These groups are said to be simply iso: ic, or to have 
the same structure, if it is possible to set, one-one corre- 


spondence between the elements such thatif *Ovyi = 2, then 
x2022 = te, and conversely, where x4Jy) 21 are the respective 
correspondents of x2, y2, 22. For fur details we must refer to 
the texts, 

This definition is probably: simplest example of what is 
meant by ‘same structure.’ that ‘structure’ is not defined, 
but that ‘same structure’ ‘or the purposes of algebra this is 
sufficient. If ‘same eye seems at first glance to define 
absolute identity, an ple to the contrary is supplied by all 
the normal men i community, all of whom have the same 
shape—two ar; ine head, etc.—but no two of whom are 
identical exc rhaps topologically. 

A gener: henry of structure was developed by A. N. White- 
head (18 nglish) and B. Russell? (1872, English) in 1910. 
It will ce here to recall a cardinal definition: A relation P 
between the members of a set x» has the same structure as a 
reldifon Q between the members of a set 4¥q if there is a one-one 

espondence between the elements of %p and y, such that, 

§ henever two elements of xy are in the relation P to each other, 
their correlates (by the correspondence) in y, are in the relation 
Q to each other, and vice versa. 

If in any division of mathematics there are relations P, 
, + + » having the same structure, it suffices to elaborate the 
implications of one, say P, when those of Q, . . . follow on 
translating from P, xp, ... to Q, yo... by means of the 
relevant correspondence in each case. Each of the postulates ofa 
mathematical system can be restated as a relation between the 

data (‘elements’ and ‘operations’) of the system. 

If itis possible to establish a one-one correspondence between 
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the postulates of two systems such that correlated postulates 
have the same structure, then the systems are said to have the 
same structure. Instead of saying that two systems have the 
same structure, it is customary in the U.S.A., following E. H. 
Moore (1862~1932, U.S.A.) who used the concept in his lectures 
and writings from about 1893 on, to say that the systems are 
abstractly identical. Abstract identity is itself an equivalence 
relation. If several systems are abstractly identical, obviously 
it is sufficient to develop the mathematics of one in orde: 
have that of all. The systems so developed will differ € 
jnterpretations assigned to the abstract elements and op ns; 
each assignment provides an ‘instance’ of the theory, Ror exam- 
ple, the algebras of real and of complex numbers, \6f Hamil- 
tonian number-couples, are instances of the theopfist nn abstract 
field. Rey 

Tracing the evolution of algebra since O1830's, we note a 
constant but largely subconscious striv! ward abstractness, 
Concomitantly, abstract identity w: ght, sometimes delib- 
erately, as in the theories of groups elds. Most classification 
is an effort in the same directionpréparatory to comparison of 
different theories and the detection of abstract identities. Klein’s 
unification of diverse geome: by the theory of groups in 1872, 
which will be described in @onnection with invariance, was a 
conspicuous example mn advantages accruing from a recog- 
nized abstract identi ut it seldom happens that anything so 
simple as a gro’ nifies apparently unrelated divisions of 
mathematic! Pace toanything deeper than superficialities. 
haved éen said about structure to indicate what Gauss 


may have mind when he observed that “‘mathematics is 

{th the enumeration and comparison of relations.” 
this statement in connection with complex numbers. 
ther occasion he expressed a doubt that any ‘numbers’ 
than the real and complex—such as quaternions, for 
example—would ever be of any use in the higher arithmetic. In 
our further pursuit of algebra and arithmetic we shall be guided 
by this hint of Gauss’, and endeavor to see what he might have 
had in mind. This, of course, is not the only road by which 
number might be followed from the 1830’s to the twentieth 
century. But following it, we shall have a definite object in view 
by which to orient some of the major trends of algebra and 
arithmetic on the way. 


CHAPTER 10 


Arithmetic Generalized 


Continuing with the modern develop of number and 
their influence on the emergence of strug re, we shall observe 
next the expansion of modern arithme: ie “the Greek arithmetica 
—-from its origin in 1831 in the werk’ of Gauss on the law of 
biquadratic reciprocity to its if mathematical logic. Our 
immediate interest in this ch, t is the greatly generalized 
concept of whole number, Qntezer, which distinguished the 
higher arithmetic of the laf nineteenth century from all that 
had preceded it. Ina mh tent chapter we shall follow some of 
the main lines of descent bf the classical arithmetic from Fermat, 
Euler, Lagrange, sad Gauss to the present. Historically, many 
of these older gee pments preceded the work to be described 

i 


here. But theix idterest, great though it may be intrinsically, is 
as yet copay negligible for mathematics as a whole. 


There six major episodes to be observed, four of which 
will be tibed in this chapter and the following. The four are 
the ion by Gauss, E, E. Kummer (1810-1893, German), 


and Dedekind of algebraic integers; the restoration of the funda- 
tal theorem of arithmetic in algebraic number fields by 
Wedekina’s introduction of ideals; the definitive work of Galois 
on the solution of algebraic equations by radicals, and the theory 
of finite groups and the modern theory of fields that followed; the 
partial application of arithmetical concepts to certain linear 
algebras by R. Lipschitz (1831-1903, German), A. Hurwitz 
(1859-1919, Swiss), L. E, Dickson (1874-, U.S.A), Emmy 
Noether (1882-1935, German), and others. All of these develop- 
ments are closely interrelated. The last marks the farthest 
extension of classical arithmetic up to 1945, and is either the 
climax or the beginning of a structural arithmetization of algebra 
218 
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foreseen as early as 1860 by Kronecker, but only partly achieved 
by him in the 1880's. As if in preparation for the climax, the 
algebra of hypercomplex numbers rapidly outgrew its classifica~ 
tory adolescence of the 1870’s, represented by the work of B. 
Peirce and his successors, and became progressively more con- 
cerned with general methods, reaching a certain maturity early 
in the twentieth century. 

The fifth major episode, which logically would seem to be a 
necessary prelude to the others, strangely enough came last. 
until the closing ycars of the nineteenth century was one 
greatly perturbed about the natural numbers 1, 2, 3, (0? All 
mathematics, from the classical arithmetic of Ferme) Euler, 
Lagrange, A. M. Legendre (1752-1833, French)<Gauss, and 
their numerous imitators, to geometry and a: sis, had ac- 
cepted these speciously simple numbers SBiven’ Without 
them, none of the major advances of eo) arithmetic would 
ever have happened. Yet no arithmeticiafasked, “By whom are 
the natural numbers ‘given’?” K er ascribed them to 
God, but this was hardly a mathemat}cal solution. The question 
arose, not in arithmetic, but in ysis. It was answered by the 
modern definition of cardinal ordinal numbers. This finally 
united arithmetic and anal at their common source. 

The sixth and last majOx episode in the evolution of the num- 
ber concept was the aspen of arithmetic to the differential 
and integral calcul is a point of great interest, as will be 
seen in a later chapter, that one of the strongest initial impulses 
for the final ation of arithmetic to analysis came from 
mathematic hysics, Fourier’s theory of heat conduction 
(1822) dis. d so many unforeseen subtleties in the concepts 
of limit, continuity that a thorough overhauling of the basic 
ideas, She calculus was indicated. Many toiled at this for the 
re the nineteenth century. It was gradually perceived that 

cardinals and ordinals 1, 2, 3, . . . demanded clarification. 
By 1902 the last subtle obscurity then uncovered had been 
removed, only to make room for a yet more subtle. The arith- 
metic of 1, 2, 3,..., and with it mathematical analysis, 
resigned its soul to the searching mercies of mathematical logic. 

About twenty-five centuries of struggle to understand num- 
ber thus ended where it had begun with Pythagoras. The modern 
program is his, but with a difference. Pythagoras trusted 1, 2, 
3, .. . to ‘explain’ the universe, including mathematics; and 
the spirit animating his ‘explanation’ was strict deductive rea- 


° 
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soning. The natural numbers are still trusted by mathematicians 
and scientists in their technical mathematics and its applications, 
But mathematical reasoning itself, vastly broadened and deep. 
ened in the twentieth century beyond the utmost ever imagined 
by any Greek, supplanted the natural numbers in mathematical 
interest. 

When, if ever, mathematical logic shall have surmounted its 
obscurities, the natural numbers may be clearly seen for what 
they ‘are.’ But there will always remain the possibility.that any 
unscaled range may conceal a higher just beyond; andy the past 
is any guide to the future, arithmeticians will co; pon many 
things to keep them busy and incompletely sati or the next 
five thousand years. After that, perhaps, i at not matter to 


anyone that 1, 2,3,... ‘are.’ 


Generalized dit 


The class of positive rational intégers 1, 2, 3, . . . was first 
extended, as a class of integers, Bye fe adjunction of zero and the 
negative rational integers —R)“2, —3, . . . . We recall that 
Euclid in the fourth centugy-B.c. proved one of the cardinal 
theorems concerning positive rational primes: If a prime p 
divides the product o&tWo positive rational integers, p neces- 
sarily divides one of\them. A rational prime admits as divisors 
only itself and th ts 1, —1. The extension of Euclid’s theorem 
to all the rationa tegers is immediate and need not be recalled. 
But to emphasize the non-trivial character of the generalizations 
of the ri al integers by Gauss, Kummer, Dedekind, and 
others, @ preceding definitions must be reformulated so as to 
app ey the generalized ‘integers’ in question. It may be re= 
m. that this simple recasting of the definitions of rational 
= hmetic was one of the three most difficult steps toward the 
esl 


ired generalization. The other two were a redefinition of 
arithmetical divisibility, as distinguished from division in alge- 
bra, and the closely related problem of selecting from a give? 
class of numbers those which are to be defined as integers. | 
First, as to units, With ‘integer’ as yet unspecified, a unit 
in a given set of integers is an integer that divides each integer 
in the set. An integer a ‘divides’ an integer f if there is an integer 
yy such that 8 = ay. . 

Second, as to ‘irreducibles.’ An integer @ is said to be irreduck 
ble if ‘a = fy, with 8, 7 integers, implies that one of 8, 78 * 
unit and the other is a 
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Third, as to primes. An integer a is called a prime if it is 
irreducible, and if further the assertion ‘a divides By’ implies 
at least one of the assertions ‘a divides 8,’ ‘a divides .’ 

These definitions accord with those for the rational integers. 
But whereas rational primes and rationalirreducibles coincide, the 
like is not true for all of the generalized integers to be described. 

The manufacture of definitions is likely to be a profitless 
pursuit unless there is a definite end in view. The goal here is 
the fundamental theorem of arithmetic: the ‘integers’ defined are 
to be resolvable into powers of distinct ‘primes’ in one wa 
apart from ‘unit’ factors and permutations of the tatoos 
requirement is too drastic for the ‘arithmetic’ of 
algebras; it is that at which the founders of the theary of alge- 
braic numbers aimed. It was to prove unattainable? 

The means by which the original progr: as replaced by 
another, which accomplished the gees what had been 


sought originally, is one of the finest ex. es of generalization 
in the history of mathematics. Tl eralization concerned 
the fundamental concepts of coma aithmetc particularly 
‘integer’ and ‘divisibility.’ \- 

To be of more than trivial Significance, any generalization 
in mathematics must yield ppropriate specialization all the 
instances from which the generalization proceeded, and must 
give in addition more fi is contained in all of those special 
instances. The profi st generalizations appear to be those in 
which the interp Sons of all the symbols in the structure 
(postulates) of ¢ ven system are changed. The passage from 
rational integéts’to algebraic integers was of this kind. 

For cat's in the theorem of rational arithmetic, “if @ 
divides en b does not divide a unless a, b are units,” a, b, 
(b # a)\Nahd the division-relation are all assigned interpretations 
in tdfneatain differing from those of rational arithmetic. 
& hese interpretations are such that the statement “if a, 
eté.” remains true for the new interpretations. 

The extension of rational arithmetic to an arithmetic of alge- 
braic numbers and, considerably later, to a partial arithmetiza- 
tion of linear algebra, originated in two distinct sources: the 
proof by Gauss in 1828-32, or earlier, of the law of biquadratic 
reciprocity; Kummer’s attempt in the 1840's to prove Fermat’s 
last theorem. We begin with Gauss. 

If there is a rational integer x such that, when 1, , 9 are 
given positive integers, x" — q is divisible (without remainder) 
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by p, q is called an n-ic residue of p. Restated as a Gaussian 
congruence, g is an z-ic residue of the given 9 if and only if 
x" =q mod 9 is solvable for x. For simplicity, we describe only 
the case in which 9, g are positive odd primes. Gauss was particu- 
larly concerned with n = 4, m = 3. For n = 2, Legendre’s law 
of quadratic reciprocity, which Gauss called “the gem of arith. 


metic,” is 

Cld(ale) = (—Dever, 
where (p|g) denotes 1 or —1 according as x? = p y is, or is 
not, solvable for x, and similarly for (¢lp) and. q mod p. 


mple as that 
for n = 2. He found it only when he pas eyond rational 
integers to complex integers. A Gaussia mplex integer is a 
number of the form a + 6i, where a, ba ational integers. De- 
fining units, primes, and divisibility, for is complex integers in 
the straightforward way suggestedOby analogy with rational 
integers, Gauss proved that Sf)nidamental theorem of arith- 
metic holds for integers 2 + yy means of these integers he 
was enabled to state the lawSof biquadratic (n = 4) reciprocity 
concisely. For x = 3 he fgumtd an equally simple theory, based on 
‘integers’ a + bp, whe: is a root of y+ y +1=0anda,6 
are rational integer: t he did not publish his results. 

The history, of Peciprocity laws for x > 4 would fill a large 
book. This ‘ity developed subject has been cultivated by 
scores of arithitcticians, and it has had a considerable influcnce 
ion of modern algebra. But as this specialty, tich 
ay be intrinsically, is rather to one side of the prin- 

cipal ance, we must leave it here with a remark. 

at is essentially the law of quadratic reciprocity was 
agers to L. Euler (1707-1783, Swiss) in 1744-6 but was not 


Gauss long sought a reciprocity law for n = 4e 


‘oved by him.' He discussed the law more fully in 1783. Legen- 
dre in 1785 attempted a proof, but slipped in assuming as obvious 
a theorem which is as difficult to prove as the law itself. Gauss 
first published a proof in 1801, and gave six in all. For » > 2, the 
reciprocity laws depend upon the algebraic number fields enter- 
ing through binomial equations of degree #. This brings us to the 
next stage in the development of algebraic numbers. A particular 
algebraic number field of degree » is the set of all rational func- 
tions of a root of a given irreducible algebraic equation of degree 
n with rational integer coefficients.? : 

In his attempt to prove the impossibility of 22 = x? +97 ™ 
which x, y, z, p are rational integers, xyz 0, and p is a prime 
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>2, Kummer in 1849 resolved x? + y? into its p linear factors, 
( + y)@ +ay)- >> (+ a7), 


where a is an imaginary pth root of 1. This led him to extend the 
theory of Gaussian complex integers to the algebraic number 
field defined by a? + a7? +++ +a+1=0. With ap- 
propriate definitions of integers, primes, etc., in this field, 
Kummer persuaded himself for a time that he had proved 
Fermat’s last theorem. But, as P. G. L. Dirichlet (1805-185: 
German) pointed out to him, he had assumed that the funda’ 
mental theorem of arithmetic holds for these integers constrgeted 
from a. For certain primes p the fundamental theore fovalid 
in the corresponding @-field; for others it is not. The smplete 
proof (or a disproof) of Fermat’s theorem was ch ed 

Undaunted by this totally unforeseen fi e, Kummer 
invented a new kind of number, which he. ed ‘ideal’—not 
to be confused with Dedekind’s ideals, Theta would be no point 
in describing these here,* as they are t t off the main road. 
They apply to the particular nu fields considered by 
Kummer in connection with Ferma" fast theorem, 

Making a completely fresh stagt in the early 1870's, J. W. R. 
Dedekind (1831-1916, German) created a theory of algebraic 
integers applicable to the general case of an algebraic number 
field defined by a root of feirreducible equation 


atop ie +++ +a, =0 


of any degree adiith rational integer coefficients ao, - . . » anv 
A root of this@quation is called an algebraic number of degree 
a5 if ag = $this number is an algebraic integer; if in addition 
a =1 1), the algebraic integer is a unit. Note that any 
ratio teger r is an algebraic integer of degree 1, since r is 


tnety of#—r=0, 
L this detail has been recalled to indicate that the generali- 
zation from rational integers and rational units to algebraic 
integers of any degree demanded unusual insight. At first glance 
it seems impossible that a number such as (-13 + 115) /2 
should have any of the divisibility properties of a common whole 
number, This specimen, being a root of the irreducible equation 
x? 4+ 13x + 71 = 0, is in fact an algebraic integer of the second 
degree. . 
Algebraic number fields in which there is unique decomposi- 
tion of algebraic integers into primes are the, exceptions. To 
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restore the fundamental theorem of arithmetic to the integers of 
any algebraic number field, Dedekind reexamined divisibility 
for the rational integers. This was the critical step, leading to the 
invention of what Dedekind called ideals. 

An (integral) ideal of an algebraic number field F is a subset, 
say a, of all the integers of F such that, if @, B are in a, and £ is 
any integer in F, then @ — 8 and at are in a. The ideal ais said 
to divide the ideal b if every integer in 6 is also in a, that is, if 
a, considered as a class, contains b. The unit ideal is the set of all 
integers of F; it divides every ideal. An ideal p is prime if, and 
only if, p and the unit ideal are the only ideals di ing p. 

Unique factorization was restored thor reglee would be 
more strictly accurate. If e is any integer gv > the set of all 
a&, where £ runs through all integers of Fyi ly seen to be an 
ideal. This ideal, denoted by (a), is calléd’the principal ideal 
corresponding to a; and it follows im: ean from the defini- 
tions that, if a, B are any integers » & divides 8 when, and 
only when, (a) divides (8). ‘Divides(thn ‘a divides 8,’ means that 
there is an integer y of F suchthat 6 = ay; ‘divides,’ in “(a) 
divides (6),’ means that th incipal ideal (a) contains the 
principal ideal (8); and th es asserts that each of these 
division-relations implica re other, 

In rational arithmetic, for example, ‘3 divides 12’ is equiva- 
lent to ‘the class of aflinteger multiples of 3 contains the class of 
all integer multipte}‘of 12.’ Again, if a, b are given integers, the 
class of all intege* multiples of @ contains the class of all integer 
multiples of SF and only if a divides b. 

Deco tion of an algebraic integer into a product of 
algebrai@yintegers is now mapped onto a decomposition of an 
idea. © a product of ideals. The fundamental theorem of 
po aearas is valid in the map. The mapping is as follows. . 
oWThe integers a, 8 of F are replaced by their corresponding 
9 incipal ideals (@), (@),.... Since the capital theorem of 

Dedekind’s theory establishes the unique decomposition of any 

ideal (in F) into a product of powers of prime ideals, each of 

(a), (8), ... has such a unique decomposition.* 

Roughly, the crux of the matter is the replacement of the 
relation of arithmetical divisibility by the relation of class- 
inclusion as in either classical or symbolic logic. And, still 
roughly, this replacement is in part responsible for the appear 
ance of ideals as linear sets of particular kinds in modern algebra 
and in algebraic geometry. 
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The invention of ideals has been given what may seem more 
than its legitimate share of space because it is an admirable and 
easily described example of the modern tendency to generaliza- 
tion. The most characteristic detail, possibly, is that of replacing 
the familiar concept of arithmetical divisibility by another that 
includes it. A central relation is replaced by another bearing 
no superficial resemblance to the first. Nevertheless, after the 
replacement, a cardinal theorem (unique decomposition into 
primes) is restored, by mapping or one-one correspondence, tar 
a domain in which, before the replacement, the theorem did ne 


hold generally, And further, the replacement leaves esse ly 
unaltered those cases in which the theorem held bei e 
replacement. : 


From another point of view, the replacement Re set of 
algebraic integers by the set of correlated princip&l‘ideals intro- 
duces uniformity and brings apparent anoma under a new 
and wider law. An earlier instance of the ¢ procedure oc- 
curred in the introduction of ideal eleihents (points, lines, 
planes, . . . at infinity) into projeg¥ geometry during the 
first half of the nineteenth centurySuth elements have only a 
remote connection with algebraig¢Naumber ideals, but in both 
cases the methodology of gener; tion by extension to regular- 
ize exceptions is the same. 

A feature of this theory<that strikes those approaching it for 
the first time as rathef peculiar is characteristic of much of 
Dedekind’s thinkin, $e number: a strictly finite problem is 
solved in terms ofGhfinite classes. The problem for algebraic 
integers is that ique decomposition; Dedekind’s solution is 
through the cular infinite classes of algebraic integers which 
he called i OY His theory (1872) of the real number system is 
based on.@ similar escape from the finite to the infinite by means 
of w e called cuts. To define VB, for example, Dedekind 

inéd all rational numbers to be separated into two classes, 
say, U; L contains all those rational numbers, and only those, 
whose squares are less than 3, and U all those, and only 
those, whose squares are greater than 3; ZL, U are said to define a 
‘cut’ in the system of all real numbers, and this particular cut is 
said to define ‘V3. 

The arithmetic of Dedekind cuts is a map of the usual prop- 
erties of real numbers, such as ‘V2 x Y3 = ‘V2 X 3, familiar 
to analysts and algebraists through centuries of formal manipula- 
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tions. The purely formal work with irrationals produced con. 
sistent numerical approximations, and was sufficient for scientific 
applications of analysis. Dedekind aimed to provide a sound 
logical basis for the traditional formalism of number. The out. 
come of his efforts was a deeper formalism of the infinite. In 1926, 
the leading mathematician of his age, D. Hilbert (1862-1943, 
German) asserted that “Ihe significance of the infinite in mathe 
matics has not been completely clarified.” Nor had it by 1945, 


Further developments S 
Dedekind’s theory of ideals was but one sveral con 
structed for the purpose of restoring the funda af theorem of 


rational arithmetic to algebraic numbers. ‘Bek other which has 
survived’ is Kronecker’s theory of 1881, ady mentioned in 
connection with complex numbers. Bot ‘onecker’s and Dede- 
kind’s theories have extensive ramific: s in other departments 
of mathematics, and both exerte: ecisive influence on the 


development of modern abstract] . 
A third theory has become, incnt since its creation in the 


1900’s by K. Hensel, in whi mbers are represented by power 
series. This theory originate in the remark that any rational 
integer can be develop: to a series of positive integral powers 
of a given prime 9. coefficients chosen from 0,1,..-; 
p — 1. It may beonsidered as the ultimate extension of the 
Babylonian, , and Hindu place-systems of numeration 


in common anthmetic. Analogies with the theory of functions 
nigh 


of a com ‘ariable, also with the theory of algebraic functions 
of one le and their representation on Ricmann surfaces, 
appe: have guided this arithmetical theory in its rapid 
de ment. ‘Algebraic function’ is used here in its customary 
ical sense: if P(w, z) = 0, where P is a polynomial, w is 

led an algebraic function of z, We shall sce later that the 
detailed study of such functions and their integrals was a major 
activity of nineteenth-century mathematics. 

Tt may be of interest to indicate very briefly how the concept 
of arithmetical divisibility as generalized to class-inclusion by 
Dedekind and Kronecker became significant in departments © 
mathematics far distant from arithmetic. Any detailed descrip» 
tion soon becomes highly technical, and we can give only enough 
to suggest that far-reaching applications might have beco 
anticipated from the finished form of Dedekind’s theory and the 
broad outline which Kronecker left of his. 
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A familiar example from elementary analytic geometry offers 
the plainest hint. If C,(*, y) = O(n = 1, 2,... , m) are the 
equations of m given plane curves, then 


fils, Ci, 9) ++ fa, Cals, 9) = 0, 


in which the /’s are functions of x, y (or constants), not identi- 
cally zero, is the equation of a curve passing through the points 
common to the m given curves. For simplicity, let all the C’s 
and f’s be polynomials in x, y. Then the system of all polynomials. 
fils, y)Ci, 9) +0 + + A fn, 9) Cm, 9), in which the C's a: 
held the same and the /’s are constants or range over all poly- 
nomials in x, y, contains, or ‘divides,’ any particular pol; fal 
in the system. ‘Divides’ here is as in Dedekind’s ideals or Kro- 
necker’s modular systems. > 

A modular system is a set M of all polynonigys 5 variables 
1) ss « y Xe defined by the property that if RN , Pz belong to 
the system, then so do P; + P: and QP, € Q is any poly~ 
nomial in #1, . . . xs. One further defini enables us to state 
a capital theorem of modern algebra. is of a modular system 
M is any set of polynomials Bi, Bz... of M such that every 
polynomial of M is expressible in eh? form 


RB. + BB too, 


where Ry, Re, . . . are cor@vants or polynomials (not necessarily 
belonging to M). Hi 3 basis theorem of 1890 states that 
every modular syst: sa basis consisting of a finite number of 
polynomials or, eguivalent, a polynomial ideal has a finite 
basis, 

Anyone ie be excused for doubting this theorem until he 


had follows 3 remarkably simple proof. In fact, when Hilbert 
applied in, © prove the fundamental theorems for algebraic 
formsgSP. Gordan (1837-1912, German), who had previously 
d the same theorems by laborious calculations, exclaimed 
's is not mathematics; it is theology!” 

There was a double-edged truth in Gordan’s protest. Hil- 
bert’s theorem marks a major turning point in algebra. It was 
the first example to attract universal attention to the modern 
abstract non-caleulating method. Gordan’s proofs were by 
highly ingenious algorithms; Hilbert’s attacked the structure 
of the systems concerned—algebraic forms and their covariants 
and invariants. The algoristic method was incapable of revealing 
the general underlying principle of which Gordan’s theorems are 


“ 
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but special manifestations. We shall return to this when. we 
consider invariance. 

The sharper edge of Gordan’s protest was felt only in the late 
1920’s. A proof in theology, it may be recalled, usually demon- 
strates the existence of some entity without exhibiting the 
entity or providing any method for doing so in a finite number of 
humanly performable operations. Mathematics, particularly 
analysis, abounds in proofs theological in this sense. To Kro- 
necker, all theological proofs in mathematics were anathema. He 
insisted that those existence proofs are invalid and\sherefore 
worthless in mathematics which do not provide Oyfethod for 
exhibiting, or constructing, in a finite number tmanly per- 
formable operations, the mathematical objectawhose existence is 
alleged to be proved. To most algebraists aps intuitive that a 
polynomial P(x) with rational coeffici i 


either is or is not 
rationally reducible—the product of ; olynomials in * with 


rational coefficients. Kronecker t admit this statement 
until he had devised a method s iding in a finite number of 


steps whether a polynomial is ally reducible or irreducible. 
Since Kronecker first 3 anded constructive existence 
proofs, it has been suspectéby some that the free use of ‘theo- 
logical’ existence proofsQihay lead to inconsistencies. In par- 
ticular, the admissibi aor Hilbert’s non-constructive existence 
proof for his basis tem was questioned in the 1930's, although 
neither he or gi ajority of working mathematicians sensed 
anything objéctidnable or dangerous in the continued application 
of the thi . Without it, a vast tract of modern abstract 
algebra afd considerable amount of algebraic geometry would 
evapo into nothing. A finitely constructive existence proof 
of t] sis theorem had not been given up to 1945. The implied 
deabts in this lack are of a piece with those arising from the 
k of the nineteenth century on the real number system. _ 
None of these deep uncertainties deters mathematicians 
their technical labors, any more than an occasional eruptiot 
discourages the vineyardists on the slopes of Etna and Vesuvius 
The periodic upheavals and submersions under rivers of jncan- 
descent lava are indeed regarded as blessings, except by the 
generations who must endure them. The decomposing Java 
revitalizes the exhausted soil, and the grapes produce 4 richer 
wine. But it is rather unpleasant for those who must be sul- 
focated or incinerated in order that their successors may prospe? 
Much of the mathematics of the nineteenth and twentieth cet 
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turies seems now to be significant chiefly because it may 
contribute to a sounder mathematical prosperity in the twenty- 
first century. But we have no assurance that it will. In the 
meantime, our generation endures or enjoys metamathematics 
and continues to create new mathematics. And so has it been 
since existence proofs were first questioned. 


The general gain to 1910 


What may be called the second heroic age of the theoryof 
algebraic numbers ended in the 1870’s-1880’s in the work of 
Dedekind and Kronecker. The first great age was tha’ aOauss 
and Kummer in the 1830’s-1840’s. The principal ins tions in 
each of these periods naturally inspired a consider: Swaumber of 
technical developments. But it does not appear, Bat any funda- 
mentally new concept, or any novel app Rg comparable in 
general significance to those indicated, suggested earlier 
than the third great epoch beginning i and the 1920's. It 
must be recalled here that we aredméerested primarily in the 
development of mathematical chow as a whole, rather than 
in the detailed exploitation of special fields. Before passing on 
to the third period and its rel@tion to the general progress, we 
may glance back at the fir © and note once more their origin, 
in order to see their printipal residue, Perhaps the most signifi- 
cant contribution shee methodological approach in both 
periods, 

The theory Igebraic numbers originated in two definite 
problems conegtning the rational integers: the laws of -ic 
reciprocity, igned to yield criteria for the solvability of 
Binomial erences x" =7 mod m; the proof or disproof of 
Ferma: ‘ast theorem. A solution® of the first problem for 2 
pri as given in what long remained its classic form by 
p OG. Eisenstein (1823-1852, German) in 1844-50, and by 

mmer in 1850-61. Thus, in this direction, algebraic numbers 
accomplished the purpose for which they were invented. The 
underlying structure of the modern theory of reciprocity laws, 
dating from about 1908, is that of the modernized Galois theory 
of fields and finite groups. . 

The second problem—Fermat’s last theorem—responsible 
for the theory of algebraic numbers has resisted the best efforts 
of three generations of arithmeticians since Kummer made the 
first notable progress. In this direction, then, the theory has not 
attained its goal, although it has found much on the way. Of 
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both problems it seems fair to say that they, as definite ends, 
have waned in interest, while the methods devised for their 
solution have steadily waxed in importance for modern mathe- 
matics. Algcbraists, for example, who have but a slight interest 
in either reciprocity laws or Fermat’s theorem constantly use 
the machinery (fields, ideals, rings, etc.) devised in the first 
instance to handle these problems, 

The like is true of the Galois theory of equations. Galois 
himself made the terminal contribution so far as algeb aie equa- 
tions are concerned, and subsequent reworkings © as initial 
theory have added nothing basically new to his rege ‘or solva- 
bility by radicals. Even the modernized presentation of the 
Galois theory, as in the streamlined model NE. Artin (Ger- 
many, U.S.A.), is a tribute to the mathemati¢al creed of Galois, 
in its elimination of all superfluous mai ty. For this modern 
release from algebraic calculation, th ect approach of A. E. 
‘Emmy’ Noether (1882-1935, Ger; y, U.S.A.) in the 1920's 
was primarily responsible, Muc! her mathematics was in the 
spirit of Galois. But his met s, sharpened and generalized 
by his successors, have tra: ided the problem for which they 
were invented, and ha ejuvenated much of living pure 
mathematics, 

It is to be Revie ncsnins the vital residue of the theory 
of algebraic Re: that it, like the Galois theory, can be 
traced to definite highly special problems. Neither Galois nor 
the creators athe theory of algebraic number fields set out 
deliberate! 25 revolutionize a2 mathematical technique; their 
compre) ‘ve methods were invented to solve specific problems. 

S appears to have been the usual path to abstractness, 
genétality, and increased power. Some difficult problem that 

ppeared in the historical development of a particular sub- 

t is taken as the point of departure without any conscious 
effort to create a comprehensive theory; repeated failures 1 
achieve a solution by known procedures force the invention © 
new methods; and finally, the new methods, having been neces 
sitated by a problem which appeared in the historical develop- 
ment, themselves pass into the main stream. 

Both Fermat’s last theorem and the arithmetical theory of 
reciprocity are but very special cases of a central problem 12 
diophantine analysis. It is required to devise criteria to decide 
in a finite number of non-tentative steps whether or not a give? 
diophantine equation is solvable. The extreme complexity ® 
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the theories invented for the two special cases suggests that only 
insignificant progress toward a solution of the general problem is 
likely without the invention of radically new methods. 


The contribution from algebraic equations 


The third great epoch in the extension of arithmetic is that 
of the twentieth century after 1910. To anticipate, the introduc- 
tion of general methods into linear algebra, beginning in the first. 
decade of the twentieth century, prepared that vast field of 
mathematics, first opened up by Hamilton and Grassman: he 
1840’s, for partial arithmetization in the second and ird 
decades of the century. In 1910, E. Steinitz (1871-?, grmany), 
proceeding from, and partly generalizing, Kron rs theory 
(1881) of “algebraic magnitudes,” made a damental con- 
tribution to the modern theory of Comm fields. His 
work was one of the strongest impulses to stract algebra of 
the 1920’s and 1930’s, with its accompanying generalized arith- 
metic, The outstanding figure in the phase of this develop- 
ment is usually considered to have been Emmy Noether’ 
(1882-1935, Germany) who, with heérnumerous pupils, laid down 
the broad foundations of the ern abstract theory of ideals, 
also a great deal more in tHe domain of modern algebra. The 
application of this work othe ‘integers’ of linear associative 
algebras affords the wtimate extension up to 1945 of common 
arithmetic. Q 

One of the clues threading this intricate maze is the 
Galois theory ds as it has developed since 1830. The Galois 
theory of eqyi@tions itself was the concluding episode in about 


three cen $s of effort to penetrate the arithmetical nature of 
the roo algebraic equations. Accordingly we shall consider 
this * It is of interest in this connection to recall an opinion 


ed by Hilbert’ in 1893 which still retains its force: 


With Gauss, Jacobi and L. Dirichlet frequently and forcefully expressed 
their astonishment at the close connection between arithmetical questions and 
certain algebraic problems, in particular with the problem of cyclotomy. The 
basic reason for these connections is now completely disclosed. The theory of 
algebraic numbers and the Galois theory of equations have their common root 
in the theory of algebraic fields. . . « 


After the solution of the general cubic and quartic in the 
sixteenth century, there appears to have been only one con- 
tribution of lasting significance to the algebraic solution of 
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equations before the late eighteenth century. E. W. Tschirn- 
hausen® (or Tschirnhaus, 1651-1708, German) in 1683 applied a 
rational substitution—reducible to a polynomial substitution— 
to remove certain terms from a given equation. This generalized 
the removal of the second term from cubics and quartics by Car- 
dan, Vieta, and others. About a century later (1786), E, §, 
Bring (1736-1798, Swedish) reduced the general quintic to 
one of its trinomial forms, x° + ax + b = 0, by a Tschirnhaus 
transformation with coefficients involving one cube t and 
three square roots, a result of capital importance in te trans- 
cendental solution of the quintic. 4 

Euler, about 1770, solved the general qua: by a method 
differing from that of Ferrari. This tnerpecteatccet led him to 
believe that the general equation is sole y radicals. As 

lem 


remarked in connection with the Greel of trisecting an 
angle, it demanded originality of “bbe order to doubt the 
possibility of a solution by radic the general case. Were 
such a solution for the general tic possible, Euler no doubt 
would have found it; for he was' fhout a superior on the manip- 
ulative side of algebra. But the quintic called for a different kind 
of mathematics. As Abel ted out, failure to solve the general 


quintic by radicals mightiindicate only incapacity on the part of 
the would-be aig wl no number of failures could be of any 


whether the problem was solvable. 
orward was taken by Lagrange" in 1770-1. 
to solve the general quintic by ingenious tricks, 
Lagrange cally examined the extant solutions of the equa 
tions offlegrees 2, 3, 4 in a successful attempt to discover why 
the particular devices used by his predecessors had succeeded. 
Hegtnd that in each instance the solution is reducible to that 
& equation of lower degree, whose roots are linear functions 
9 the roots of the given equation and roots of unity. Here at last 
was a seemingly universal method. But on applying his reduction 
to the general quintic, Lagrange obtained a sextic. The degree of 
the resolvent equation, instead of being reduced as before, was 
raised. We sce now that this was a strong hint of the impossibility 
of a solution by radicals; but Lagrange apparently missed it. Be 
had, however, found the germ of the theory of permutation 
groups. 
In this discovery, Lagrange took the first step toward the 
general theory of groups, a step of immeasurably greater signifi- 
cance for mathematics as a whole than a complete disposal o! the 
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theory of algebraic equations. Permutation groups suggested 
abstract finite groups. These in turn suggested infinite discon- 
tinuous groups, and finally the group concept entered analysis 
and geometry with the invention by M. S. Lie (1842-1899, 
Norwegian) of continuous groups in the 1870's. The reaction 
upon both the discrete and the continuous divisions of mathe- 
matics was far reaching and profound. With invariance, closely 
related to the group concept, the theory of groups in the nine- 
teenth century transformed and unified widely separated trac 


of mathematics by revealing unsuspected similarities of strugtun 
in diverse theories. This, however, belongs to the subse t 
development of Lagrange’s discovery, and will be considered in 


with the application of groups to algebraic equations. 

To recall briefly the nature of what L: e found, let 
1, + + « ,%n denote the roots of the general ion of degree n, 
Then, if a rational function f of x, . . . yA@i8 left unaltered by 
all those permutations on m1, .- - en leave unaltered 


the proper connections. For the moment we are i only 


another rational function g of *1, . tn, f is a rational func- 
tion of g and the coefficients of thegeneral equation. 

A set of permutations S,, - ; 5; on a given set of letters 
{as x1, . . «4 %» above) fornts group in the technical sense 
already defined, when a product, such as S;S;, of two permuta- 
tions §;, Sj, is inured the permutation which results when 
S; is applied first, an then applied to the new arrangement 
of #1, . . . y 4, generated by S;. For example, if = 4, and the 
4 letters are a, * the symbol (abcd) means the permutation 
which takes letter into its immediate successor, a being 
fonsideredg Successor of d in this cycle: @ into 6, b into ¢, ¢ 
into d, di @. The permutation (acd) takes a into, ¢ into d, d 
into a, ce (abcd) (acd) takes a into b, b into d, d into c, and 
ci Thus (abed)(acd) = (abdc). The identical permutation 
J,%ox)the ‘identity,’ takes each letter into itself or, what is the 
same, leaves each arrangement of the letters unaltered. The set 
of all possible n! permutations of m1, - ++ 4 ¥n is called the 


symmetric group on #1. + - > % Tf a, - ++ 5 4m denote the 
roots of an irreducible equation of degree , the properties of 
the symmetric group on 41, - - + 5 %n are the clue to necessary 


and sufficient conditions that the equation be solvable by radi- 
cals. It is impossible to go into details here, and we must refer to 
any modern text on the theory of equations or higher algebra. 
The fundamental concept for applications of finite groups to 


o) 
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algebraic equations is that of a solvable group. The Meaning of 
this term will be explained presently. 

Lagrange did not explicitly recognize groups. Nevertheless 
he obtained equivalents for some of the simpler properties of 
permutation groups. For example, one of his results, in modern 
terminology, states that the order of a subgroup of a finite group 
divides the order of the group. Normal (seli-conjugate, invariant) 
subgroups, basic in the theory of algebraic equations and in 
that of group structure, were introduced by Galoisearho also 
invented the term ‘group.’ N 

Both Abel and Galois were indebted to Lagra their own 
profounder work on algebraic equations. Befor€Abel set himself 
(1824) the problem of proving the impossibility of solving by 
radicals the general equation of degree @feater than four, an 
Italian physician, P. Ruffini (1765-182 Sveginning in 1799, had 
attempted to do the same. Ruffini’sdefnitive effort (1813) is 
said by some who have examined lint e essentially the same as 
Wantzel’s simplification of proof. Abel published this 
proof at his own expense in 3 it was reprinted in 1826 by 
A. L. Crelle (1780-1855, man) in the initial volume of his 
great journal. Remediab' efects are said by some competent 
algebraists to mar the final proofs of both Ruffini and Abel. But 
as the oversights arenot fatal, it is customary to say that each 
of these two propa the impossibility of solving by radicals the 
general equation. f degree greater than four. Their work was 
entirely indépendent. The unique importance of Abel’s proof is 
that it i ore Galois to seek a deeper source of solvability, 


which und in the theorem that an algebraic equation is 
solva y radicals if and only if its group, for the field of its 
co ents, is solvable, 

\ 


€ cannot enter into the technicalities of Galois’ theorem. 

't assuming some acquaintance with the modern theory © 
algebraic equations, which, after all, is well over a century old 
as this is written, we shall use a few of its concepts to illustrate 
the meaning of structure as exemplified in this capital theorem 
of algebra. The simple isomorphism of any two groups was 
defined in connection with the postulates for a group. Galois 
considered simply isomorphic groups as the same group whic 
abstractly, they are. A. Cayley? (1821-1895, English) in 187 
expressed this by saying that the properties of a group 4r¢ 
defined by its multiplication table. «enciot 

A subgroup H; of a group G is said to be a normal divisor © 
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G if for every 5 in G, sH; = Hs, where sH, denotes the set of all 
products sh, kin Hy, and similarly for H,s and the set of products 
hs; equality here means that the two sets contain the same ele- 
ments. A subgroup of G other than G itself is called a proper 
subgroup. A maximal normal divisor of G is a proper normal 
divisor of G that is not a proper subgroup of any proper normal 
divisor of G. The maximal normal divisors of the group of x! 
permutations of the roots of the general equation of degree 
appear in the criteria for solvability by radicals. To state the con- 
nection, we require the definition of quotient (or factor) groupsxQ® 

The order of a group is the number of distinct elementstn’ 
the group; and Lagrange proved (1770-1) in effect that cheek 
of a subgroup divides the order of the whole group. IfVIi“is a 
normal divisor of order m: of a group G of order n, must 
nm = m1, 1 an integer; and it can be shown that _< 


Gs Mtn t+ + sq 12S 


where no two of the sets Hi, 51H, . . « , 59.4); have an element 
in common, and the plus signs mean t 1 the elements of G 
are separated out into these g, mutua]i;.8xclusive sets. That is, 
the + is logical addition, as in th olean algebra of classes. 
Let Ki, Ka, . . . , Kq, denote th 1 sets (in any order). Then, 
if K;K; denotes the set of all pducts formed by multiplying 
an element of K; by an cleméte of K;, it can be shown that pre- 
cisely m1 of these productéyare distinct, and that these m, are 
all the elements of so: Ste of the K’s. Moreover, with multi- 
plication K;K; as jusxeseribed, Ki, Ks, ... , Kq form a group, 
called the quotie r factor) group of G with respect to the 
maximal normalsdivisor H; of G. This quotient group is denoted 


by G/F; it ris g1, and the order n(= mgs) of G, divided 
by the ord, 1) of A, is called the index of H, under G. Thus 
the inde: Hy, under G is here 91. 
ere may be more than one proper maximal normal 
divisoy of G. If there is, its quotient group can be formed as 
above, and its index under G is known. Our concern here is 
with all of these possibilities at each stage of the process next 
described. 

Proceeding with Hi as we did with G, we find its quotient 
group H,/H» with respect to any maximal proper normal di- 
visor H of Hy. This divisor may be only the identity-group con- 


sisting of the single element J (the identity) of G. The process is 
now repeated with H,, and so on, until it stops automatically 
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with J. In this way, starting with G and ending with J, we get the 
sequence of groups G, Hi, Ha, .--, Hi(= 1), each of which 
(after G) is a proper maximal normal divisor of its immediate 
predecessor. There is also determined the sequence of quotient 
groups G/Hi, H:/H», H2/Hs, ~~, Hi1/Hy and the corre- 
sponding indices, say 91, 92, - ++» 4 Two final definitions, 
and we can state several striking consequences of this iterated 
process. A group having no normal divisors except itself and the 
identity-group I, formed of the single element J (the identity of 
the group), is said to be simple. If all the indices q1, >. - 5 
q are prime numbers, the group G is said to be solvable. 
Remembering that there may be several ways of\proceeding 
at each step, we state the following conclusions sl t,!* in what- 
ever way we proceed, we get the same numb, P groups G, Ah, 
Hy, . . . Hy. Second, all the factor grou played above are 
simple. Third,“ in whatever way we d, the factor groups 
are the same, although not necessari the same order, and 
hence similarly for the indices 1, V. ., q@. Ina sense which 
need not be elaborated, these na of C. Jordan (1838-1922, 
French) (1870) and O. Hélder«(1859-1937, German) (1889) are 


a remarkable S50 they tate structure of any finite discrete 


group. Since 1930 they een refined and extended in what 
may be likened to the minute anatomy of any articulated organ- 
ism.!® Recalling the, pital theorem of Galois for the solvability 
of an algebraic ation by radicals, we see that these theorems 
go to the roo oPthe matter. To anticipate slightly, it may be 
noted here the Jordan-Hélder theorems have themselves 
been stru¢etirally analyzed as phenomena of the theory of 
‘lattices *2or ‘structures.’ This theory will be discussed in the 
next, ter. 

’e further development of the theory of groups will be de- 
ed presently. For the moment we note that the question of 
vability by radicals received a conclusive answer in the theory 

of finite groups. 

After the impossibility of solving the general equation of 
degree higher than the fourth by radicals had been proved, the 
next problem was to find what kind of functions would suffice to 
solve the general quintic. The general cubic had long been known 
to be solvable by circular (trigonometric) functions. The circular 
functions are uniform (single-valued) singly periodic functions 
of one variable. They are degenerate forms of the elliptic func- 
tions, which are uniform doubly periodic functions of one 
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variable, or ‘argument’ x. If f(x) is an elliptic function, and 9, 
pe are its two periods, ~1/p2 is necessarily imaginary, and 
fle tmpi + nop2) = f(x) for all choices of the integers m, m2 
‘As will be seen when we consider analysis, Abel and Jacobi in 
the 1820's discovered the elliptic functions through the inversion 
of elliptic integrals.1° An extensive department of the theory of 
elliptic functions is the problem of the division of the periods: 
if there is an integer ” such that nx is a period, the problem of 
division by 2 is to find elliptic functions having * as argument<\, 
This problem leads to certain algebraic equations which, op 
n= 2, 3, 4, 3.2%, are solvable by radicals. The degree of ye 
equation for division by any odd nis (n? — 1)/2. Thus fi =5 
the degree is 12. But if n is prime, the equation is obtamable in 

a much simpler form, being only of degree » + 1. Werecall that 
Lagrange was led to a resolvent equation oft dégree 6 in his 
attempt to solve the general equation of degree’ radicals. The 
problem of division of elliptic functions f = 5 incidentally 
provided the functions of a, b which 1 the trinomial form 
x® + ax + b = Oof the general quinti ‘an identity. The trans- 
cendental functions necessary to é the general equation of 
the fifth degree had therefore b ‘onstructed, 

This unexpected result wa’ nd by C. Hermite (1822-1905, 
French) in 1858. Hermite waNed to it by his intimate knowledge 
of elliptic functions. He rved that an equation occurring in 
the problem of quingWiséction of elliptic functions could be 
transformed into Bethg’s form of the general quintic. Simulta- 
neously, Kronec! ‘as nearing the same goal by another road, 
Kronecker’s method differed profoundly from Hermite’s. It was 
closer to whéb'Galois might have done, had he lived. In 1853 
himself the task of solving a fundamental prob- 
‘tered by Abel in his attack on algebraic equations: 
he most general function of x1, . + - > 4» that can be a 
rootéf an algebraic equation with coefficient in a given field. He 
proved that the equations arising from the theory of division of 
certain transcendents suffice to solve the general equations of 
certain degrees, and in this way obtained transcendental solu- 
tions of the general cubic and quartic. He then attacked the 
general quintic without previous reduction of the equation by a 
Teschirnhaus transformation to remove certain terms. His object 
was to find a method capable of extension to equations of any 
degree. 

Interest in such problems flagged during the second half of 
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the nineteenth century. So far as the general quintic is concerned, 
F, Klein (1849-1925, German) in 1884 reviewed" all the labors 
of his predecessors, and unified them with respect to the group 
of rotations of a regular icosahedron about its axes of sym- 
metry, The earliest discussion from the standpoint of groups of 
the (modular) equations arising in the division of elliptic func- 
tions was by Galois. 

As a specimen of later results in this same general field, a 
theorem of Hilbert may be cited: the general equation o: egree 
nine requires for its solution functions of four argum Bs) 

In summary, the chief contribution of the theerdot alge- 
braic equations to the number concept appears to have been the 
characterization of the irrationalities required f Xplicit general 
solutions. Ihe attempt to solve the general Algebraic equations 
of degrees higher than the fourth in tenig’ of functions con- 
structed from the given coefficients a finite number of 
additions, subtractions, a ae divisions, and root ex- 
tractions ended in the proof b él and Ruffini that such 
solutions do not exist. But suc utions—as for the general 
equations of degrees 2, 3, 4—define certain species of irrationali- 
ties. It therefore became & ssary to seek totally different 
kinds of irrationalities ect the solution of equations of 
degree higher than the fourth. These were found for degree 5 
in the elliptic modula functions. 

The work of and his successors showed that the nature, 
or explicit definitibn, of the roots of an algebraic equation is 
reflected in thestructure of the group of the equation for the 

i Cdefficients. This group can be determined non- 
tentatively7in a finite number of steps, although, as Galois 
phasized, his theory is not intended to be a practical 
for solving equations. But, as stated by Hilbert, the 
is theory and the theory of algebraic numbers have their 

mmon root in that of algebraic fields. The last was initiated 

y Galois, developed by Dedekind and Kronecker in the mid- 
ninetcenth century, refined and extended in the late nineteenth 
century by Hilbert and others, and finally, in the twentieth 
century, given a new direction by the work of Steinitz in 1910, 
and in that of E. Noether and her school since 1920. 

Between these later developments and the work of the nine- 
teenth century on algebraic numbers and algebraic number 
fields, the elaboration of hypercomplex number systems intet- 
vened. This will be our concern in the following chapter. 
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Jt is to be noted that the principal clues to the final general- 
ization of arithmetic have been Dedekind’s theory of alge- 
praic number fields, Kronecker’s parallel theory of what he 
called “algebraic magnitudes,” and the theories of general fields, 
groups, and rings. A ring differs from a field in that an inverse 
for multiplication is not postulated. The rational integers, 0, 
+1, +2,... are the simplest instance of a ring; the class of 
all rational integers is a group with respect to addition and is 
closed under multiplication. In a general ring, multiplication i 

not assumed to be commutative. Linear associative algebr 

are instances of rings. QD 


. o 
Changing outlooks, 1870-1920 cy 


Allusions to groups will appear frequently, Q: proceed. 
From 1870 to the 1920’s, groups dominated a ensive sector 
of mathematical thought, and were occas} ly rather rashly 
touted as the long-sought master key t mathematics, The 
first date, 1870, marks the publication ae tora (1838-1922, 
French) classic Traité des substiturions. es équations algébriques, 
which contained a great deal mor n its modest title indicates. 
This is emphasized because Ji was one of the few leading 
specialists in groups who made signal contributions to other 
departments of mathema; we inclaing analysis. Others in the 
same category were ie ie, Poincaré, G. Frobenius (1849~ 
1917, German), W. ‘Nnside (1852-1927, English), and L, E. 
Dickson (1874-, .). But the great majority of those who 
labored in sroug ere specialists in the narrowest sense; and 
some of them/@fter 1920 were content to parrot the informed 
but cbse isons of well-rounded mathematicians on the 
place of groups in mathematics as a whole, without acquiring 
the knowledge necessary to enable them to form a reasonable 


regy judgment. 

During the fifty years from 1870 to 1920, mathematics did 
not stagnate; and although groups remained one of the seemingly 
permanent additions to mathematical thought, informed opinion 
after 1920 was less immoderate than it had been in the 1890’s 
in its claims for the domination of groups over all mathematics. 
It was therefore inexcusably misleading to retain in the 1930's 
inflated estimates of groups that may have been valid in the 
1910’s, as if mathematics had remained stationary since the 
death (1912) of Poincaré, even when chapter and verse for 
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the estimates in question were cited in the works of some of 
the greatest mathematicians of a bygone generation. 

As a specific instance, a prominent specialist in finite groups 
reproduced in 1935 the long-since-superseded dictum of Poin- 
caré that “The theory of groups is, as it were, the whole four 
italics] of Mathematics stripped of its matter and reduced to 
‘pure form,’” as if this extravagance were the considered verdict 
of competent opinion in 1935. That it was not, will be seen in 
detail when we follow certain developments of geometrysince 
1916, to be described in connection with that other outet: ding 
addition of the nineteenth century to all mathematicd ought, 
the concept of invariance. Poincaré’s dictum was. Ngross exag- 
geration even when it was first uttered, At best. ifeas an under- 
standable overstatement, possibly for emphasis} that deceived 
nobody above mathematical illiteracy, Wii we may continue 
to remember the achievements of the great creators in mathe- 
matics with gratitude, we do the mass f the past a left-hand 
honor when we perpetuate thei moded opinions for the 
misguidance of oncoming generate 

Some of the more conspicuqaalandmarks in the development 
of groups after Galois may be\noted here, exclusive of the con- 
tinuous groups discussed ima later chapter. Even before Galois 
coined the term ‘group’ A. L. Cauchy (1789-1857, French) 
made (1815) extensi; vestigations in what are now called 
permutation grou d discovered some of the simpler basic 
theorems. He returned to the subject in 1844-6, and just missed 
the fundam, OP shennan (1872) of L. Sylow (1832-1918, 
Norwegian ‘Oved in most texts on the theory of finite groups. 
Cayley ( ) stated the earliest set of postulates for a group, 
thereby ning groups in the accepted technical sense. This 
definition sank out of sight and, as will be seen in connection 
witicontinuous groups, some of the leading experts, including 

and Klein, occasionally used the term ‘ group’ for systems 

ich are not groups in the technical sense now universal. Con- 
sequently, the statements of certain theorems in older work 
Tequire amendment. Another set of postulates was given (1882) 
by H. Weber (1842-1913, German), whose Algebra (3 vols., ed. 
2, 1898-9) presented a masterly synopsis of algebra as it was at 
the close of the nineteenth century. 

In passing, there is no more instructive demonstration of the 
change in outlook and objectives that distinguished the algebra 
of the early twentieth century from that of the late nineteenth 
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than a-comparison of Weber’s classic with an advanced treatise 
of the 1930’s. The transition from the old to the new began in 
1910 with the work of Steinitz. It used to be said before 1910 
that a thorough mastery of three famous classics, Weber’s 
Algebra, J. G. Darboux’ (1842-1917, French) Lecons sur la 
théorie générale des surfaces et les applications géométriques du 
calcul infinitésimal (2 vols., 1887-8; ed. 2, 1913-15), and E, 
Picard’s (1856-1941, French), Traité @’analyse (3 vols., 1891-6; 
ed, 3, 1922~7), would suffice for a liberal education in mathe- 
matics, and enable a competent student to begin creation’ ge 
what were then topics of living interest to research wor in 
mathematics. Less than a third of a century sufficed caer 
this particular liberal education hopelessly antiquat: r any- 
one seeking to orient himself quickly for a ccnp sree in 
vital mathematics, Those who in 1940 would arri¥e‘at the front 
of progress were, for the most part, taking shore cuts that did 
not exist before 1910, or even before 1920. 

The first decade of the twentieth corey witnessed a some- 
what feverish activity in the postula analysis of groups, 
in which American algebraists produgédnumerous sets of postu- 
lates for groups, with full discussi f complete independence. 
By 1910, nobody could pest bandera what a group is. 

In another department of finite groups, also, American alge- 
braists were incontinently<Prolific: the determination of all 
finite groups of a give r, especially all permutation groups 
on a small number ers, One of the earliest attempts at a 
complete census w. ae (1858) of T. P. Kirkman (1806-1895), 
an English clerg: in a muggy parish, who claimed that his 
methods suffic r an exhaustive enumeration. Kirkman will 
appear againGh connection with topology. Not a very well- 
known mathematician, although rather a notorious one in his 
own da; the perfection of his sarcasm, Kirkman appears in 
reugenbt to have been one of the born combinatorialists in 
mathematical history. For various reasons, he received practi- 
cally no encouragement and about as much recognition. Of 
Americans who made notable contributions to what may be 
called Kirkman’s program, F. N. Cole (1861-1927) and G, A. 
Miller (1863-) were among the most prolific, 

Groups of linear homogeneous substitutions on 2 variables, 
also groups of such substitutions with integer coefficients, in- 
cluding congruence groups, were studied by many after Jordan 
(1870) had shown their importance in several departments of 
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algebra and analysis, including hyperelliptic functions and the 
geometry of plane quartics. After Jordan’s own work in this 
division, that of E. H. Moore!? (1862-1932), Dickson, and H. F, 
Blichfeldt (1874-), all of the U.S.A., from the late 1890's to the 
second decade of the twentieth century, accomplished most, 
Interest in this specialty collapsed after about 1918, and the 
more imaginative algebraists turned their efforts in other 
directions. 

By 1920, the painstaking collection and detailed analysis of 
special groups had become a thing of the past. Should the¥ruits 
of all this devoted labor of about half a century ever éIequired 
in either pure or applied mathematics, the toilers @®the future 
will be spared decades of some of the hardest andmost thankless 
drudgery ever successfully carried through i the history of 
algebraic computation. Finite groups are Ap ppisode in modern 
combinatorial analysis and, as such, areX@sdifficult to civilize 
as any other phenomena in that incho; pe Neience. 

A brilliant exception to purely coz iaatorial methods ap- 
peared in 1896-9 in the algorith ‘group-characters invented 
by Frobenius, and applied by hi d others’ with conspicuous 
success to several difficult problems in finite groups. The neces- 
sary computations, me ene tedious, are non-tentative 
and non-combinatorial. ey may therefore presage a more 
intelligently reasoned grubbing attack on the problem of 
group structure ty at of the taxonomic period. With the 
appearance of g: in the early 1930’s in quantum mechanics, 
the somewhat, lected algorithm of Frobenius became of 
possible scie significance, and the heavy labor of applying 
it in detaiyyyy’ the permutation groups required in physics was 
undert: - So possibly science may stimulate the algebra of 
the fuftte to devise more practicable methods of calculation 
ancsehumeration in finite groups than those of the heroic age 

inspired hard labor, 


Mathematics and Society 


In reviewing the contribution of algebraic equations to the 
development of the number system, any mathematician today 
must be impressed by the apparent permanence of the ideas 
introduced by Abel (1803-1829) and Galois (1811-1832), and 
the profound difference between their approach to mathematics 
and that of their predecessors including, in some respects, Gauss 


ARITHMETIC GENERALIZED 243 


(1777-1855). To these young men, perhaps more than to any 
other two mathematicians, can be traced the pursuit of general- 
ity whch distinguishes the mathematics of the recent period, 
beginning with Gauss in 1801, from that of the middle period, 
They initiated for the whole of mathematics the deliberate 
search for inclusive methods and comprehensive theories. Their 
forerunners in the middle period were Descartes with his general 
method in geometry; Newton and Leibniz with the differential 
and integral calculus created to attack the mathemati f 
continuity by a uniform procedure; and Lagrange, Key is 
universal method in mechanics. Their anngene es » ent 
mathematics was Gauss, who in his arithmetic sou t-to unify 
much of the uncorrelated work of the leading arith ians from 
Fermat to Euler, Lagrange, and Legendre. Both and Galois 
acknowledged their indebtedness to the 1! of cyclotomy 
created by Gauss; and although they we r beyond him in 
their own algebra (Abel in analysis also) t least conceivable 
that neither Abel nor Galois Maes) e chosen the road he 
followed had it not been for the hint$}H the Gaussian theory of 
binomial equations. s° 

Both Abel and Galois died lgde before their time, Abel at the 
age of twenty-seven from sfuberculosis induced by poverty, 


Galois at twenty-one of agpistol shot received in a meaningless 
duel. When Abel’s geni ‘as recognized, he was subsidized by 
friends and the Nor in government. By nature he was genial 


and optimistic. Galdis spent a considerable part of his five or six 
productive yearg@h'a hopeless fight against the stupidities and 
malicious jea ey of teachers and the smug indifference of 
academici. ot at first quarrelsome or perverse, he became 
both, © 2 u 

Wi 1, if anybody, was responsible for the colossal waste 
re ed by these two premature deaths, it seems probable 
tl athematics was needlessly deprived of the natural success- 
sors of Gauss. What Abel and Galois might have accomplished 
in a normal lifetime cannot be even conjectured. That it would 
have been much and of the highest quality seems probable. Early 
maturity and sustained productivity are the rule, not the excep- 
tion, for the greatest mathematicians. It may be true that 
the most original ideas come early; but it takes time to work 
them out. Gauss spent about fifty years developing the inspira- 
tions that came to him (this is substantially his own descrip- 
tion) before he was twenty-one, and even with half a century of 
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continual labor, he brought only a fraction of his ideas to 
maturity. 

All this raises the question of what ‘society’ would do for a 
Gauss, an Abel, or a Galois today. Statesmen, including Disraeli, 
have said that society is an ass; closer inspection reveals it as 4 
nebulous abstraction. Nevertheless, we shall use the term, be- 
cause nearly everyone has a clear image of what he thinks it 
means. 

Gauss, the penniless son of a day laborer, was educated by 
society as represented by the Duke of Brunswick. Today” he 
would be educated at public expense, at Jeast in tl eUnited 
States. 

An Abel, no doubt, would be sent by the oe health 


authoritics to a sanitarium, where he might 

A Galois almost certainly would find hi 
respectability, or in the protective custod e police on some 
trumped-up charge or other, or in a concentration camp. For 
there is but little evidence that teach re less helpless in the 
disturbing presence of a mind of >very highest intelligence 
than they were in Galois’ day, o: hat the guardians of law and 


io 
order are less nervous than theatre when they sentenced Galois 


f at outs with 


to six months in jail on a le chnicality. Aesop’s fable of the 
peacock and the crows ha element of permanence in it: you 
are different from us; ut or be plucked. 

Society, however,(has learned something it did not know 
when it permitted Gifs to throw his life away in a duel. Galois 
was not considegéd “a dangerous radical” on account of his 
mathematics, ecause of his politics—now strangely respect- 
able. He w; Republican; and a reward for his capture was 
posted on¢thidt account. Royalist society was gravely concerned 
for thecebatinued security of its protracted decadence. Quite 
sensi y; when we consider the interests of the individuals com- 

sig it, society in the early 1830’s regarded-Galois’ revolution- 
ideas in mathematics with complete indifference. But in the 
early 1920’s, society discovered that a purely mathematical 
theory—relativity, or biometrics, to be specific—may conceal 
dangerous threats to tight political thinking. Human biomerrics 
was frowned upon in Russia, relativity in Germany. So it would 
seem unjust to say that society has remained stationary siace 
it discarded Galois in 1832. 


CHAPTER 11 


Emergence of Structural 
Analysis < 
<2 
== 


With the material already described as, background, we 


shall now observe in some detail the tren, ard ever greater 
generality and more refined abstractign\which distinguished 
much mathematics of the recent pe from nearly all that 


preceded 1840. Structure, in a sengexto be noted and described, 
was the final outcome of this acedlerated progression from the 
particular to the general. Thi tire movement may be seen in 
geometry as clearly as in ra and arithmetic, and will be 
remarked in that coms in later chapters. The course fol- 
lowed here pease already indicated merely for con- 
venience. It is typic that for all divisions. 

We saw that ss in 1831 invented his complex integers 
#1 + ie to sol specific problem in rational arithmetic. His 
1+ ix, wri as a number-couple (x, #2) suggested hyper~ 
complex n mers (M1, . . + y%n) with m coordinates a1, « «+ 44a} 
and it SS cural to ask whether any of these extended num- 
bers,.with real or ordinary complex coordinates, might be useful 
in nal arithmetic. More generally, how may ‘integers’ be 
defined in a system of hypercomplex numbers, and what is their 
‘arithmetic? ? 

Before either problem could be attacked, or even formulated 
precisely, the algebra of hypercomplex number systems had to be 
developed. But this in its turn was not a definite problem. Once 
the algebraic problem had been made precise, its solution 
followed rapidly. 

There appear to have been three principal phases after the 
problem was first posed by the invention of quaternions. 
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Three phases in linear algebra 


The first phase was represented by such work as that of 
B. Peirce in 1870, which sought to find and exhibit all the linear 
associative algebras in a given (finite) number of fundamental 
units.! 

The second phase, merging into the third, began in the first 
decade of the twentieth century and continued to about 1920. In 
this period, general theorems applicable to all linear associative 
algebras were the objective. N 

The third phase was distinguished for its restagdtiynt in 
abstract form of much that was already known, andthe intro- 
duction of arithmetical concepts, such as ideals valuations, 
into the resulting abstract algebra. The outco: $ an exten- 
sive and intricate theory assignable to eithera igebra or arith- 
metic, according to taste. The algebraic m 
long familiar in the theories of algebraic, 
numbers; the ideals and dual groups 
fields of Hilbert; the modular sys) of Kronecker; and the 
Galois theory of fields, all contribited to the final abstract 
theory. The finished real its the broad outlines of the 


theories from which it evo! as but different, particularized 
aspects of a unified wholeMike the varying projections of an 
intricate geometrical ¢ uration on a moving plane. In addi- 
tion, the abstract gives a wealth of results not obtainable 
from its ar nces, 


4} The abstract method 
The cu development required about a century. Its 


Bora pical of the evolution of any major mathematical 
disciplig@vof the recent Period; first the discovery of isolated 
p enghena; then the recognition of certain features common to 
ext the search for further instances, their detailed calcu- 

on and classification; then the emergence of general principles 
making further calculations, unless needed for some definite 
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for numerical checks, in investigating the properties of numbers. 
The p-adic and g-adic numbers of Hensel are closer to arithmetic. 

The full import of the abstract formulation appears only 
when it is taken as the point of departure for the deliberate 
creation of new mathematics. Certain postulates in the original 
set are suppressed or contradicted, and the consequences of the 
modified set are then worked out as were those of the original. 
For example, in a field as first defined, multiplication is commuta- 
tive. This raises the question whether it is possible to construct 
consistent ‘algebras’ subject to all the postulates of com: Ci 
algebra except the commutativity of multiplication. Ase 
in common algebra (a commutative field), if a 4 0, and gh uc, 
it follows by division that b = ¢. But division by a Ftp 


that a has an inverse with respect to multiplicationg Division is 
not defined in a ring; nevertheless there are ri: in which, if 
a0 NSS 


and ab = ac, then b = c, Hence the cxin of inverses as in a 
field is not postulated, but is serie ¢ weaker condition 
just stated taken as a postulate. The f@sult is a type of algebra 
more gencral than a field, in that it¥s based on some but not all 
of the field postulates or their cQhsequences. 

While viewing the abstra@t method we need not let our 
sincere admiration for its niable beauties betray us to the 
fate of Narcissus. It is j possible that our descendants may 
record that we perish& oY hunger while staring at the seductive 
reflection of our own superficial ideas— 


“What thou as, 
What there thou seest, fair creature, is thyself—’,* 
or that we fans and were drowned in something we never sus- 


pected ju low the entrancing surface. To illuminate this 
heresy an even more heretical example, what reason is there 
for osing that because Dedekind’s ideals did what was 


teqhiped for algebraic number rings, something very much like 
them should be introduced into other rings? Is it even evident 
that the arithmetic of a non-commutative ring should be based 
on ideals at all? Or that the usual definition of integral elements 
of a ring by close analogy with the like—by means of the rank 
equation—for an algebraic number ring is the most promising 
clue? The obvious retort is to demand something better of the 
doubter. Admitting the justice of this, we may nevertheless 
consider the other possibility. 
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The root of these doubts seems to be the unimaginative lack 
of a clearly recognized objective. If the aim is merely to create 
new theories which many find intensely interesting and even 
beautiful, then the abstract method keeps on reaching its goal, 
In this respect it somewhat resembles Stephen Leacock’s hero, 
who leapt on his horse and dashed furiously off in all directions, 
But the taste of another generation may find our abstractions 
boring and our beauties vapid. They will have a hard way to 
travel before coming upon something different. The tangled 
masses of our theories will impede their every step. If they@re to 
progress, their only possible road will circumvent “<P 


most entirely. The like happened once before, whe 
walked clear round the synthetic labors of Euclid a 

To the skeptically inclined, viewing the vast age ulations in 
abstract geometry, abstract algebra, and beets analysis of the 
twentieth century, another Descartes see: out due. Unless 
he arrives within the next two ee ars, no two mathe- 
maticians in the world twenty centurie@hence will understand 
each other’s words. In the meant; we may appreciate the 
tremendous own psy modern abstract method 


pollonius, 


and trace the main steps by whieh tt finally arrived since Hilbert 
gave it the strongest impulseSince Euclid in his geometry of 
1899. y 

The first phase in th 
of calculation and 


velopment of abstract algebra, that 
tion, is on the same scientific level as 
systematic botany. “ANI sciences of the past seem to have been 
condemned to cred through this Linnaean stage of development. 
Tf only Linn would stay as dead in mathematics as he 
appears ieee biology, mathematics might be far leaner and 
more vixi an it is. But the irrepressible botanist keeps on 
i the dead; it is impossible to keep him down. While the 
of mathematical Progress is advancing to genera, a 
straggling camp followers busies itself with the collection 
classification of trivial or discarded subspecies. It was so in 
the theories of algebraic invariants and finite groups. An exas- 
perating instance from recent analysis is the introduction of two 
new technical terms to distinguish x > 0, # 2 0. After enough 
classification has been done to indicate some inclusive character- 
istic, there would seem to be no point in collecting further 
specimens unless they are to be used. Linear algebra fortunately 


escaped the intensest fury of the taxonomists in its rapid passage 
to the second phase, 
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Toward siructure in algebra 


We shall select a few typical episodes from the history of 
linear algebra‘ to illustrate the gencrai trend since about 1870, 
in nearly all mathematics, from the detailed elaboration of 
special theories to the investigation of interrelations between the 
theories themselves. Technicalities are unavoidable, but they 
may be ignored by those unfamiliar with the subject; the 
important items are not the facts but the relations between 
them. Even without technical knowledge, it is possible to agg 
ciate distinctions in scope and generality between degree 
theorems. The technicalities, however, are of interes: their 
own account. Some of them are landmarks in their own province. 
Only what appear to have been the principal step ing from 
the enumerative stage of hypercomplex numbers tems to the 
abstract theory of all such ‘algebras’ will on sidered here. 


The work of B. Peirce (1870) aimed at ciples for the ex- 
haustive tabulation of linear associative algebras in a given finite 
number of fundamental units, He a or complex number 
coefficients. His methods were ade e, and his partial failure 
to find all the algebras he sought ixtless than seven units was due 
to mere oversights. 

Peirce’s problem was equitalent to that of exhibiting all sets 
of » linearly independent @ymbols (the basal, or fundamental, 
units) ¢1, 2...) ep forming closed systems under associative 
multiplication, on theSsumption that any product ¢¢, is a 
linear function of ¢ + «+, €n. For % given, the problem can be 
solved brutally actually constructing all possible multipli- 
cation tables lying the associativity condition 

YO br(Cses) = (6res)et 

and retaining only those which actually close. The labor of such 
an ttaking quickly becomes prohibitive with increasing n, 
and Peirce proceeded otherwise. Two of his guiding principles 
depended on the presence or absence of nilpotent and idempotent 
units: if there is a positive integer r > 1 such that ¢” = 0, Peirce 
called ¢ nilpotent; and similarly for e? = ¢ and idempotent. 
These pervasive concepts of linear algebra were the foundation 
of Peirce’s classification. His work was continued by his son, 
C.8, Peirce (1839-1914, U.S.A.), who also made outstanding 
Contributions to mathematical logic and is said to have invented 
the peculiarly Yankee philosophy known as pragmatism. 
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In an appendix to his father’s memoir, C. 8. Peirce proved 
a famous theorem,® which we restate in its customary form: The 
only linear associative algebras in which the coordinates are 
real numbers, and in which a product vanishes only if one factor 
is zero, are the field of real numbers, the field of ordinary com- 
plex numbers, and the algebra of quaternions with real coeffi- 
cients. The advance here beyond tabulation is evident. 

The theorem also indicates one possible kind of answer to the 
question asked by Gauss. It suggests that quaternions might 
have a useful arithmetic, as they are so closely related to ordigary 
complex numbers. Extensive arithmetics of ordinary qua jons 
were constructed by R. Lipschitz (1832-1903, Germann, 
and by A. Hurwitz in 1896. Dickson in 1922 sim; d these 
arithmetics. The historical order here is that A increasing 
simplicity. 

From the late 1870’s through the 1890's; algebra took 
several new directions which looked extre: promising at the 
time, but which do not appear to hav@pinfluenced the main 
advance significantly. Thus G. Fro! (1849-1917, German) 
in 1877 developed an interesting ea between hypercom- 
plex number systems and bili forms. This was followed in 
1884 by H. Poincaré’s discov: a similar connection with the 
continuous groups due to . Lie, (1842-1899, Norwegian). 
Lie’s outstanding contributions to nineteenth-century mathe 
matics will be noted an} connection with invariance. Poincaré 
replaced the. problefg™of classification by an approachable 
equivalent for a gvide class of linear algebras: to find all con- 


tinuous nah linear substitutions whose coefficients are 


linear functiens of n arbitrary parameters. This line of attack 

was devel with considerable success by G. W. Scheffers 

(1866~, man), a scientific legatee of Lie, who in 1891 under- 

took, how that Lie’s theory of (finite) continuous groups 

ns the theory of hypercomplex number systems. The 

ry of such groups therefore afforded principles for the 
classification of linear associative algebras. 

In the 1890’s Lie’s theory was perhaps more assiduously cul- 
tivated than it was to be for a generation, when it was revived in 
a renovated differential geometry. Reflecting this widespread 
interest, E. Cartan (1869-, French) in 1898 applied the Lie 
theory to obtain a classification of hypercomplex number sys- 
tems which followed ‘naturally’ from that theory. But such 
apparently promising leads were practically abandoned short)v 
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after 1900, and the main advance proceeded in another direc- 
tion, beginning in 1907 with the work of J. H. M. Wedderburn 
(1882~, Scotch, U.S.A.). 

Frobenius and Cartan had obtained numerous special results 
for hypercomplex number systems in which the coordinates are 
rational numbers, whereas in a general theory the coordinates 
should be elements of nothing more restricted than an abstract 
field. The postulates for such a situation were formulated in 1905 
by Dickson. As much of Cartan’s development depended on the 
characteristic equation of a linear associative algebra, it was Not 
always extensible to the general case. In any event, alge 50k 
anew turn in 1907, heading directly toward a theory o: cture. 

The theorem of Frobenius and Peirce on quat, ns sug- 
gested the search for all linear associative® alge atisfying 
certain preassigned conditions. The most impx of these are 
the division algebras, in which, if a(# 0) an te any elements 
of the algebra, cach of the equations ax = = bhasa unique 
solution. Two of the earlier results o ion algebras may be 
recalled, to provide concrete exampl structure, 

Galois initiated the study of fi@ld¥ containing only a finite 
number of distinct elements. It§vas proved in 1893 by E. H. 
Moore (1862-1932, U.S.A.) that*every finite commutative field 

-is of the type considered b lois; that such a field is uniquely 
determined by a pair of{pesitive integers p, n, of which p is 
prime; and that th <0 esponding field contains p” distinct 
elements. This the aN exhibits one of the many variants of 
structure: an tive characterization is prescribed for all 
(commutative s containing only a finite number of distinct 
elements. Aa variant appears in Wedderburn’s theorem of 
1905, thay the coordinates of a linear associative division 
algebra re elements of a finite field, then necessarily multiplica- 
hon e algebra is commutative. 

will be seen presently, division algebras play a dominant 
part’ in the theory of algebraic structure. The determination of 
all division algebras, or the discovery of comprehensive classes 
of such algebras, thus became a central problem in the theory. 
Dickson in 1914 constructed division algebras in » fundamental 
units with coefficients in any field F. 

At this point we may repeat that we are primarily interested 
here in the emergence of the theory of structure, particularly as 
exemplified in linear algebra. To bring out the essentials, it will 
be Necessary next to state a rather formidable-looking theorem 
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containing several technical terms whose meaning has not been 
explained. Those already acquainted with the subject will rec- 
ognize the statement as one of the fundamental theorems? 
(Wedderburn’s, 1907) on the structure of algebras. Those seeing 
it for the first time may substitute letters S, X, Y,... , for 
the technical terms ‘sum,’ ‘semi-simple,’ ‘direct sum,’ . . . , as 
we shall do in a moment, and attend solely to the construction 
of the sentences constituting the theorem. The structural charac- 
ter, which is our concern here, is then evident. As a mere yerbal 
convenience, a linear associative algebra whose coordinatés’are 
in a field F is said to be over F. The theorem states use 

(1) Any linear associative algebra over a field F {the sum 
of a semi-simple algebra and a nilpotent invari: gtigubalgebra, 
each over F3 


(2) A semi-simple algebra over F is wer simple or the 


direct sum of simple algebras over F. » 

(3) Any simple algebra over F is thesditect product of a di- 
vision algebra and a simple matric ‘a, each over F, includ- 
ing the possibility that the mod ris the only unit of one 
factor$ A 


Eliminating the technicalig&s, irrelevant for our purpose, 
we restate this with §, X¥, KR... 

(1) Any linear associ algebra over a field F is the S of 
an X-algebra and a Yale, each over F; 

(2) An A-algebra’ er F is either a Z-algebra or the DS of 


Z-algebras over 
(3) Any ibs over F is the DP of a W-algebra and a 
U-algebra, ea@hover F, 

The the6gem exhibits the structure of any linear associative 
algebra any (commutative) field F, in terms of three kinds 
of operations, S, DS, DP, and five species of algebras X, Y, Z, 
WH, hus any linear associative algebra over any field F may 
ssected into algebras of the five kinds specified, and always 
in’ the same way, namely, by S, DS, DP. Without further 
elaboration, this is what is meant by saying that all linear 
associative algebras over any field F have the same structure 
with respect to certain specified kinds of subalgebras. Attention 
may therefore be confined to the five specified kinds of sub- 
algebras. One of these, W, comprises the division algebras. 

The radical distinction between general structure theorems of 
this kind and the cataloguing type of algebra which preceded it is 
obvious. The shift of objective is typical of modern abstract 
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mathematics. Specimens are no longer prized for their own 
curious sake as they were in the nineteenth century. It is as if 
some industrious company of fossil collectors who had never 
heard of Darwin were suddenly enlightened by an evolutionist. 
Their interesting but somewhat meaningless collections would 
simplify themselves in an unsuspected coherence. 


Toward abstraction in analysts and geometry 


Three further advances of 1906-20 toward abstractness anes 
generality may be mentioned here, as they are connected wii 
the real numbers. None originated in algebra; yet at least.or 

J. Kérschak’s (1864-1933, Hungary)—was to suggest a 
ing consequences in both algebra and arithmetic. Ales 
direction of a theory of valuation generalizi 

numbers and ordinary complex numbers. 


€ in the 
t of real 


With any ordinary complex number « , written as a 
Hamiltonian number-couple (x, y), is ass éd the unique real 
number |(x, y)|, the ‘absolute value’ o' , which is the posi- 


tive square root of x? + y%. But if x,QPare elements of an ab- 
stract field F, x? + y? is not a re: Lumber. To distinguish the 
zero element of F from the zero, f the real number field, we 
shall write it 0’. 

Extending the propertie@of absolute values for the field of 
ordinary complex num! to the elements 0’, x, y, ... of 
an abstract field, £, rschak in 1913 associated with any 
clement z of F a ique real number, its ‘absolute value,’ 
denoted by x}, supe to the postulates [0] = 0;|x| > O if» 40’; 
loool = [ef feof; nateeol = [| no for any x, w in F, 

The last\e Sometimes called the triangular inequality. It is 
‘of the theorem in plane Euclidean geometry that 
any si a triangle is less than, or equal to (when the vertices 
ear), the sum of the other two sides. If the ‘distance’ be- 
any two elements x,y be defined by |x — yl, the postulates 
for these absolute values reproduce the properties usually 
associated with the concept of distance. ‘They were so defined in 
1906 by (R.) M. Fréchet (1878-, French) in his thesis for the 
doctorate at Paris. This work is one of the sources of modern gen- 
eral or abstract analysis, the theory of abstract spaces, and to- 
pology (all to be noted in other connections). A further advance 
in this direction was made by S. Banach (1892-1941, Polish) 
in 1920, who removed the restriction that the elements %, 9, « + - 
be in a field; his x, y, . . . are elements of any class whatever: 
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It might be thought that nothing not already known could 
issue from such faithful copies of the simplest properties of real 
and complex numbers, To substantiate the contrary, we need 
cite only one rather unexpected outcome of this process of ab- 
straction. It has been found that much of the analysis based on 
the real or complex numbers has its image in general analysis, 
It is not necessary to assume that x, y, .. . are real or complex 
numbers to obtain many results which formerly were supposed 
to be consequences of that assumption. In Fréchet’s an lysis, 
for example, limit points and convergent series are de; le, 
and the theorems on convergence for this abstract an $ are 
applicable to the special case of the analysis in whickthe basic 
elements are real or complex numbers. Againyit’ might be 
imagined that for the rational numbers r, . . oe nly possible 
|r] is the familiar |r. But it was shown (193 ry O. Ostrowski 


(1893-, Russian) that there are in fact sely two distinct 
types. Thus, in this instance at least, action led to some- 
thing new and unexpected. No) 


A terminus in OM metic 


Gauss’ question concerning\the possible utility of hyper- 
complex numbers in the highéP arithmetic is of peculiar interest, 
both historically and peer aly We have seen that Gauss 
was acquainted with ernions, and we haye referred to 
applications of qu ns to the classical theory of numbers. 
It is unlikely tha ce ss had developed quaternions far enough 
to suspect tha have interesting arithmetical properties. 
Nevertheless, sked? “whether the relations between things, 
which furnish manifold of more than two dimensions, may not 


also furi permissible kinds of magnitudes [numbers] in 
generak@Nthmetic?” 

e has been much speculation as to what Gauss con- 

permissible,’ Each guess generated its own answer in an 
ehdmeration of all algebras satisfying the ‘permissible’ condi- 
tion. We shall report only one of several closely similar answers, 
as the direction taken by general arithmetic since the time of 
Gauss certainly was not foreseen by him. 

Weierstrass is said to have proved the following theorem in 
his lectures of 1863; at any rate he published it, with several 
more of a like kind, in 1884. The only hypercomplex number 
systems with real coordinates, in which a product vanishcs only 
if at least one of its factors does, and in which multiplication is 
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commutative, are the algebra with one fundamental unit ¢ such 
that ¢? = ¢, and the two-unit system of ordinary complex num- 
bers. If Gauss did not permit divisors of zero, and if he insisted 
on commutative multiplication, this answered his question. The 
algebra with ¢? = ¢ is of little interest; the other gave Gauss his 
own arithmetic of complex integers a + bi, a, b real integers. In 
short, he himself had reached the end of the road he may have 
imagined but did not explicitly indicate. 

Further progress was in other directions, starting in then 
work of Dedekind on algebraic number fields and ideals, ai in 
Kronecker’s theory of modular systems as developed by oo 
and others, notably E. Lasker (1868-1941, German, Yérmer 
world chess champion) in 1905, J. Konig (1849-191 ngary) 
in 1903, and F. S. Macaulay (1862-1937, Englishy’ 916. We 
pass on to a short enumeration of what app aR have been 
the principal steps toward these vast developments of modern 


algebra and arithmetic. ra 
Ney 
Newer directio: 


From the great mass of work that'has been done since 1900 
on the arithmetization of al, r vice versa—we shall 
select only three items, to indicat? the trend toward abstractness 
and the analysis of structu 

In his algebraic theo, fields (1910), E. Steinitz sought 
all possible types of “ibeed the relations between them. Pro- 
ceeding from the sigs types, explicitly defined, he extended 
these by either algebraic or transcendental adjunctions. In al- 
gebraic adjuncue Steinitz followed the method of Cauchy as 
exploited by: cker, described in an earlier chapter. The con- 
cepts of che} cteristic, prime field, complete field, and others 
now familiar in modern texts on higher algebra were fully treated 
in thi found reworking and extension of Kronecker’s theory 
of algebraic magnitudes. The final outcome may be roughly de- 
scribed as an analysis of the structure of fields with respect to 
their possible subfields and superfields. 

The next item, dating from about 1920, marks a distinct ad- 
vance, It is represented by a host of vigorous workers who, in 
the twentieth century, undertook to do for an abstract ring what 
Dedekind had done for any ring of algebraic numbers, and to ex- 
tend the Galois theory to abstract fields. Thus the Dedekind 
theory of ideals was abstracted and generalized, as was also the 
Galois theory. The first of these may properly be assigned to 
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arithmetic, as one of the chief objectives is the discovery, for any 
ring, of unique decomposition theorems analogous to the funda. 
mental theorem of arithmetic, or to the unique representation 
of a Dedekind ideal as a product of prime ideals. It was not to be 
expected that there would be a single type of decomposition 
obviously preferable above all others for a general ring; nor was 
it reasonable to suppose that rational arithmetic or the theory of 
algebraic numbers would be translatable into the new domain 
with only minor modifications. Only the arithmetic of rings with 
commutative multiplication had been discussed with ar Nhing 
approaching completeness up to 1945. oY’ 

In spite of radical differences between the a: etic of 
commutative rings (usually without divisors o ‘zero, the so- 
called domains of integrity) and that of gets tubers the 
theory of Dedekind ideals proved a valuableltve, For example, 
in the Dedekind theory, an ideal has a finte-basis; that is, any 


number of the ideal is representable ryt +++ + nb, 
where bi... , b, are fixed integers 6f the algebraic number 
field concerned, and my, .. . , Mm e independently over all 


integers of the field. But this fact-does not directly suggest a 
profitable generalization to ringst However, it is equivalent to 
the theorem that any sequerce’4,, 42, 43, . . . of ideals which 
is such that 451 is a pr divisor of 4;, forj = 1,2,..., 
ends after a finite number of terms. This ‘chain theorem,’ valid 
in Dedekind’s theor; generalizable. 

Two basic oe ther inconspicuous-looking items of the 
classical theory éfalgebraic number ideals passed unchanged into 
the abstract y, the G.C.D. (‘greatest’ common divisor) and 
L.C.M. (‘1 common multiple). Although at the first glance 
these a oe re details, experience has shown that they are the 
fram oO of much algebraic structure and that, when their 
sii t properties are restated abstractly as postulates, the 
ting system unifies widely separated and apparently dis- 
ct theories of algebra and arithmetic. They lead, in fact, to 
what seemed the most promising theory of algebraic-arithmetic 
structure devised up to 1945. We shall therefore describe their 
properties in some detail. 

The relevant phenomena appeared first in mathematical 
logic, specifically in the algebra of classes, now called Boolean 
algebra after its founder, G. Boole (1815-1864, English). If the 
letters 4, B,C, .. . denote any whatever classes, and if the 
symbol > is read ‘includes,’ or ‘contains,’ it is true that from 
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A>Band B>C follows 4 >C. The symbol < is read ‘is 
included in,’ or ‘is contained in.” 

Ut A, B are any two classes, their ‘intersection,’ denoted 
by [4, BI, is the most inclusive—largest—class whose members 
are in both A and B. For example, if 4 is the class of all animals 
with red hair on their heads, and B is the class of all girls, [4, B] 
is the class of all red-headed girls. If 4 is as before and B is the 
class of all vegetables, [4, B] is the null class—the class with no 
members. Again, if 4, B are any classes, their ‘union,’ denoted 
by (4, B), is the least inclusive class whose members are in 
or in B, or in both. In the second of the above examples, (@ ) 
js the smallest collection each of whose members is ei an 
animal with red hair on its head, or a vegetable. y 

We may restate these definitions as follows. I: are any 


two classes, they have a unique most omen on subclass, 


[4, B], and a unique least inclusive common: relass, (4, B). 
By definition, 4 is equal to B, written 4 , if, and only if, 
4 > Band B > A; and by convention, Of > A. It is now a 
simple exercise in language to verifi Sie following statements 
concerning any set (or class) © oF le A, B,C, D, Di... , 
MM... 

(1) If 4, B, C are any threetmembers of &, such that 4 > B 
and B > C, then 4 > C. 

(2) If 4, B are any bers of S, there is a member of G, 
say D, such that D < < B; and such that, if also D, § 4, 
D, s B, then Dy <$DNPhere is also a member of ©, say M, such 
that M2 4, M CN 5 and such that, if also M; = 4, Mi 2 B, 
then M, = M. AS 

The asse is in (2) are true when D is the intersection 
[4, B] of and M is their union (4, B). Reading (4, (B, C)) 
as the u, of A and (B, C), and [4, [B, C]] as the intersection 
of 4 [B, C], we have the following theorems as immediate 
c ences of (1), (2): 

, Bl, (4, B) are uniquely defined; [4, B] = [B, 4], 
(4, B) = (B, 4); [4, 4) = 4, (4, 4) = 4; 4, (8, Cll = 
(4, Bl, Cl, (4, (B, 0) = (4, B), ©); 4 4, BD = 4, 
[4, (4, BY} = 4. 

Tt may be left to the reader’s ingenuity to decide whether or 
not the next is true for classes, 

(G3) If 4 <C < (A,B), then C = (4, [B, CD. 

é It is important for our purpose to verify that (1), (2), and the 
simple theorems above are satisfied for the following wholly 
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different interpretations of 4, B, C,... >>, =, <: 4, B, 
C, » . . is any class of positive rational integers; ‘ =? is equality 
as in common arithmetic; ‘>’ means ‘divides’; ‘<’ means ‘is 
divisible by’; [4, Blis the L.C.M. of A, B, and (A, B) their G.C_D, 
Recalling that ‘divides’ in the theory of Dedekind ideals means 
‘contains’ or ‘includes,’ as in inclusion for classes, we see why 
the interpretation in terms of classes should be relevant for the 
theory of ideals. 

We now empty 4, B,C,..., >, <, [4, Bl, (4, B) of all 
interpretation and of all meaning, and take (1), (2) as postulates 
defining the meaningless marks 4, . . . 9 >, <, ete, noting 
the D, M in (2) by [4, B], and (4, B) rosie mere 
convenience of notation—we can deduce from postulates 
the same theorems as before. . 

The abstract system so defined is not v: ; for we have 
actually exhibited two of its instances. O Syould have sufficed. 


There are many more. The abstract s defined by (1), (2) 
has been called by various names, uding ‘structure’ and 
‘lattice.’ The second is to be pref here, to avoid confusion 


with ‘structure’ as previously de 


d in mathematical logic, 
Here we reach the ultima 


‘arithmetized algebra or alge- 
braized arithmetic up to 19 t may turn out to be a very bad 
guess but, as this is writtei‘many of the younger generation of 
algebraists and arithm@ticians believe that in this theory of 
lattices they have arfast unified a welter of theories inherited 
from their prolifie\ Sredecessors, The theory has been most 
vigorously develdped in the United States. To vary the historical 
monotony of Gyelling almost exclusively on the dead, we may 
mention t mes of two of the most active contributors to this 
rn pining domain of abstract mathematics, G. Birk- 
hoff O. Ore. 

assertion (3), which was abandoned to the ingenuity of 
@yeader, is not a consequence of (1), (2) in the abstract theory. 
or en (3) is included with (1), (2) among the postulates, the 
resulting system defines a special type of lattice which is named 
after Dedekind, because he was the first (1897) to investigate 
such systems. That he did so, is but another instance of his 
penetrating and prophetic genius. His work passed practically 
unnoticed for a third of a centur > When its significance was 
realized in the theory of lattices. 
To leave this comprehensive theory of lattices here with no 
indication of its scope would do it but scant justice. A very brief 
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quotation? from one of the creators of the theory contains the 
meat of the matter. “In the discussion of the structure of alge- 
braic domains, one is not primarily interested in the elements of 
these domains, but in the relation of certain distinguished sub- 
domains, like invariant [normal] subgroups in groups,’? ideals 
jn rings, and characteristic moduli in modular systems. For all 
of these are defined the two operations of union and intersection, 
satisfying the ordinary axioms’”’—the postulates (1), (2). 

The rapid expansion of this theory of structures or lattices,\ 
after a quiescence of about a third of a century follow} ES 
Dedekind’s introduction of dual groups, is typical of uct 
the recent development of mathematics. Among other fgmon 
features is the apparently inevitable slowness wit! jich a 
basic simplicity underlying a multitude of diversi’ ‘finally 
emerges. Usually the unifying concept impli KO all of its 
different manifestations is almost disconcertingly obvious once 
it is perceived. But there is as yet no reco; d technique for 
perceiving the obvious or for not con: significance with 
triviality, and each instance, it seems, wait its own more 
or less random occasion. Nor are m aticians always reliable 
prophets of what mathematics is.tesretain its vital interest or 
acquire a new importance. An exapaple which deserves to become 
a historical classic is the suddén rise to popularity of the tensor 
calculus which, until the relativists adopted it, was the neglected 
waif of the mathematician’: In all such revaluations it is easy 
after the fact to see that they might have occurred much earlier 
than they did. ae dy can foresee where the next is to 


happen. Mere ni t, however, is not necessarily an assurance 
of reveals any who may be overanxious about their 
reputations ¢ permanence of their work. 

In theNinatter of lattices or structures, one of the deter- 
mini Characteristics of the theory might have been anti- 
cipate but was not—in 1854 when Boole published his Laws 
of thought. The irrelevance of the nature of the individual ele- 
ments of the classes whose unions and intersections give Boolean 
algebra its distinctive character was recognized by Boole himself. 
Apparently without fully realizing what he had done, and what 
how seems so plain, Boole had taken the first and the decisive 
step toward the abstract algebra and some of the geometry of 
the 1930’s-1940’s. In these newer developments the primary 
interest is not in the elements of certain domains, but in the 
inclusions, the intersections, and the unions of distinguished 
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subdomains formed of classes of elements of the original domain. 
Sets of elements rather than the elements themselves become 
the basic data, and the original level of abstraction rises to the 
next above it in what experience has shown to be a natural 
hierarchy of abstractions. 

The Boolean algebra of classes attracted but little attention 
from mathematicians during the nineteenth century, and the 
hints it might have offered projective geometers and algebraists 
passed unnoticed. If Boole had assimilated the controver: of 
the 1820's over the validity of the geometric principle of ty, 
he might well have anticipated the algebraic interpr, yion of 
projective geometry of the 1930’s. The contover ill be 
noted in a later chapter; for the moment it suffices\tdstate that 
the ‘real space’ some of the contestants ima, they were 
discussing evaporated. We shall return to this(presently. 

Another clue that might have been noe appeared in the 
various decomposition theorems of a etic and algebra. 
Decomposition, as in unique factorizati In rational arithmetic 
and the theory of algebraic inte reduces a given system 
to a system of simpler parts, the being combined according 
to prescribed rules to produce élements of the given system. 
‘The ‘simpler parts’ in rational¥tithmetic are the rational primes; 
in algebraic numbers, thesime ideals; and in both, the rules 
are those of multiplication as in an abelian group. The decom- 
position may not be upigue, as for instance the basis of an abelian 
group. Further sugges ive examples of decomposition were the 
Jordan-Hélder theorem, described earlier, for finite groups, 
Wedderburn’s, @éorems on the structure of linear algebras, 
and A, E. ‘ther’s determination of all commutative rings 
in danas te is unique prime ideal factorization. For the 

& 


Jordan: der theorem it is the subsystem of normal (invariant, 
self-c ate) subgroups of a given finite group with respect to 
ich’the decomposition is effected that matter; the elements 

¢ group itself are of only minor importance. For algebraic 
integers the distinguished subsets are the ideals, and so on; 
in each instance the original elements are subsidiary. With these 
and other examples before them, it gradually became evident to 
algebraists that some common characteristic must be the ulti- 
mate source of at least a part of the phenomena of decomposition 
in the several theories. Axiomatic formulations reveal the com- 
mon characteristic to be an underlying lattice. In his work of 
1900 on the dual groups generated by three moduli, Dedekind 
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had noticed the affiliation with what is now called Boolean alge- 
bra. Once the unifying feature was recognized, the natural next 
step was to develop the algebra of lattices as an independent 
theory on its own merits. The outcome was an abstract theory of 
structures or lattices. 

Abstraction for its own sake may prove fruitful or barren, If 
jt also suggests new theorems or expresses what is already known 
more simply and more clearly, abstraction rises to the level of 
creative mathematics. As the theory of lattices advanced, it 
unified and simplified much of existing algebra and the fi 
mental parts of certain other disciplines; it also gs € 


discovery of new results. It was not to be expected the 
general lattice by itself would clarify all the phenomena of de- 
composition, and as the theory progressed, seein lattices 
of various types were defined to accommodate paxtictlar theories. 
One significant clue was the invariance of chain length— 
the number of factors of composition—i ¢ Jordan-Hélder 
theorem for finite groups. Other equalff) patent clues might 
have been followed initially. But alli is in retrospect, and 
it will be in closer conformity with ‘tine if we merely mention 
some of the items which the ry of lattices illuminated. 
faye details we may r to G. Birkhoff, Lattice theory, 

Boolean algebra, epee source of lattice theory, 
found its natural Blagg he theory as a special type of lattice 


(complemented, utive). Distributive lattices may be 
realized by rings ts, an observation—in other terminologies 
—which goes substantially to Euler. From this follows, 


on appropriate “specialization, the representation theory of 
Boolean algebras by fields of sets, Partly suggested by the last, 
there arg2pplications of lattice algebra to the classic theories 
of se measure. In a later chapter we shall note the wide 
ions of the geometric ‘space’ of the nineteenth cen- 
tuty which evolved into the twentieth-century geometry of 
abstract space. Among these generalizations, the function 
Spaces of the twentieth century readily accommodated them- 
selves to abstraction. L. Kantorovich (Russian): essentially 
defined (1937) a partially ordered linear space as a (real) linear 
space having non-negative elements f, symbolized f > 0, subject 
to the following three postulates: If f >0 and \ > 0, then 
N20; iff > 0 and —f > 0, then f = 0; if f > 0 and g > 0, 
then f+ g>0. It was shown by G. Birkhoff in 1940 that 
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every function space then known forms a lattice with respect 
to this partial ordering. Vector lattices were also defined and 
shown to be decomposable into their suitably defined positive 
and negative components. In connection with abstractions of 
the absolute values of real and complex numbers, we shall note 
in a later chapter the type of abstract space named for the 
Polish mathematician S$, Banach. Banach lattices were defined 
as vector lattices with a suitably specialized norm (generalized 
absolute value), and it was shown that all the examples. given 
by Banach of his space are such lattices. As a last result\in this 
direction, the decompositions of partially orderedSfunction 
spaces when characterized abstractly yield compo forming 
a Boolean algebra. oy 

From its historical origin, lattice reory cai t have been 
expected to have applications to mathematiéal logic and the 
mathematical theory of probability, and sbch was found to be 
the fact. A curious application (193 provided a model of 
quantum mechanics. We recall that concept of observables 
is central in this mechanics, als the indeterminacy prin- 
ciple imports probability into the’metaphysics of all physical 
observation. A basically di t application (1944) of logic 
and probability to the q m theory will be noted in the 
concluding chapter. 

A revealing appliggion of lattices was the restatement of 
projective and affi ie geometries by K, Menger in 1928, Bemer- 
hungen xu Grundlobefragen IY, as instances of what was later 
to be called lattice algebra, Menger considered a system of 


abstract wpe for which two associative, commutative 


operatio oted by +, *, are defined. The operations admit 
a) ents, the ‘vacuum’ V and the ‘universe’ U, such 
that V = A= A-U for all A in the system, and it is 
postall ited that d+ 4= 4 = 4:4. The characteristic fea- 
ure of the algebra is the postulate of ‘absorption’: if 4 +B 
3 B, then 4+ B= 4, and conversely for all A, Bin the system. 
‘hus the algebra is essentially what G. Birkhoff (1934) called 

a lattice. Birkhof also (1934) independently reduced projective 
geometry to a topic in lattice algebra, and Menger (1935) 
published a somewhat amplified account of his theory of 1928, 
in which it had been stated that the algebra is applicable to the 
theories of measure and probability. So far as the reduction of 
projective geometry to lattice algebra is concerned, this now 
seems an inevitable but unanticipated climax of the thorough- 
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going axiomatization of projective geometry—not very well 
known in Europe, apparently—by O. Veblen and J. W. Young 
in 1910. 

The first two decades of the twentieth century witnessed an 
unprecedented activity in axiomatics, especially in the U.S.A., 
consequent on the work of D. Hilbert (1862-1943, German) 
in the foundations of geometry. The first volume of the Projective 
geometry (1910) at Veblen and Young subjected projective 
geometry to a logical rigor it had not experienced before, recon~ 
structing this department of geometry as a hypothetico-dedues 
tive abstract system in accordance with Hilbert’s genepal- 
formalistic program for all mathematics. Although geo: r 
intuition may not have been abandoned in the rigoroza at- 


ment, it was not recognized, either officially or y ‘ally. 
The opening sentences of the work assert that 


Geometry deals with the properties of figures in space. such figure is 
made up of various clements (points, lines, curves, pla rfaces, etc.), and 
these elements bear certain relations to each other (a oipt lies on a line, a line 
passes through a point, two planes intersect, et ¢ propositions stating 
these properties are logically interdependent, aoe the object of geometry 


to discover such propositions and to exhibit thely logical interdependence. 


A more inclusive but somewh: ePaguer description of geom- 
etry by one of the authors cit will be reported in a later 
chapter. The above passagi Qs sufficient for the present; it 
almost begs to be trai HA ino the language of lattices. 
In the expressive slan, 945, it is a natural for such transla- 
tion by anyone who ever glanced at the postulates for a 
lattice, Yet essenti hese postulates were accessible ten years 
before the above ifesto of the aims of geometry was printed, 
and it was notGintil a quarter of a century after it appeared 
that the congettion between lattices, or Dedekind’s dual groups, 
and geo a was perceived. But again this overlooking of 
moncaegew plain almost to the verge of truism is no reflection 
on the\perspicacity of creative geometers. Rather is it merely 
another instance of the historical commonplace, emphasized 
long ago by W. Bolyai in connection with the final emergence 
of non-Euclidean geometry after centuries of seemingly unneces- 
sary struggle, that mathematical discoveries, like the spring- 
ume violets in the woods, have their season which no human 
effort can retard or hasten. 


_ A further quotation from the Projectice geometry of 1910 
disposes, in the current mathematical manner, of certain debates 
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on the nature of ‘space’ that have exercised metaphysicans for 
many centuries: “Since any defined clement or relation must be 
defined in terms of other elements and relations, it is necessary 
that one or more of the relations between them remain entirely 
undefined; otherwise a vicious circle is unavoidable.” Although, 
as will be seen in connection with ‘space’ of any finite number 
of dimensions, it is not necessary to choose ‘points’ as the 
ultimate undefined elements of geometry, they usually were 
chosen and frequently still are. Lines, etc., then became classes 
of points. Geometry, even of the elementary-school ki 
never primarily concerned with the clements in the; 
but with the intersections and unions of the classe: 
surfaces, etc., were the distinguished subdomains 7) 
structureless chaos of points with which sceks 
8! 


asses, 
lines, 
e initially 
ry actually 
round, if not 
in the mind, of the geometer doing x etry—implicitly 
Veblen’s definitions of ‘geometer’ and { metry’—ever since 
the time of Euclid. According to Euclid a point is that which 
has no parts and has no magnitud: t this nihilistic attempt 

i Dito the deductive develop- 
Menger (1935), the lattice 
ve and affine geometry made 
logical use of Euclid’s de: n in the deductive treatment of 
geometry. Euclid and hi§successors omitted to state what they 
meant by ‘part’; Menger supplied the deficiency by a precise 
logical definition. corresponding explicit statement and 
inclusion of allbypotheses underlying his proofs, Menger 
showed depen parts of projective and affine geometry 


ment of geometry until, as no 
reformulation of both pro, 


may be de ed upon the basis of ‘trivial’ axioms such as, 
for exa: he postulates of [intersection and union as defined 
in Boole algebra].” 
outcome amounted to the reduction of projective geo- 
tty to the algebra of a suitably specialized lattice. The 
% 


‘opriate lattice elements represent the several geometric 

ects or configurations of historical or mathematical interest, 
such as points, lines, planes; the intersection of two configura- 
tions, in the Boolean sense, is the geometric intersection, or the 
configuration common to the two; the union of two configura- 
tions is the least inclusive configuration containing both. 
Dedekind’s axiom (for lattices, noted earlier), with a suitable 
finiteness condition classifies the elements dimensionally by 
the corresponding Jordan-Hélder chains. In contrast to the 
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previous axiomatizations by Hilbert and by Veblen and Young, 
the lattice representation distinguishes no configuration as 
basic; all enter the theory symmetrically. To include affine 
geometry, Menger (1935) imposed on lattices a reasonable axiom 
of parallelism. He was thereby enabled to develop projective 
and affine geometry together. 

In G. Birkhofi’s reduction (1934), projective geometries 
were correlated with Boolean algebras, fields and rings of point- 
sets, systems of normal subgroups, systems of ideals, modules 
of a modular space, and systems of subalgebras of abstr: 
algebras. There were also further correlations with the red eign 
of group representations, semi-simple hypercomplex agp s, 
and compact Lie groups. All of these were to be expected from 
the reduction of projective geometries to lattic Oh certain 
types, and from the earlier instances of lattices<given mostly 
by G, Birkhoff himself. NS) 

From a philosophical point of view thane the most 
interesting consequence of the pans ructure) represen- 
tation of projective and afline second s was a possible re- 
percussion on the perennial speculations of metaphysicians 
concerning the nature of space. 'T’ bate of the 1820’s on the 
real spacial existence of the id lements of projective geom- 
etry has been mentioned, it was suggested that the 
disputed topic had no megntng in the sense intended by the 

onnections between the Boolean 


debaters. The intim gO 
algebra of logic, ee e and affine geometries, and lattices 


at least hint that t baters may have been discussing merely 
the ingrained ha of their own reasoning processes, inherited 
for thousands 6Pyyears as a legacy from the two-valued logic 
in which, it: ears, human beings reason with a minimum of 
thought. ‘SBace’ may be nothing more mysterious than a 
triviali s a rudimentary logic. 


.©) Retrospect and prospect 

Having rapidly traveled one main highway of modern mathe- 
matics as far as 1945, we may now glance back over our route 
and note certain landmarks of more than local—arithmetical 
or algebraic—interest. This has indeed been our objective from 
the start: to observe those changes in spirit and point of view 
which distinguish the whole of mathematics since 1900 from that 
of the nineteenth century. 

Vast empires of mathematics, where hundreds of assiduous 
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workers have toiled and where many still labor, have not been 
even noticed. A detailed survey of the territory traversed would 
fill many volumes but, so far as may be judged at present, a 
complete account would neither add to nor subtract from two 
conclusions, evidence for only one of which has so far been 
presented. Both may be falsified tomorrow by the advent of 
another Descartes or a modern Gauss, or by a successor of Galois 
or Abel. 

The mathematics of the twentieth century differs iefly 
from that of the nineteenth in two significant respects, Th first 
is the deliberate pursuit of abstractness, in which rel dns, not 
things related, are the important elements. The Setond is an 


intense preoccupation with the foundations on ch the whole 
intricate superstructure of modern mathematié@rests. It may be 
hazarded as a very problematical guess 1! hen the history 
of mathematics is written a century hen mathematics is to 
last that long, the early twentieth ce will be remembered 
chiefly as the first great age of heale! y skepticism in mathe- 
matics as in much else. y a 


The nineteenth century in lematics seems in retrospect 
to be of a piece with the recat smugly optimistic age. God 
was in his Heaven and aw is right with the world. European 
civilization shipped its blessings wholesale to the heathen of all 
continents. There s: d to be no limit to the quantity of 
flimsy goods that Id be manufactured and dumped at a 
handsome profition the unenlightened who were unable to dis- 
tinguish tin from sterling silver, or brass nose rings from 
solid gold. was there any restraint in the output and con- 
sumptio} mathematics. Nearly everybody appears to have 
belie hat nearly everything was sound beyond all doubt. 
Wi turn of the century a period of criticism and revalu- 
a set in, and all but unteachable reactionaries agreed that 

< change was a decade or more overdue. 

The origins of both the abstract method and the critical 
approach can be traced definitely to the 1880’s. Neither attracted 
much attention till Hilbert in 1899 published his work on the 
foundations of geometry, and about the same time pointed out 
the basic importance for all mathematics of proving the self- 
consistency of common arithmetic. But it seems just to attribute 
the initial impulse to G. Peano (1858-1932, Italian) in his postu- 
lates for arithmetic (1889). Resuming the Euclidean program, 
Peano undertook the deduction of common arithmetic from an 
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explicitly stated set of postulates which were as free of con- 
cealed assumptions as he could make them. The postulational 
method is the source of both the modern critical movement and 
abstractness. 

In the least flattering light, both criticism and abstraction 
reflect the leaden hue of decadence. Viewed thus, the mathe- 
matics of the twentieth century is a modernized version of the 
Alexandrian age of criticism and sterile commentary that were 
the lingering death of Greek mathematics. Even if this shoul. 
prove to be a correct diagnosis of twentieth-century ma’ AS 
matics, it does not necessarily follow that mathematics is a t 
to expire. Although they were long in coming, Archimed@s‘had 
successors, +a 

Looking more sympathetically at the mathematics of the 
twentieth century, as nearly all professionals do, see it full of 
life and more vigorous than ever. Criticism i essary to see 

RY 


exactly what is sound so that the next ste, be taken with 
reasonable safety, The abstract, rte method is not 


mere cataloguing and pigeon-holing. It2alsd is creation, but of a 
kind more basic than the disorderly luxuriance of the nineteenth 
century. Unless the enormous acgimulations from that most 
prolific century in mathematigd history are sorted out and 
reduced to manageable propdrtions, mathematics will be 
smothered in its own riches<Im the process of putting order into 
the huge mass by the aha ict method, it is seen that much can 
be ignored. Should a these neglected acquisitions ever be 
required, they ate ob obtainable with much less labor than 
formerly. On’ theCereative side, the postulational analysis of 
mathematical ems suggests innumerable new problems, 
ay be worth detailed investigation. 
w engaged in this work of revaluation, simplifi- 


in ) irection. If Dedekind’s dual groups passed all but 
unnoticed for over thirty years, is it credible that all the promis- 
ing approaches have been explored, or that others will not be 
unexpectedly come upon? A historical detail which was omitted 
in our rapid survey may be recalled here to suggest at least the 
Possibility of progress in directions not yet followed. 

One of the clues that led Dedekind to his creation of ideals 
was the theory of composition of binary quadratic forms, which 
4s reflected in the multiplication of ideals in a quadratic field. 

‘auss systematized this theory of composition, and had essen- 
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tially completed it in 1801, but only for forms of degree 2 in 2 
variables. Dedekind’s ideals give an immediate generalization to 
certain very special forms (norms of algebraic integers of degree 
n) of degree n in n variables. 

The point of particular interest here is that all this originated 
in Fibonacci’s identity. There are similar identities for sums of 
4 or of 8 squares, but not for any other number of squares, 
Fibonacci’s identity follows at once from the properties of 
ordinary complex numbers; Euler’s four-square identity js a 
property of quaternions; Degen’s eight-square identity fs‘simi- 
larly connected with Cayley’s algebra in eight basal whits. In 
the algebra of Fibonacci’s identity, all the postulat: we field 
are valid; in that of Euler’s identity, react st of multi- 
plication no longer holds; in Cayley’s algebra, tiplication is 
neither commutative nor associative. In pasgi t seems rather 
remarkable that such a truncated algebra as. ley’s could have 
any physical significance, but it has been pled to the quantum 
theory. <' 
Now, the classical arithmetic asi ted with these identities 
and their related algebras is a detaif in the arithmetical theory 
of quadratic forms in x indegers variables. Reduced to its 
simplest terms, this theor concerned with the following 
problem, in which all inte; Bare rational: a,;(i,7 = 1, ... ,%) 
and m are constant integebs: ai; = ajj a1, . . . , %, are variable 
integers; the summaz{oy, 2, refers to i, j, =1, .. . , mj it is 
required to state tS 1a for the solvability of Da,s«jx; = m, and, 
if the equation, Becivable, to find all solutions 4, ... 5 Xn 


A ‘natural’ alization of this problem is the similar one 
obtained omens the quadratic form Zajjx;x; by any form 
of degree@yéater than two; and this is in fact the problem of 
represen by arithmetical forms. If a further generalization 
is re ed, the coefficients and variables may be integers in any 
raic number field. 

‘The algebras with their corresponding theories of ideals, ete., 
which so far have been created are wholly inadequate for an 
attack on the general theory of arithmetical forms. So simple an 
equation as xj + 93 -+ «} = apparently defies them. It seems 
reasonable to suppose that if significant progress is ever made in 
the theory of arithmetical forms of degree higher than the second, 
algebras of a character totally different from those whose 
abstract theory has been developed will come into being. In- 
dicative of the rapidity with which a situation in diophantine 
analysis may change, since the first edition (1940) of this book, 
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L. J. Mordell (1888-, U.S.A., England) proved (1942) that the 
preceding equation has no solutions with x, y, 2, quartic poly- 
nomials in one parameter with rational coefficients unless 
n= a@orn = 2a3, where a is a rational number; and B. Segre 
(Italian, England) made (1943) extensive applications of alge- 
braic geometry to polynomial diophantine equations. 

There is the possibility, however, that the problem of arith- 
metical forms will lose its interest for mathematicians. In other 
words, it will cease to be considered important. But importan 
sometimes, humanly enough, is only a tribute to the ae 
esteem of an egocentric mathematician. The problems whiche 
can solve are, by definition, important; those which baffl@*him 
are unimportant. To say that a particular problem lost its 
importance for modern mathematics may therefo: merely a 
rationalized confession of incapacity. Until a d has been 
devised for solving a problem, or for proving t is unsolvable 
if such be the case, common professional pride would seem to 
demand that it be considered. NN 

If this point of view is justified, the@o¥iclusion is that neither 
algebra nor arithmetic has reachedean end in the modern ab- 
stract method, although that m may be a significant pre- 
lude to what our successors willy ckeate. We shall see that physics 
suggests the like in eld any event, the beautiful achieve- 


ments of the method wo ave delighted Euclid, who first of 
all mathematicians pri id a rounded example of the postula~ 
tional technique. He not have realized what he was doing, 
as a modern mat! cian sees his work, but he did it. Pythag- 
oras, on the oth nd, would have stood bewildered before the 
modern con f number. He would want to know what had 
become of *e atural numbers 1, 2,3, ... - All this time we 
have bees aking them for granted, not questioning their 
specious simplicity, 

must now return to these so-called natural numbers— 
Kronécker’s gift from God—and see what happened to them 
while number was disporting itself in a heaven Pythagoras 
never dreamed of. This will supply us with the link connecting 
algebra and arithmetic with analysis. Having examined this, we 
shall be in a position to proceed in later chapters to geometry 
and applied mathematics. Finally we shall be led back to the 
foundations of the whole structure, to see in them what our 
Successors may designate as the characteristic distinguishing 
the mathematics of the twentieth century from ail that pre- 
ceded it—critical, constructive doubt. 


CHAPTER 12 


Cardinal and Ordinal to 1902 


SS 


Cy 

Lecturing in 1934-5 to his Chinese sti KD in Peiping on 
the theory of functions of real variables, ad inguished Ameri- 
can analyst! observed that “The student bas thus far taken the 
system of real numbers for granted, Dworked with them. He 
may continue to do so to the ends@fhis life without detriment 
to his mathematical thought. ...s? On the other hand, most 
mathematicians are curious, at@he time or other in their lives, 
to sce how the system of re. mbers can be evolved from the 
natural numbers.” The ahral numbers are the positive ra- 
tional integers 1, 2, aX. . . A little earlier, a distinguished 
German analyst,? wyifiig for his beginners in analysis, made an 
unusual request; ePicase forget all that you have learned in 
school; becaus uu have not learned it.” He was referring to 
such simple ersas1+1 = 2. 

Subscrii to all of these sentiments, we shall indicate the 
main <@ y which mathematicians in the second half of the 
ninet century reached the modern concept of real numbers. 
Theta numbers are the soil in which the classical theory of 
ca ions grows and flourishes and, as remarked above, are 

ually taken for granted by students. Also by some others. 

To anticipate, theories were constructed deriving the real 
numbers from the natural numbers. It was then sought to de- 
rive the natural numbers from something yet more basic, the 
theory of classes as in mathematical logic. By another of those 
curious coincidences regarding dates, what seemed like finality 
in this direction was reached in the closing years of the nine- 
teenth century. Those years, in more senses than one, were the 
end of a great epoch. 
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It is still no doubt true that students may take the real 
numbers for granted, as they did in 1902, without detriment to 
their mathematical thought. But it is no longer true that the 
more basic natural numbers can be taken for granted by any- 
body as they were by nearly everybody in 1902. Drowsy intui- 
tion has been shocked awake since the close of the nineteenth 
century; and the program of Eudoxus, resumed in the late nine- 
teenth century by the founders of the modern real number 
system, gave way in the twentieth century to another, more 
fundamental than any imagined by the Greek mathematicians 
The center of interest shifted here as it is always shiftin; Gy 
mathematics. Indeed, it might have been mathematics sng pot 
an insignificant minor planet of a second-rate sun thatsGalileo 
had in mind when he muttered—according to a legen hich 
should be true even if it may not be—“ And still i es,” as he 
rose from his knees and bowed to the Grand In 
yet has succeeded in stopping mathematical 
in any other climactic year, as Joshua st 
heavenly body at the battle of Gibeon. fe 


Equivalence and sigtjlarity 


The modern number concept(f8 the link connecting the 
arithmetic and algebra of the past with the analysis, geometry, 
and mathematical logic of thé present. Like the typical student 
of analysis today, we ha en taking for granted the system 
of natural numbers fr i Sthich, by successive generalizations, 
evolved the system mplex numbers, which in its turn sug~ 
gested the hypereo ip fex numbers of modern algebra, Our im- 
mediate concern i is chapter is to indicate the main steps by 
which mathemati¢ians in the latter half of the nineteenth cen- 
tury sough ob arithmetize? analysis. In the following chapter, 
we shall the same goal by a different route, that of the 
oe m Newton and Leibniz to the year 1900; and we shall 
See again that the close of the nineteenth century marks a 
definite terminus in one direction of mathematical thought. 

This terminus, as will appear in the concluding chapter, was 
a turning point in the evolution of mathematics comparable in 
Significance to that in the fourth century B.c., when Eudoxus 
Parted company with the Pythagoreans. Once more the occasion 
for the new departure was the nature of irrational numbers. 
But in the modern pursuit of number, a far deeper spring of 
mathematical knowledge than any that refreshed the Greeks 


ess, in 1902 or 
the motion of a 
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was tapped. The natural numbers had been taken for granted, 
and it was found that they too presented subtle obstacles to 
clear understanding. The point of cardinal importance to he 
noted in the following summary account is the precise nature 
of the subtlest of these obstacles, which was perceived with 
dramatic suddenness only in 1902. 

The modern attack on number was directed against two 
closely related objectives: that of rigorizing the concepts of 
function, variable, limit, and continuity in aeons of 
penetrating the logical disguise of number. The first evétuated 
in the retreat from intuitive ideas of the calculus. jlimated 
from unanalyzed conceptions of motion and contifjéus curves; 
the second culminated in the identification of mal numbers 
with classes. In both, the concepts of equiva! or similarity) 
of classes, especially for infinite classes, played “a dominant part. 
It is a matter of great historical are as indicated in an 


earlier chapter), that equivalence for es was firmly grasped 
as early as 1638 by Galileo, just a xe fter Descartes published 
his geometry. Galileo’s work wes) ranslated into English in 
1665, the year that young Newton, rusticating at Woolsthorpe, 


thought out his first calcul: 
To us it seems strangethat so plain an indication as Galileo’s 


of a feasible attack onalf' matters pertaining to the infinite was 
not pursued sooner it was. But there is the earlier parallel 
of the Greek indi ce to Babylonian algebra to suggest that 
mathematics dpe: ot always follow the straightest road to its 
future. 

As it wi be difficult to find a clearer, more graphic state- 
ment th; alileo’s of the critical points, we quote* what he puts 
into mouths of his characters, the sagacious Salviatus 


io , and the questioning Simplicius (Simp.), The talk has 
a 


bout the “Continuum of Indivisibles.” 


_ Salo. . . . an Indivisible, added to another Indivisible, produceth not a 
thing divisible; for if that were so, it would follow, that even the Indivisibles 
were divisible... . 

Simp. Here already riseth a doubt, which I think unresolvable. . - 
Now this assigning an Infinite bigger than an Infinite is, in my opinion, 4 
conceit that can never by any means be apprehended. 


To make the infinite plain even to Simplicius, Salviatus 


patiently explains what a square integer is before proceeding as 
follows. 
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Salv, Farther questioning, if I ask how many are the Numbers Square, 
you can answer mé truly, that they be as many, as are their propper roots; 
since every Square hath its Root, and every Root its Square, nor hath any 
Square more than one sole Root, or any Root more than one sole Square, 


This is the kernel of the matter: the one-one correspondence 
between a part of an infinite class, here that of all the natural 
numbers, and one of its subclasses, here that of all the integer 
squares. Continuing the argument, Salviatus compels Simplicius 


to surrender, ~ 
Simp. What is to be resolved on this occasion? Y 
Salo, I see no other decision that it may admit, but to say, that all Ny 8 
are infinite; Squares are infinite; and that neither is the multitude of($quares 
Iess than atl Numbers, nor this greater than that: and in conclusion} that the 
‘Attributes of Equality, Majority, and Minority have no plagogn finities, 
but only in terminate quantitics. . . 


In modern terminology, two classes whichdpan be placed in 
one-one correspondence are said to be eqéivalent® or similar? 
In Galileo’s example, the class of all ake tegers is equivalent 
to the class of all positive integers. A, a part (strictly, proper 
part) of a class C is any class wont some but not all 
members of C, and nothing els ileo’s example shows that a 
class may be equivalent to a pat of itself, A class is defined to 


be infinite if it is equivalenktoa part of itself; and a class which 
is not infinite is diane finite. This means of distinguishing 
) 


between finite and in classes was postulated® by B. Bolzano 
(1781-1848, of Pr, , philosopher and theologian, and is 
basic in the mo theory of classes, both finite and infinite. 
Without it, C: rs theory of sets of points, fundamental in 
, would not exist. 


i a esting to note that Leibniz pointed out the simi- 


¢ classes of all natural numbers and all even natural 
ei , but drew the incorrect conclusion, rectified in Cantor’s 
theoty, that “the number of all [natural] numbers implies a 
contradiction.”? 


Arithmetized analysis 


This is not the place to expound the theories of real numbers 
constructed by Cantor, Dedekind, and Weierstrass; and we shall 
merely recall the few fundamental concepts necessary to give 
point to the historical climax of 1902. We observe first that the 
concept of a class (set, aggregate, assemblage, ensemble, Menge) 
was taken as intuitive in the preceding section. That ‘class’ is 
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by no means an intuitive notion was recognized by Cantor, who 
in 1895 defined it thus: “By a class (Menge) we understand any 
summary (Zusammenfassung) into a single whole of definite 
well-distinguished objects of our intuition (Anschauung) or of 
our thought (Denkens).” Possibly the exquisitely modulated 
philosophical German’ is untranslatable into any blunter lan- 
guage, or incomprehensible to any but the initiated. With hesita- 
tion, then, we offer the following substitute in crude American: 
“A class is said to be determined by any test or conditionwhich 
every entity (in the universe considered) must either sath fy or 
not satisfy.” It seems clear to the unphilosophic gtiind that 
either of these definitions somewhat rashly invites @hilosophers 
to philosophize; and indeed, the invitation w: écepted with 
alacrity. Whether this was a happy issue for,tRe’ analysis of the 
nineteenth century out of all its afflictions gems to be in some 
doubt among professional analysts.” SS 


Another fundamental point in Ca theory is the radical 
distinction between cardinal and tdi al numbers. For finite 
classes and numbers the distin is almost trivial. Finite 


classes have the same cardinal pumber if and only if they are 
similar. Note that this doe t define ‘cardinal number’; it 
defines ‘same cardinal nu: a significant distinction. It is 
quite possible to know two criminals have the same name 
without knowing w name is. The symbol 1, or 2, or 
3, .. . denoting al number (not yet defined!) of a class 
is a mere mark ss which is characteristic of the class without 
reference “eh ‘der in which its members are arranged. When 


the member; a finite class are counted in a given order, the 
mark or ldBel 1 being assigned to the first, the mark 2 to the 
next, and.go on, an ordinal number is correlated with each ele- 
meng ¢ ordered class; and if n is assigned to the last, 7 is also 
thesmark denoting the cardinal number of the class. But for 
ite classes, as shown by Cantor, the like is no longer true; 
e marks for (transfinite) cardinals and ordinals differ, and the 
distinction between cardinal and ordinal is not trivial. 

The cardinal number of any given class, finite or infinite, was 
defined by F. L. G. Frege (1848-1925, German) to be itself a 
class, namely, the class of all those classes similar to the given 
class. Thus the familiar cardinals 1, 2,3, . . . of our unlearned 
youth have vanished in the all-nesses of infinities of classes con- 
taining respectively ‘one’ thing, ‘two’ things, and so on for as 
many things as there may be in our Anschauung or in our 
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Denkens. This outcome may seem rather disappointing at first. 
But on prolonged reflection we are forced to agree with E. 
Landau (1877-1938, German) that what we learned at school 
we did not learn. Any class similar to the class of all the natural 
numbers is said to be denumerable or countable. 

Resolving Simplicius’ doubt about the conccit of “assigning 
an Infinite bigger than an Infinite,” Cantor proceeded to describe 
any desired number of such bigger Infinites. First, there is said 
to be no difficulty in imagining an ordered infinite class; Ren 
natural numbers 1, 2, 3, . . . themselves suffice. Beyon 
these, in ordinal numeration, lies w; beyond a lies w + 1 n 
@ +2, and so on, until 2 is reached, when w2 +1 + 2, 

. are attained; beyond all these lies w%, and bi d this, 
w? + L, and so on, it is said, indefinitely and foreyeRIf the first 
step—after which all the rest seems to follo itself{—offers 
any difficulty, we have but to grasp the schi 1, By Spice 68 5 
2n+1,... |2, in which, after all the natural numbers 
have been counted off, 2, which is not, them, is imagined 
as the next in order. One purpose of C: r in constructing these 
transfinite ordinals, w, w + 1, . . .@yas to provide a means for 
the counting of well-ordered cl ; a Class being well-ordered 
if its members are ordered andach has a unique ‘successor.’ 

For cardinal numbers Cantor described “an Infinite 
bigger than an Infinite” nfound the Simpliciuses of mathe- 
matics and enchant thes viatuses. He proved (1874) that the 
class of all algebraic’nuinbers is denumerable, and gave (1878) 
a tule for constr Or an infinite non-denumerable class of real 
numbers. Were Or make a list of the spectacularly unexpected 
discoveries ji rathematics, these two might head our list. 
is strictly one of existence. Providing no means for 
any of the infinity of transcendental numbers whose 
existen€8“is demonstrated, Cantor’s proof is in the medieval 
eed of submathematical analysis. It would have convinced 
and delighted Aquinas. J. Liouville (1809-1882, French), on the 
other hand, invented a method (1844) for constructing any one 
of an extensive class of transcendental numbers. His numbers 
were the first to be proved transcendental; Hermite’s proof of the 
transcendence of e(= 2.718 . . .) followed in 1873; F. Linde- 
mann’s (1852-1939, German) for x in 1882. Hinting at the con- 
troversies to come in the twentieth century, Kronecker 
demanded of Lindemann, “Of what value is your beautiful 
Proof, since irrational numbers do not exist?” We shall return to 
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Kronecker’s program of arithmetization presently. It was quite 
different in both aim and scope from that of Cantor, Dedekind, 
and Weierstrass in their project of arithmetizing analysis. In 
passing, we note that A, Gelfond in 1934 proved the transcen- 
dence of a’, where a is any algebraic number #0, 1, and bis any 
irrational algebraic number. 

In the program of arithmetizing analysis, the rational 
numbers presented no difficulty. By the device of number- 
couples subjected to appropriate postulates, the properties of 
positive rationals were referred to those of positive integets, ‘and 
negative rationals were driven back with equal ease se pPsitive 
rationals. Thus all the rationals were derived by a sep ‘outine 
from the natural numbers. Proceeding to infinitely he greater 
part of the continuum of real numbers, Cantor d irrationals 
by infinite sequences of rationals; ‘V2, f “c¥ample, may be 
defined by the sequence 1, 14/10, “3800, 1,414/1,000, 
14,142/10,000, . . . . Generally, if a1, » + + + is any infinite 
sequence of rational numbers which @ such that, for each 
rational ¢ > 0, however small, t is an index m such that 
|@n — a <e for every n, v 2 wythe sequence is said to be 
regular. It is postulated tha ey regular sequence defines a 
number; the class of all sided numbers is the real number 
system. With suitable definitions of equality, greater, less, sum, 
difference, product, an jotient, it was shown that these num- 
bers satisfy the reg@iyements of experience, In particular, a 
meaning was given'to the formalism of such useful statements as 
V2 x Ni = 3,Wx Wa ‘3 x ‘V2. Cantor had arith- 
metized the inuum of real numbers. 

Geometiy? also shared in the benefits which arithmetization 
had co ed on analysis, A one-one correspondence between 
all the@dints on any segment of a straight line and the con- 
tin, of real numbers was established. This done, C, Jordan 

1922, French) banished intuition from the conception of 

tved lines by giving a strictly arithmetical definition” of a 
curve as a plane set of points which can be put in one-one 
correspondence with the points of a closed segment [a, 6]. This 
seems like restating a platitude in pedantic obscurity when we 
cite its simplest example, the parametric equations # = r cos t, 
y =r sin t of the circle «2 + y? = 12, It seems rather less plati- 
tudinous when we recall that Peano (1890) constructed a real 
continuous plane curve, as the locus of a point (x, y) whose 
coordinates are given by x = f®, y = g(t) with f, g uniform, 
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continuous functions of the real variable tin the rangeO < + < 1, 
completely filling the square 0 < x < 1,0 <y 1, In fact, he 
described two such curves passing through every point of the 
unit square. Many more examples of such ‘space-filling curves’ 
have been constructed since Peano exhibited the first; and what 
in 1890 appeared as a collapse of the geometrical heavens has 
reappeared as a commonplace phenomenon in Ph.D. disser- 
tations. “And still it moves.” 

Equally unexpected miracles began illuminating the con- 
tinuum itself, By a fairly immediate generalization, classes (og@) 
of points in a continuum (‘space’) of any finite or of a den T- 
ably infinite number of dimensions were invented. Cantograved 
that in each instance all the points in the whole space be put 
in one-one correspondence with all the points on an: Sipight-line 
segment, In a plane, for example, there are precetly as many 
points on a segment an inch long as there areinthe entire plane. 
This, of course, is contrary to common senses t common sense 
exists chiefly in order that reason may Be its Simpliciuses to 
contradict and enlighten, However, s implicius occasionally 
interjects a shrewd objection, upsettig? the even progress of the 
discussion; and if he but seldom géts the better of an argument, 
he can at least cause it to s' le badly. Kronecker elected 
himself the Simplicius of C. 1, Dedekind, and Weierstrass. 
His objections will be noted presently. 

A profound questions which exercised Cantor’s utmost 
powers was this: Cahthe continuum of real numbers be well 
ordered? In 1883 he shought he had answered this affirmatively. 
Objections to his@ttempted proof were largely responsible for 
the descent fathematics after 1900 to deeper levels in its 
efforts to e deceptive intuition, Another problem which 
baffled Cet was to prove or disprove that there exists a class 
whose @ardinal number exceeds that of the class of natural 
n s and is exceeded by that of the class of real numbers. 

roblem seemed to be still open*? in 1945. 
_ _ Whatever may be the ultimate fate of Cantor’s theories of the 
infinite, continuity, and the number system, it appears likely 
that he will be remembered with Eudoxus as one of those who 
breached what is, after all, the central fortress of mathematical 
analysis, So also will Dedekind and Weierstrass. Like Cantor, 
these two also derived the number system of analysis from the 
natural numbers, Dedekind by his device of cuts, Weierstrass by 
classes of rationals, Another analyst who reached the same goal 
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was C, Méray (1835-1911, French); but possibly the difficulty of 
his exposition deprived him of his just share of fame. One or 
other of these theories is so familiar today to every student of an 
advanced course in the calculus that there is no need to describe 
them here, They are open to precisely the same objections that 
mathematical logicians have raised to Cantor’s Mengenlehre. 
But in stating this plain matter of fact, we do not imply that 
these theories have been rejected as totally wrong or barren, 
They still afford the most promising approach to an under. 
standing of numbers and their part in analysis. If a tery is 
imperfect, that is perhaps only because it is not yet eit. lead or 
useless, < 

In the following chapter we shall see that the analysis of 
trigonometric (Fourier) series was partly resONsible for the 
attempt to put a firm logical foundation under e continuum of 
real numbers. Many contributed signi anily to the attempt; 
but the four whose work has been note: re the earliest to see 
clearly what needed doing and the fir; (26 attempt it. 

Of the many who prepared fo: final success, one may be 
mentioned here, P, du Bois-Reffond (1831-1889, German), 
partly for his own subtle reseaythes in analysis, partly because 
it was owing to his insistenc@that Weierstrass permitted a most 
disconcerting invention is own to become public. Intuitively, 
4 continuous arc of a ¢ has a tangent at every point on the 
arc; Weierstrass conte the equation of a continuous curve 
having no tangents‘) any of its points. He is said to have com- 
municated this te his circle in 1861, but for some reason withheld 
it until du eymond in 1874 asked him whether such a 
curve was ible. This example alone showed the necessity for 
some s theory of the real number system to replace the 
perni intuitions which had seeped into analysis from 
geonietry and kinematics, 


Oo 


Existence and constructibility 


Kronecker has already been mentioned for his technical con 
tributions to algebra and the higher arithmetic, These probably 
represent his choiccst creations to those who have taken the pains 
to appreciate them; but Kronecker is more widely known to the 
mathematical public for his philosophy of mathematics. At one 
time he was looked upon by some of the analysts, including 
Weierstrass, as a sort of personal devil. It was feared that 
Kronecker’s philosophy was wholly destructive; and it cannot 
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be gainsaid that he hated the highly speculative analysis of his 
famous contemporaries. If Kronecker spelled Satan to Cantor, 
Cantor signified the personification of all mathematical evil to 
Kronecker. 

Dedekind’s definition of irrationals as cuts in infinite classes 
of rationals, Cantor’s sequences of rationals defining irrationals, 
and Weierstrass’ irrationals as classes of rationals, all ultimately 
referred the continuum of real numbers to the natural numbers. 
The ‘magnitudes’ of Eudoxus were replaced by hypothetical 
constructions performed upon the numbers 1, 2,3, ... . Th 
the arithmetization of analysis was a return to the progra eS 
Pythagoras. Mathematical mechanics having been reduc a 
department of analysis, it too was potentially arith fized, at 
least by implication, and likewise for geometry. Alga was 
reduced to number as the Pythagoreans imaging er, but 
at a cost which they would never have REP ed to meet, 


infinities upon infinities. 

As thoroughgoing a Pythagorean a BPrhagoras himself, 
Kronecker insisted that the infinities shed, and that all 
mathematics be built up by finite ss nstructions from the 
natural numbers. Unless a mathenatical object were construc- 
tible in a finite number of nonqteatative steps, it did not exist 
for Kronecker, no matter howhany and how rigidly logical the 
transcendental proofs of existence.!? Such a philosophy of 
mathematics did not make*nonsense of analysis as Kronecker’s 
rivals had re-create $y analysis was simply abolished. 

As if to lend soMe plausibility to the destructive part of 
Kronecker’s pro , flagrant contradictions began appearing 
in the late 18 in reasoning of apparently the same general 
character 4 used by the arithmetizers of analysis. Twenty- 
four cen § after Zeno’s runner had lost his race, his heirs 
appearedton another course, fresher and feeter of foot than that 
angi ad ever been. The new antinomies of the infinite sprang 
frot/the protean ‘all’ by which the irrationals were generated 
in the arithmetization of analysis: ‘all’ natural numbers; the 
class of ‘all’ rational numbers whose squares are less than 2, and 
the class of ‘all’ those whose squares are greater than 2 as the 
‘cut? defining *Y2, and an infinity more. 

The first of the new and more vigorous paradoxes was 
fathered in 1897 by the Italian mathematician C. Burali-Forti: 
the well-ordered series of aif ordinal numbers defines a new 
ordinal number which is not one of the all. 
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A less technical paradox on ‘all’ was B. A. W. Russell's 
(1872-, English) of 1902: Is the class of all those classes which 
are not members of themselves a member of itself? Either Yes 
or No leads to a contradiction. The same irrepressible successor 
of Zeno recorded a yet simpler ‘all’ paradox: A barber in a 
certain village shaves all those, and only those, who do not shave 
themselves; does the barber shave himself? There are many 
more, All—if we may use the word without danger of engender- 
ing another exasperating paradox—or, if not all, then many 
conceal a dubious ‘all.’ One root of the technical mathematical 
difficulties has been traced to the concept of ‘clags® itself, 
Cantor’s ‘Menge’ as defined by him. The attempt todbes gically 
precise ended in hopeless confusion, Oo 

The problems of the nineteenth century met é of the twen- 
tieth in the extraordinarily subtle mind of F,IQG. Frege (1848~ 


1925, German), part of whose lifework!* n endeavor to put 
a self-consistent foundation under the number concept. In 1884, 
Frege was led to his famous definitio e cardinal number of 


a given class as the class of all thasevclasses similar to the given 
class. From this definition, Frege: lerived the usual properties of 
numbers familiar in commoa\arithmetic. Unfortunately, to 
develop the subtlety of hig? soning with precision, he had 
found it necessary to cl his proofs in a complicated dia- 
grammatic symbolism h repelled all but the hardiest and 
most obstinate read Se a result, the epoch-making definition 
embedded in his rey passed unnoticed by the mathematical 
public till Russ. by different reasoning, independently reached 
(1902?) the ce defntion and expounded it in English. 

Frege haa sed the theory of classes. ‘The second volume of 
his mast, ce! appeared in 1903. It closes with the following 
ion. “A scientist can hardly encounter anything more 
le than to have the foundation collapse just as the work 
pleted. A letter from Mr. Bertrand Russell put me in this 
ition as the work was all but through the press.” Russell’s 
etter contained his paradox on the class of all classes that are 
not members of themselves. 

Frege’s pessimism is understandable enough. But it was to 
prove unjustifiable in the long view of mathematical progress. 
The attempt to found the number system on a theory of classes 
seemed to have failed, and no doubt it had, at least temporarily. 
By the collapse of the class theory of the number system, analysis 
was left without a foundation, and hung suspended in mid-air 
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like Mahomet’s coffin, sustained only by a miracle of faith. But 
the very failure revealed the nature of the fundamental weak- 
ness. A younger, more vigorous generation attacked the problem 
of bringing analysis down to reason again. Profiting by the 
experience of the nineteenth-century arithmetizers, the mathe- 
matical logicians of the twentieth century set themselves the 
task of putting a self-consistent foundation under all mathe 
matics, not merely under analysis. Their efforts quickly carried 
the program of Leibniz for a strict symbolic reasoning far beyo 
anything he ever conceived, and in so doing created much Aew 
mathematics. 4 
In the meantime, analysts, geometers, arithmeticigh’, and 
algebraists continued their technical labors as if eae ge no 
‘crisis’ in the foundations, creating interesting andyiseful things 
as their forerunners had done for centuries. ix Confidence in 
the security of the essentials of their crea is justified by 
experience. Changing philosophies of oe may trans- 
form proofs and even theorems out wae cognition as mathe- 


matics develops, and much is throw: ay. But if history is a 
reliable prophet, there will remai the analysis of the nine- 
teenth century as much, rel: ly, as remains of Euclid’s 


proposition I, 47. ANS 


CHAPTER 13 
From Intuition to Absolute 
Rigor RS 
1700-1900 RS 


In following the development BC he number concept to its 
final phase in modern arithmeti abstract algebra, we have 
caught occasional glimpses of th@ Spirit of mathematics as it has 
become since the close of ighteenth century. Similar pro- 
found changes appear whi e observe analysis. We now return 
to the eighteenth cent’ ad note the first attempts to construct 
a logically sound differential and integral calculus. 

The contrast Betsveen what passed for valid reasoning then 
and what is no manded is violent. Passing back to the eight- 
eenth centu e find ourselves in a dead world, almost in 
another universe. Some of Newton’s successors who strove to 
make out of the calculus are among the greatest mathe- 
mace of all time. Yet, as we follow their reasoning, we can 
onl nder whether our own will seem as puerile to our succes- 

ae century and a half hence, It is not a question here of the 
ces) luring things these famous men did with their analysis in 

applied mathematics, or even of the basic algorithms which they 
invented and which have also lasted. We are concerned solely 
with their avowed attempts to put consistent meaning into the 
analysis itself. 


Two decisive turning points 
We saw that Newton himself was dissatisfied with his account 


of the fundamental concepts of the calculus. The like holds for 
282 
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Leibniz, who half promised Huygens that some day he would re- 
turn to the beginning and set everything right. But he never did. 
After the passing of Newton and Leibniz, critics of both ap- 
proaches made themselves heard, and conscientious analysts, 
responding to legitimate objections, attempted to put a firm 
foundation under the calculus. Their efforts gradually disclosed 
the depth of the difficulties, and in the nineteenth century were 
partly responsible for the creation of vast new departments of 
mathematics, such as the theories of Dedekind and Cantor., 
shall indicate the main stages in this extremely complex < 
tion by which the calculus of 1700 developed into that of 4300. 
As wide a gulf separated the great analysts of the late eight- 
eenth century from those of the early nineteenth ase fered the 
Pythagoreans from Eudoxus. After 1929—the hiéteric year in 
which the great depression began in the Uitte ance 
deep fissure opened up, cutting off retrea the nineteenth 
century, apparently forever, when K. Gone re-cxamined the 
possibility of a consistency-proof for | arithmetic, 

In following any account of the e ion of rigor in the cal- 
culus, it must be remembered thatpinions on many unsettled 
points differ, sometimes widely, Further, it has been difficult for 
some to avoid reading thei n more exact knowledge into 
work of their predecessorg-which, if taken at what seems its 
intended value, gives no that its authors were ever conscious 
of what later stood o fatal defects. For example, the gener- 
ous J. le R. Bere t (1717-1783, French) in 1770 ascribed 
to Newton a fullfpdeveloped theory of limits that but few 
analysts today, detect in what Newton published. And last, 
before pro ig to details, we emphasize once more that in 
exhibitin: shortcomings in the work of the older analysts, 
there is @implication that perfection has been attained in our 
own. mistakes and unresolved difficulties of the past in 
mathematics have always been the opportunities of its future; 
and should analysis ever appear to be without flaw or blemish, 
Its perfection might only be that of death. 


Five stages 
The general trend from 1700 to 1900 was toward a stricter 
arithmetization of three basic concepts of the calculus: number, 
function, limit. More subtle questions concerning the meaning 
of ‘variable’ scarcely entered before the twentieth century. In 
the period under discussion there were five well-marked stages, 
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which may be easily retained by the names and dates of certain 
leaders in each. With the first are associated Thomas Simpson 
(1710-1761, English) in England, and G. F. A. PHospital 
(1661-1704, French) on the Continent. Euler (1707-1783, Swiss) 
Tepresents the second stage; Lagrange (1736-1813) the third; 
Gauss (1777-1855) and Cauchy (1789-1857) the fourth; and 
Weierstrass (1815-1897, German) the fifth. Euler is the culmina- 
tion of the almost wholly uncritical schools of Newton and 
Leibniz; Lagrange marks the earliest recognition by a mathe- 
matician of the first rank that the calculus was in a thor ly 
unsatisfactory condition; Gauss is the modern origi tor of 
rigorous mathematics; Cauchy is the first moder: ist to 
gather any considerable following; and Weiers s, dying in 
1897, epitomizes the Progress made in exactly oust dred years 
from the first publication (1797) of Lagrange attempting to 
tigorize the calculus. SS 


The golden age of § thing? 

‘Formalism’ in analysis means Aaaipulation of formulas in- 
volving infinite processes witho! tysufficient attention to con- 
vergence and mathematical existence. Thus the formal binomial 
theorem applied to (1 — 2) eS 


-l=1+ E+ 8+ 16+ .5., 


a meaningless resale @ch did not astonish Euler, the great~ 
est but not the of the formalists. ‘Intuition’ in analy- 
sis, as we shall it here, means an unreasoning faith in the 
universal val of what the senses report to the intellect 
concerning ton and geometrical diagrams, Newton was the 
seer ¢ intuitionists in analysis, with the far more 
philosophital Leibniz a distant and therefore honorable second. 
Barks rmalism and intuitionism in the mathematics of the 
re eth century have different meanings, to be noted in the 
concluding chapter.) The direction of evolution in the calculus 
has been constantly away from formalism and intuition, al- 
though neither is yet extinct, 

The first and crudest stage is represented in England by the 
two editions (1737-1776) of Simpson’s classic Treatise on 
fluxions, in which? intuition flourishes freely and rankly, At- 
tempting to clarify Newton’s intuitive approach to fluxions 
through the generation of “magnitudes” by “continued mo- 
tion,” Simpson succeeded only in adding a deeper obscurity of 
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his own. This can scarcely be considered an advance. The 
Continental mathematicians, following the Leibnizian tradition 
as handed down by John Bernoulli? (1667-1748, Swiss) in 1691-2 
to |'Hospital* in 1693, proceeded from the mystical doctrine that 
“a quantity which is increased or decreased by an infinitely 
small quantity is neither increased nor decreased.” This was the 
golden age of the ‘little zero,’ the happy morning of innocence 
in which the axiom of Archimedes was indefinitely suspended. 
The old Greek who had died all of two thousand years before 
they were born could have taught the analysts of the e 

eighteenth century more real calculus than any of themgsyer 
dreamed of, ° 


Taylor’s contribution oy 


Intuition and formalism were to reach thei Braz in the 
masterpieces of Euler. An irresistible tempiieon to Euler’s 
unrestrained and almost wholly uncritical use’ of infinite proc- 
esses was provided by B. Taylor (1685~ , English) with the 
publication (1715-17) of his canny SS. rementorum directa et 
inversa, in which ‘Taylor’s theorem’, 6Dthe calculus, discovered 
as early as 1712, as also its easySconsequence ‘Maclaurin’s 
theorem,’ appeared in print for the first time. These expansions 
were an irresistible incitement}to license and later, in the at- 
tempt of Lagrange to rigogige analysis, a hint that order might 
be imposed on the luxuriaat confusion. 

Taylor’s work alsbSexpounded the calculus of finite dif- 
ferences, of which heycommonly said to have been the inventor. 
This too reacted Gree evolution of the calculus, as will appear 
shortly, Taylo ered nothing that would have passed for a 
proof of hi rem at any time after Cauchy’s work of 1821. 
Anything at has been nonsense for over a century may fairly 
be calledestich without qualification as to its epoch. Taylor’s 
ink proof being in this category, it is rather surprising to 
fin equivalent in widely used elementary texts on the cal~ 
culus as late as. 1945, 


Attack by an amateur 


While the analysts were pouring out new and correct for- 
mulas in lavish profusion with scarcely a qualm as to the 
legitimacy of their formalism, uncompromising critics were 
Protesting against the deluge of what they considered meta- 
Fhysical nonsense. We need not explore the human motives 
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behind a goodly part of these savage assaults on the work of 
eminent mathematicians. The shrewdest attack of all was 
delivered by a man who was not a mathematician and who made 
no claim to be, G. Berkeley (1685-1753, Irish): half-heir of 
Jonathan Swift’s Vanessa; at one time self-appointed apostle of 
culture to Bermuda but shipped by mistake to Newport, Rhode 
Island, where for three stagnant years (1728-31) he tusticated; 
later Bishop of Cloyne in his native Ireland; famed for his sub- 
jective idealism that out-idealized Plato, and immortal his 
advocacy of tar water as a remedy for spiritual disord&ts and 
smallpox. A mind as keen as Berkeley’s was needa expose 
once for all the subtle fallacies in Newtonian fluxighs, and the 
sagacious bishop spared no logic in his with whe attack, A 
philosophical amateur did what profession: ona hematicians 
had shown themselves either too partisa: en too tender-minded 
to do, Although few professionals vet admit that either 


corpse was dead, Berkeley slew both ions and ‘prime and 
ultimate ratios.’ \% 

Berkeley’s assault in his Ana A738) was not just another 
of the vulgar wrangles, like the, ¢0; troversy over priority in the 
calculus, that disfigure the cageer of the Queen of the Sciences. 
It was one of the ablest critiques the leading mathematicians of 
any period have ignored sibly because it came from one who 
was not a member of somewhat exclusive guild. For once a 
philosopher turned tables on mathematicians by convicting 
the fluxionists ging their hypothesis in the middle of an 
argument. UntikBerkeley’s time, it had been supposed that this 
effective tactiin logomachy was an exclusive prerogative of 
oi ee erkeley contended that substituting x -+ 0 for 
win xt letting o vanish in the final step, to get the fluxion of 
x", is Ohitt in the hypothesis: “ . . . for when it is said let the 
incréftents be nothing,‘ or let there be no increments, the former 
eypbosition that the in 

Te 


crements were something, or that there 
‘¢ increments, is destroyed, and yet a consequence of that 
supposition, i.¢., an expression got by virtue thereof, is retained.” 
There were replies to this; but that which is unanswerable can- 
not be answered, and the controversy blew over, leaving scarcely 
a ripple on the muddy waters of mathematical analysis as they 
were in 1734, 
Berkeley’s criticisms were well grounded, but neither he nor 
they were taken seriously by the leading analysts of his time, 
and mathematics sought salvation in its own way. It is amusing 
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to recall in passing that another question of salvation inspired 
Berkeley to his attack on fiuxions. The full title of his work is 
The analyst: or, a discourse addressed to an infidel mathematician, 
Wherein it is examined whether the object, principles, and infer- 
ences of the modern analysis are more distinctly conceived, or more 
evidently deduced, than religious mysteries and points of faith. 
Only an Irish bishop who was also an idealistic philosopher could 
have conceived such a heroic project. It seems that Newton’s 
friend Halley, posing as a great mathematician, had prov 
conclusively to some deluded wretch the inconceivability of the 
dogmas of Christian theology, The converted one, a friend’ of 
Berkeley’s, refused the latter’s spiritual offices on his di ed. 
This was in the very year that Berkeley became a: bishop. 
Profoundly shocked by the soul-destroying eae of “the 
modern analysis,” and mindful of his educati micivilized 
Rhode Island, the good bishop went after 1 alp of fluxions. 
He secured it; and the wretch who h. en converted to 
infidelity by a nonsensical argument venged, although it 
may have been too late to save his ab 


The triumph formalism 

Euler’s almost total capitula#fon to the seductions of formal- 
ism is one of the unexplained’ mysteries in mathematics. Like 
Newton, Euler was awareSthat series must ‘in general” converge 
if they are to be practically useful, as in astronomy; but unlike 
Newton, he was unable’to restrain himself this side of absurdity. 
Euler appears e believed that formulas can do no evil; 
and so long as ae continued to furnish their parent with ever 
new and m rolific variations of themselves, he encouraged 
them to i se and multiply, trusting no doubt that someday 
pring would somehow be legitimized. Many of them 
have flourish today as lusty theories whose first bold steps 
wére\taken in several editions of three masterpieces of this most 
prolific mathematician in history: Introductio in analysin infini- 
torum (1748); Institutiones caleuli differentialis (1755); Institu- 
hones calculi integralis (1768-1794). 

The aim of the Introductio is to obtain by elementary means 
the utmost of what is so obtainable, but which is usually derived 
by the differential and integral calculus. The work is in two parts, 
an analytic and a geometric. Among the host of results are the 
expansions of the circular (singly periodic) functions, trans- 
formations of infinite products into infinite series, and develop- 
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ments into series of partial fractions. The last suggested one 
approach in the nineteenth century to elliptic (doubly periodic) 
functions. One chapter derives the basic formulas in the analytic. 
algebraic theory of partition of numbers. There are two heroes 
in this great drama of formalism, the expansion of é* from the 
limit (Euler’s style) of (1 + x/n)" as n tends through positive 
values to infinity, and the cardinal formula of analytic trigo- 
nometry, ¢* = cos x +i sin x,i = (-1)4. Creative formalism 
such as this is responsible for the impatient criticism of ex- 
treme mathematical rigor as rigor mortis. “ << 

The geometric part handles analytic geometry, bo Mane 
and solid, with equal freedom and complete mastery) The 
material includes special curves and surfaces, tangenty and tan- 
gent planes, normals, areas, and volumes. SS 

Turning partly away from intuitionism, Kier abandoned 
geometry in the Institutiones. This work istemarkable for its 
exhibition of analogies between the infingsimal calculus and 
the calculus of finite differences, and ¢t “use of the latter to 
approximate to results in the for Phere is no hint of con- 
vergence, but slowly convergent serie’ are converted in masterly 
fashion into others more rapidly.éonvergent. Here also the usual 
formal parts of the differen nd integral calculus are devel- 
oped in minute detail. O phetic triumph of manipulative 
skill may be specially ci uler obtains the addition theorem 
for elliptic integrals n exercise in differential equations. 

A function to Este became a congeries of formal representa- 
tions transformable into one another by ingenious devices rang- 
ing from ele: Gtaty algebra to the calculus. Glorying in the 
pragmatic pa of his methods, Euler needed to see nothing 
absurd in hi ‘onception of the differential calculus as a process 
of deter. ng the ratio of vanished increments. His differentials 
are firgh\and last absolute zeros whose ratios by some incompre- 
Be spiritualism materialize in finite, determinate numbers. 

€ usually courteous Lagrange observed, Euler’s calculus 

does not make sense. 

If the end ever justifies the means in analysis, Euler-was 
justified. He sought beautiful formulas, and he found them in 
overwhelming abundance. But obviously the calculus could not 
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ahead of him. Others scented damnation more keenly than he, 
among them his friend d’Alembert. 

Best known for his principle in mechanics (1743), d’Alem- 
bert should be remembered also for having been the first (1754) 
to state? that “‘the theory of limits is the true metaphysics of 
the differential calculus.” That nobody in the eighteenth century 
carried out the implied program, or was capable of doing so, is 
beside the point; d’Alembert saw clearly that what the calculus 
needed was not more formulas but a foundation. He regarded | 
Newton’s calculus of prime and ultimate ratios as a method: 
limits. Newton might have agreed with this had it been Petse 
out to him, re) 

> Py 
Lagrange’s remedy <y 

A new direction was taken by Lagrange inthis ambitious 
Théorie des fonctions analytiques (1797, 1813), and his Calcul des 
fonctions (1799, 1806). These were consciou empts to escape 
from Euler’s conception of a function as ere formula or al- 
gorithm, although Lagrange himself tituted another kind 
of formula, the power series, for the representation of all func- 
tions, His escape took him froitne kind of formalism to 
another. Dissatisfied’ with th forts of all his predecessors 
and contemporaries, he rejectehboth infinitesimals and limits as 
being unsound, too diffic or neophytes, and, in the least 
complimentary sense, metaphysical. 

Lagrange was th eSdine mathematician of the eighteenth 
century and one of th? greatest in history. He also was the first 
to restate Taylors theorem. with a remainder term. Keeping all 
this in mind wi ‘all, if we have the least grain of caution in us, 
be extremely €Onservative in our estimates of current rigor when 
We remember what finally satisfied Lagrange. 

He d his calculus on the expansion of a function in a 
Ta ties, assuming that, “by the theory of series,” 


S@ +h) = f(x) tah + bh 4+ ché + 0... 


From this he convinced himself that if a = f’(x), “the derived 
function of f(x),” then 26 = f(a), where f’(x) = (f'(x))’, and 
So on, all, as he imagined, without benefit of limits. He points 
out’ that anyone familiar with the usual form of the calculus will 
see that #"(x) is really df(x)/dx. But by what he has just deduced 
from “the theory of series,” it is clear that df{x)/dx does not in 
any way depend upon limits, prime and ultimate ratios, or in- 
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finitesimals as formerly; /’(x) is merely the coefficient of hin the 
expansion of /(* + h) in ascending powers of h. Need more be 
said 7? 


Gains to 1800 


‘The net gains in the eighteenth century appear to have been 
four. Berkeley disposed of fluxions and of prime and ultimate 
ratios. Euler produced a vast wealth of results by purely formal 
uses of the calculus; and so sure was his instinct for what was to 
remain valid that his work was the point of departuté from 
which many of his more productive successors made me of 
their most significant advances. To cite only tw Sa ances, 
Gauss, Abel, Jacobi, and Hermite were indebt. Mirectly to 
Euler in their more rigorous work on the thétadand elliptic 
functions; the Eulerian integrals suggested tot gendre, Gauss, 
and Weierstrass extensive developments«ivthe theory of the 
gamma function. > 

The third outstanding gain was d?Membert’s demand that’ 
the calculus be founded on the mato! of limits. The execution 
of this program had to wait for y (1821). The fourth gain 
was the hint implicit in Lagra abortive attempt to generate 
the calculus from power s . Weierstrass, in his theory of 
analytic functions, carrie: 't what might have been an eight- 
eenth-century progra: d Lagrange seen just a little more 
clearly what he was ally doing. 


Ridiculous interlude 


Formalism @ha narrower sort than Euler’s reached its absurd 
climax in period between Lagrange and Cauchy. Com- 
piaworaty lysis, in the trivial sense of manipulating binomial 
and myitiiomial coefficients, and formally expanding powers of 
infinied, eries by applications ad libitum ad nauseamque of the 

wltinomial theorem, represented the best that academic 
Qithematies could do in the Germany of the late eighteenth 
century. The combinatorial school headed by C. F, Hindenburg 
(1741-1808, German) was the unlovely offspring of two human 
failings, neither of which is popularly supposed to have any 
relevance for the sublimities of pure mathematics: blind hero 
worship and national jealousy. 

The German Leibniz in his combinatorial analysis of the dis- 
crete had created a rival for the English Newton’s infinitesimal 
analysis of the continuous, Therefore, abandoning the calculus 
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and its astronomical applications to the British, the Swiss, and 
the French, who had the lead already, the German mathemati- 
cians would loyally follow their national hero. Completely miss- 
ing the deeper significance of Leibniz’ program as a step toward 
the ‘universal characteristic,’ his patriotic disciples elaborated 
its superficialities in a wealth of useless formulas. The title of the 
masterpiece in this ambitious futility brazenly proclaimed the 
multinomial theorem to be the most important truth in the whole 
of analysis.” 
Still more grandiose pretensions to omnipotence were ur 

by an egocentric Pole, H. Wronski (1778-1853), ardent er iti 
Lagrange, also a disciple of the combinatorial school, although 
his transcendent conceit"! denied any progenitor b ronski 
for himself and his “Supreme Law” which, he j ed, con- 
tained all analysis, past, present, and future.. oth Wronski’s 
claims and those of the combinatorialists opie disallowed 


by the supreme court of mathematical progr¢sgyfrom which there 
is no appeal. His criticism of Lagran ovat empt at rigor was 
justified; but his own substitute was nope. 

The labors of this almost forgalyen combinatorial school, 
however, were not without lastingybehefit for the calculus. They 
filled young Gauss with such agintense disgust for formalism 
and all its works that he regglyed to go his own lonely way and 
put some meaning into an, s, even if it cost him the patronage 
of every academician ifGermany. He even favored the mighty 
Hindenburg with anggt emely sarcastic letter. 

In 1812 Gaus: Published his classic memoir” on the hyper- 
geometric serie oy ‘which, for the first time in the history of 
mathematics, convergence of an infinite series was ade- 
quately’? ii igated. Others before Gauss had gone as far as 
stating 8 for convergence, notably Leibniz, for alternating 
serie E. Waring (1734-1798, English), who had given what 
is wt ly called Cauchy’s ratio test as early as 1776; but Gauss 
was the first to carry through a rigorous treatment. 


Intuition transformed 
From the calculus of Newton and Leibniz to that of Lagrange 
there is no indication that analysts were aware of the necessity 
for an understanding of the real number system. Nor is there in 
the next stage, that of Cauchy. Even as late as 1945 ‘quantities’ 
occurred frequently in the writings of professional analysts with 
no explanation of what a ‘quantity’ may signify. 
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Imagining, perhaps, that he was banishing deceptive intui- 
tion forever from analysis, Cauchy succeeded in driving it down 
to a far deeper level where it might continue its subtle mischief 
unobserved. The crude visual and geometrical intuition of the 
early analysts was transformed into an uncritical faith in the 
logical possibility of the continuum of real numbers. Cauchy, 
Abel, and possibly Gauss“—for he seems to have left no record 
of his beliefs on this matter—adhered to this faith. 

The definitions of limit and continuity current Aoday in 
thoughtfully written texts on the elementary calculgare sub- 
stantially those expounded and applied by Cauchy @yfs lectures 
and in his Cours d’analyse (1821), his Résumé desecins données 
@ Pécole polytechnique (1823), and his App, tons du caleul 
infinitésimal @ la géomitrie (1826). The di ntial quotient, 
or derivative, is defined as the limit of rence quotient, the 
definite integral as the limit of a sums. differentials as arbi- 
trary real numbers. The continuity,efa function and the con- 
vergence of an infinite series are red to the concept of a 
limit. Thus Cauchy in effect crete the elements of the classical 
theory of functions of a real vahiable. It was Cauchy’s rigor that 
inspired Abel on his visit te(Paris in 1826 to make the banish- 
ment of formalism from a@¥alysis a major effort of his projected 
lifework. “ 

But, indicative oe subtleties inherent in consistent think- 
ing about the i e and the continuum, even so cautious a 
mind as Cauc went astray when it surrendered itself to 
intuition. Hebelieved for a time that the sum of any convergent 
series of ct uous functions is continuous, and that the integral 
of the sags always obtainable by termwise integration. Later 
(18. 57) he recognized uniform convergence, discovered 
independently by the mathematical physicist G. G. Stokes 

19-1903, Irish) in 1847 and P. L. y. Seidel (1821-1896, 

(German) in 1848, Cauchy also fell foul of the traps guarding 

©) interchange of limits in double-limit processes, as also did 

Gauss,” another plein hint that the real number system is less 
innocuous than it appears to naive intuition. 


A suggestion from phystes 
It is rather surprising to find a main source of modern rigor 
in the work of a mathematical physicist who had almost a con- 
tempt" for mathematics except as a drudge of the sciences. 
J. B. J. Fourier (1758-1830, French) published his masterpiece, 
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La théorie analytique de la chaleur, in 1822, the year after Cauchy 
had rigorized the calculus. But if it had appeared twenty years 
after Cauchy’s lectures, it probably would not have differed 
materially from what it was. Fourier had obstinately refused for 
fifteen years to heed the objections of Lagrange and others that 
vital parts of his analysis were unsound. In his famous classic on 
the conduction of heat,” Fourier proved himself the Euler of 
mathematical physics. Leaving convergence to take care of 
itself, he trusted his physical intuition to lead him to corres, 
results, as it usually did. \ 
The sixth section of Fourier’s Théorie” is the one whic éh- 
cerns us here. It is devoted to the solution “of a more, general 
problem, which consists in developing any function w] erin 
an infinite serics of sines or cosines of multiple a . We 
proceed to explain the solution.””* Having done so) ra special 
case, Fourier continues,” “We can extend ae results to 


any functions, even to those which are disco ‘ous and entirely 
arbitrary. To establish clearly the rye this proposition, 
we must examine the foregoing equatiogy>"which he does, in the 
manner of Eulerian formalism. The‘outcome is the expansion 
of an ‘arbitrary’ odd function in ie series. Lagrange in 1766 
had constructed by a process of interpolation a finite summation 
formula from which Fourier’gtesult is obtainable by a leap into 
infinity, but he “abstaine m the transition from this sum- 
mation formula to the ict fation formula given by Fourier.” 


Lagrange’s difficulty hat he had a mathematical conscience. 
Physical intuitio plied Fourier’s lack of mathematical 
inhibitions and ed him to the general statement of his 


famous theore: 

The maga physicist’s boldness taught pure mathe- 
matic: eral things of the first importance for the future of 
analy; furists gradually came to realize that their intuitions 
of ‘acbitrary’ function, real number, and continuity needed 
clarification. P. G. L. Dirichlet’s (1805-1857, German) defini- 
tion* (1837) of a (numerical-valued) function of a (real, numer- 
ical-valued) variable as a table, or correspondence, or correlation, 
between two sets of numbers hinted at a theory of equivalence of 
point sets, When G. F. B. Riemann (1826-1866, German) in 
1854 investigated?® the representation of a function by a 
trigonometric (Fourier) series, he discovered that Cauchy had 
been too restrictive in his definition of an integral, and showed 
that definite integrals as limits of sums exist even when the 
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integrand is discontinuous. Later (date uncertain) he invented 
a function, defined by a trigonometric series, which is continuous 
for irrational values of the variable and discontinuous for rational 
values.** It was clear that the continuum of real numbers had 
not been thoroughly understood. With our present knowledge 
we see once more what Cantor was the first to perceive, the 
necessity for a theory of sets of points. Cantor’s investigations, 
like Riemann’s, began in Fourier series. 

The demand for clearer understanding of limits, con 
and derivatives was further emphasized in 1874 by the 
given to Weierstrass’ example of a continuous functio ving no 
derivative or, what is equivalent, of a continuous Rive admit- 
ting no tangent at any point. Intuition all but expifed. 

Such appear to have been the principal ses behind the 
creation of the modern continuum. The seen phenomena 
cited, and many others almost equally xpected but of the 
same general character, seemed to ingieate that all the diffi- 
culties were ultimately rooted in ¢ number system. Urged 
by this conviction, Dedekind, tor, and Weierstrass, by 
different methods but with a coyqnion aim, returned to the prob- 
lem of Eudoxus and stripped GP of its disguised intuitive geom- 
etry. ‘Magnitudes,’ as we have seen, were replaced by ‘numbers,’ 
and geometrical age were driven out to make room for 


those of traditional } Nebulous ‘quantities’ persisted in the 
analysis of some. in numerical epsilons and deltas of rigorous 
Weierstrassian analysis the calculus of the nineteenth century 
attained its c Sate perfection. The «, 6 technique became part 


of the stan equipment of every working analyst, and an 
advanced tse in the calculus toward the end of the century 
usuall luded the rudiments of Cantor's theory of sets. 

RY Finality in 1900 


oe the preceding chapter we followed the development of the 
al number system to the close of the nineteenth century, and 
we have just seen that one origin of the modern concept of real 
numbers was analytic necessity. In the retreat of geometric and 
kinematic intuition to the classical logic which validated the 
work of Dedekind, Weierstrass, and Cantor, the calculus 
returned at the close of the nineteenth century to the paradoxes 
of the infinite that had exercised generation after generation of 
logicians from Zeno to Russell. Before further progress was 
Possible, a more subtle logical technique had to be developed in 
the twentieth century, and this was forthcoming only when the 
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symbolic logic prophesied by Leibniz was extended and refined 
far beyond his utmost imaginings. Thus, after two centuries, the 
calculus returned for new strength and health to one of the 
minds from which it had sprung. What it received will be our 
concern after we have reviewed some of the triumphs of analysis 
in the two centuries following Newton and Leibniz. 

For the moment, we recall the benediction pronounced by 
Henri Poincaré (1854-1912, French) at the second international 
congress of mathematicians in 1900. On this historic and some-¢\ 
what solemn occasion, Poincaré, the outstanding mathematiciam® 
of his epoch and the Lagrange of the nineteenth century, oy 
trasted the roles of intuition and logic in mathematics. I@par- 
ticular he reviewed the movement which has just beengsketched 
and which, in the late nineteenth century, was calle rhe arith- 
metization of analysis. The comforting assura: Sof this bold 
master of analysis induced a warm glow of sec and pride in 
all who heard him, or who read his memorablegddress, and who, 
at least temporarily, had forgotten alleie knew of mathe- 
matical history. 

Having recalled®* that mathematigians had once been con- 
tent with the ill-defined and ro images of things mathe~ 
matical as they appear to the és or the imagination, Poin~ 
caré credited the logicians, fogwhom he had a dislike sharpening 
occasionally into acid ridie@lé, with having remedied this un- 
satisfactory, state of a Z Likewise, he continued, for irra~ 
tional numbers and “ ague idea of continuity that we owe to 
intuition,” now (L ea) foseived into “a complicated system of 
inequalities conc; g integers.” By such means, he declared, all 
difficulties con: ng limits and infinitesimals had been clarified. 


At each%étage of the evolution our fathers believed that they too had attained 
it, If they deceived themselves, do not we deceive ourselves as they did? 

We believe that we no longer appeal to intuition in our reasoning. The 
Philosophers tell us that this is an illusion . . . 

Now, in analysis today, if we care to take the pains to be rigorous, there 
are only syllogisms or appeals to the intuition of pure number that could 
Pesibly deceive us. We may say today [1900] that absolute rigor has been 
Attained, 


Here we may refer to the last section of the preceding chapter. 
Some of the concrete achievements of analysis in applied mathe- 
matics will be discussed later. 


CHAPTER 14 


Rational Arithmetic after Fermat 
> 


— 
e. 


We shall conclude our account of ee since the seven- 


teenth century with a few typical ite: ‘om the vast domain of 
the classical theory of numbers. metic in the tradition of 
Fermat, Euler, Lagrange, Lege, and Gauss has been con- 
cerned mainly with the rati integers 0, +1, £2,.... 
Although it has attracted eral of the greatest mathematicians 
since the seventeenth ce “ity, rational arithmetic has had far 
less influence than its Ae wel piesa offshoot, the theory of 
algebraic numbers, he rest of mathematics. Intensively 
cultivated for its @wh fascinations by hundreds of mathemati- 
cians of very diffe nt tastes, rational arithmetic has developed 
into an ever- ing expanse of loosely coordinated results with 
ethods than any other major division of modern 


Il this heterogeneous miscellany we shall select only 
three topics in which there is some coherence of method and an 
appioach to completeness in certain details. The rest is largely 
@ wilderness of dislocated facts offering a strange and discon- 

Qreerting contrast to the modernized generality of algebra, geo- 
metry, and analysis. Much of it js hopelessly archaic in both aim 
and results. Rational arithmetic appears to be the one remaining 
major department of mathematics where generalizing a problem 
makes it harder instead of easier. Consequently it has attracted 
fewer merely able young mathematicians than any other. 

The subject falis naturally into the complementary divisions 
of multiplicative and additive arithmetic. The multiplicative 
theory develops the consequences of unique factorization into 
primes; the additive division is concerned with the composition 

296 


RATIONAL ARITHMETIC AFTER FERMAT 297 


of integers as sums of prescribed types. A capital project in both 
divisions is that of enumeration: how many integers of a speci- 
fied kind satisfy given conditions? For example, how many 
primes are there between given limits? Or in how many ways 
may any integer be represented as the sum of a fixed number of 
positive cubes? 

A problem in rational arithmetic is said to have been solved 
when a process is described whereby the required information is 
obtainable by a finite number of non-tentative operations. Tinie’ 
certainly is not the essence of the contract between the rang 
integers and the human intellect. The problem of res: a 
number into its prime factors is solvable; yct the finit mber 
of operations at present required for a number of a few thousand 
digits might consume more ages than our race is likely to have at 
its disposal. S\ 

The problem of finding the prime factor bP a number must 
strike an amateur as a natural one. To,éay that it has been 
solved in any respect that would sa common sense is a 
flattering exaggeration, and the lik true of many other 
arithmetical problems that seem ral to the inexperienced. 
The professional ignores thesesfatural problems in favor of 
others which he or his prede: rs have constructed, and for 
which he may hope to vf» partial solutions, Complete 


solutions, even of manufaetured problems, are comparatively 
rare; and it would seénithat rational arithmetic in the twen- 
tieth century is still felatively in the same position as geometry 
was before Desc Compared with what we should like to 
know in each oe veral directions, such progress as has been 
made is almog egligible. Yet all the resources of algebra and 
analysis h, een hurled into the assault on this most elemen- 
tary of allvisions of mathematics. 


Outgrowths of diophantine analysis 

The nature of diophantine analysis has already been 
described in connection with Fermat. Its most extensive out- 
Srowth, the arithmetical theory of quadratic forms, slowly took 
shape during the eighteenth century, principally in the prodigi- 
Cus output of Euler and the more restrained contributions of 
Lagrange and Legendre. Finally, in 1801, with the publication by 
Gauss of his Disquisitiones arithmeticae, diophantine analysis* 
in the sense of Fermat and Euler suffered an eclipse that was to 
last a century, until arithmeticians began to realize that the 
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Gaussian theory of quadratic forms does not exhaust the subject 
of indeterminate equations. 

The second great branch of modern arithmetic that sprang 
from diophantine analysis was the theory of congruences. This 
also originated in the Disguisttiones. The suggestiveness of 
Gaussian congruence for modern algebra and the development 
of structural theories was noted in an earlier chapter. 

After Diophantus and Fermat, Euler was the great master of 
indeterminate analysis, But, like nearly all the predecessors of 
Lagrange, Euler contented himself with special sets AStezera 
or of rational numbers satisfying his equations, The Aly interest 
‘such work has had at any time since Lagrange’s@iscussion of 
x? — Ay? = 1 in 1766-9 is in showing that a partictlar equation, 


or set of equations, with integer coefficients i ‘act rationally 
or integrally solvable when the existence. solution has been 
doubted. Thus a single numerical insta ould dispose of the 


doubt (1945) concerning the solvability of x‘ + yt + x4 = w', 
xyz 0, in integers. In a mo. setting, this problem is 
equivalent to determining the t of representations of zero 
in the quartic form xt + eRe — wt and, if there are any, 
finding all, Euler (1772) conjectured that there are no solutions. 

The daring of this beatles conjecture typifies the cardinal 
distinction between i ‘minate analysis before Lagrange and 
after him. Euler an ers in the older tradition did not hesi- 
tate to suggest os of great difficulty without offering the 
slightest sugg for a method of attack, And when ingenuity 
furnished spe, lutions of an equation, the solver dropped the 
matter. Lagharige was the first to impose some common mathe- 
matical lity on diophantine analysis. He refrained from 
facile sing; and when he did propose a problem, he also 
inverted methods for obtaining its solutions. 

le turning point is marked by Fermat’s equation? 


on x ~ dy? = 1, 


where 4 is any positive non-square integer, and all integer solu- 
tions #, y are sought. Fermat (1657) asserted that there are an 
infinity of solutions, a fact which Lord Brouncker and J. Wallis 
were unable to prove, although they gave a tentative method, 
improved in 1765 by Euler, for finding solutions. Euler proceeded 
from the conversion of VA into a continued fraction, But he 
was unable to prove the existence of a solution with y s 0. 
Lagrange (1766-9) supplied the crucial proof, and in 1769-70, 
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gave a non-tentative method for obtaining all integer solutions of 
x1 — dy? = B, where A, B are any given integers. 

It was noted in earlier chapters that the Pythagoreans 
approximated to quadratic irrationalities by what amounts to 
solving special cases of Fermat’s equation by continued frac- 
tions, and that Brahmagupta in the seventh century gave a ten- 
tative method for solving 2 = dy? + B in integers. But the 
mathematical distance between such empirical work as this and 
Lagrange’s proofs of necessity and sufficiency is immeasurables 
and it is fantastic to claim that the Hindu mathematiciays 
anticipated Lagrange. There is honor enough for Brahm: ta 
and Bhaskara in having imagined a problem that, centuries 
after they were dead, was to prove of cardinal impoktance in 
modern arithmetic, But in this they may ive Bien merely 
lucky, for they devoted much time to numerou rt problems 
that are essentially trivial. Fermat’s equation ts solution by 
Lagrange are indispensable in the Gaussi eory of binary 
quadratic forms, also in that of algebraig fimber fields of the 
second degree. Lagrange’s solution wanche first determination 
of the units in an algebraic numbef field other than the 
rational, RS 

In addition to being hapha sv Euler’s attack on diophan- 
tine equations was absurdly anibitious. If a single equation of the 
second degree in two un ins proved unexciting, Euler in- 
creased the degree to xO or four. If this failed to provide an 
attractive equation, he‘simultaneously increased the number of 
unknowns. As a last.fe¥ort, he increased the number of equations 
and exercised his @féqualed ingenuity on simultaneous systems. 
Tris not surprisifg that he made but little progress toward either 
general methéds or general theorems. Nor did any of his hun- 
dreds of suécessors who equaled or excelled him in ambition, but 
who fel short of him in ingenuity. 

ces toward real mathematics began when unambitious 
men ike Lagrange and A. M. Legendre (1752-1833, French) 
confined their main efforts to the humble task of systematically 
investigating a single equation of the second degree in not more 
than three unknowns. Their work smoothed the way for Gauss, 
who also set himself a program which, compared to the rank 
opulence of the pre-Lagrangian period, is poverty itself. And 
Without the pioneering work of Lagrange and Legendre, it is at 
least doubtful whether even Gauss would have been able to 
Compose the Disguisitiones. 
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Arithmetical forms 


The basic technique of the arithmetic of forms originated 
with Lagrange’s theory of binary quadratics, in 1773, four years 
before Gauss was born. To describe it we shall use the standard 
terminology introduced in 1801 by Gauss and modified by later 
arithmeticians. Several of the definitions given next will be useful 
in slightly modified shape when we come to invariance. 

A form in rational arithmetic is a homogeneous polygtemial 
P,=P(m,..., %n), in the 2 indeterminates (or xaNables) 
M1, -. +5 %,, with integer coefficients. If the degree m, the 
form is called an n-ary m-ic. For n = 2, 3, 4,5, . SQ the forms 
are called binary, ternary, quaternary, quinar; Sy. + > Tespec- 
tively. In what follows, ‘form,’ unqualifi shall mean an 
a-ary m-ic. The fundamental concepts- equivalence and 
reduction of forms, and representation bya Yorm. 

The form P(x1,. . . , %) is said t tain the form 
) 
a 


xy. 
if Q is derived from P by a linear homogeneous substitution 
Ties = aux tes + + anx@= 1, ..., 2) with integer co- 
efficients aj; whose determinant a,j! is not zero. If Jay] = £1 
ressing ,... , x, as linear homo- 


the inverse, 71, of 7, 
geneous functions o} + > %a; will have integer coefficients, 
and Q will cones ~When each of two forms thus contains the 
other, the formare said to be equivalent; the equivalence of P, 
Qis wren doe It follows readily that this ~ is an instance 
of the abs: equivalence described in connection with Gaus- 
sian cng For P is either equivalent or not equivalent to 
Q; P oP; and if P~Q, then Q ~ P; also, P~Q and Q~R 
toy tT imply P ~ R. Hence all forms equivalent to a given 
f are equivalent to one another; and therefore all forms may 
separated into classes with respect to equivalence, two forms 
eing put into the same class if and only if they are equivalent. 
The link with diophantine analysis is supplied by the concept 


of representation: an integer 7 is said to be represented by (of 
in) the form P(x. . .,x,) if and only if the equation 


Plt... ya) = 37 
is solvable in integers My. ey Xn Lf = 5. 1 Hn = Sn 


such a solution, (,. . . , 5,) is called a representation of ¢ in P. 
The diophantine problem, as reformulated in 1773 by Lagrange, 
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is to decide whether or not a given r is represented in P and, if 
it is, to find all representations. 

It follows at once from the definitions that if r is represented 
by a particular form in a given class, it is represented by every 
form in that class; and that ifit is not represented by a particular 
form in the class, it is represented by no form in the class. The 
diophantine problem of finding all integer solutions of 


PRG as 5 He) HT 


is thus reduced to two others: to assign criteria, espreand 
terms of the given coefficients of P, sufficient to decide a ie 
or not r is represented by P; to find all the forms equiv. toP. 
The second of these suggests as a preliminary a third? iven the 
coefficients of two forms, to determine whether forms are 
equivalent and, if so, to transform one into wl her. This in 
turn requires the automorphs of a given forth) namely, those 
transformations which leave a form unal, Once the auto- 
morphs of P and one transformation t into Q are known, 
all such transformations are known. igs quadratic forms, 
the automorphs are obtained by solving certain of Lagrange’s 
equations x? — Ay? = B. AY 

The remaining problem of. fdodernized diophantine analysis, 
that of the reduction forget is on a different level. Suppose 

i 


that in each class of fo; t is possible to isolate a unique 
form by imposing a Brbp jate conditions on the coefficients of 
all the forms in thes lass. Then this so-called reduced form, 
being equivalent very form in the class, may be taken as a 
representative ’s entire class in the problems of equivalence 
and sn es n of numbers. Thus attention may be concen- 


trated on individual forms instead of being dispersed over possi- 
ble infinite’ of forms in the different classes. Incidentally, the 
probleti)of determining the number of classes of forms whose 
ps nts have any preassigned integer values is suggested. 
Lagrange solved the problem of reduction for binary quadratics 
in 1773; a solution for ternary quadratics was first obtained by 
L. A. Seeber (German) in 1831. 

Alittle trial and a great deal of error will readily convince any 
experimenter that a complete solution of these basic problems 
Is not to be anticipated in the immediate future. Nevertheless, 
their mere formulation was a notable achievement. If nothing 
else, they stripped the ancient diophantine analysis of its 
specious simplicity and revealed the nature of its inherent diffi- 
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culties. In this respect they are an outstanding example of 
mathematical strategy as practiced by masters. 

These modem, clearly defined problems may prove to be so 
intractable in the general case that they will be abandoned, 
The entire program of a frontal attack on diophantine analysis 
has been questioned. Our successors may be forced to resume the 
classical technique of manufacturing problems which they can 
solve. We recall that diophantine analysis originated in the 
Pythagorean equation x? + y? = 2%; and it is conceivable that the 
generalized problem which sprang from this equation is aptificial. 
The Pythagorean equation entered mathematics th zh geom- 
etry, not through arithmetic. A generation less, ectful of 
tradition than ours may succeed in formula: ide and solving 
problems closer in some as yet unimagined x the nature of 
rational arithmetic, whatever that ma be In any event, 
interest in the modernized problems seGhophantine analysis 
described above declined rapidly tog te close of the nine- 
teenth century. The problems were aifaply too hard; and all the 
impressive machinery of mod ed algebra and analysis 
succeeded only in making a great-latter which failed to silence 
the insistent questionings o! hmetic. 

By far the major part. @fall the advances was in the theory 
of quadratic forms. A rough estimate of the amount of work 
done on the severaigghds of forms gives cighty per cent in 
quadratic and twedty per cent in all others. Of the work on 
quadratics, ab Kent per cent was devoted to binaries, eight 
per cent to ssa, three per cent to quaternaries, and three 
per cent ee ies. The remaining six per cent on quadratics was 


accounted»for by binaries with coefficients in a few special 
quadratié fields. These statistics suggest that the general pro- 
frames arithmetical theory of forms was still largely a hope 
aft@Pover a century and a half of industrious exploitation by 
eral hundred arithmeticians, including such men as Lagrange, 
egendre, Gauss, Eisenstein, Dirichlet, Hermite, H. J. S. Smith, 
Minkowski, and Siegel. 

We shali now indicate briefly a few of the outstanding land- 
marks in the theory of forms of low degree. By his general 
treatment of binary quadratics (1773), Lagrange obtained 
incidentally and uniformly many of the special results of his 
predecessors, such as Euler’s theorem (1761) that every prime 
6n + 1is represented by x? + 3y?, Lagrange’s principal achieve- 
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ment, however, was the introduction of universally applicable 
methods into the theory of binary quadratic forms. 

Legendre in 1798 published his Théorie des nombres, the first 
treatise devoted exclusively to the higher arithmetic, in which 
Lagrange’s theory was simplified and extended. This work con- 
tains the earliest systematic attack on ternary quadratics. 
Much use was made of the law of quadratic reciprocity, of which 
the first complete proof was published by Gauss in 1801. 

With the Disguisitiones arithmeticae (1801), the theory of 
binary quadratics crystallized into its classic shape. Systemati 
ing and completing details in the work of his predece. ray 
Gauss also added many new ideas of his own. Among Geb con 


tions was one which was to prove most unfortunate: 8 con- 
structed his entire theory on forms ax* + Dba Dey with 
4, b, ¢ integers. The even middle coefficient 2) m; the accom- 
panying algcbra more elegant but needlessly plicates the 
arithmetic and leads to cumbersome refinerpérits in classifica- 
tion, To an algebraist this may seem vial detail. But a 
moment’s reflection will show that as tl bject under investi- 
gation is rational arithmetic and not algebra, the insistence that 
the middle coefficient be even ay to cause unavoidable 
complications, 


Modern practice for oe (and to a lesser extent 


for ternaries), following ecker, has returned to the un- 
restricted integer coeffi of Lagrange. Consequently it is 
necessary to retain tw@ydcabularies and to know which is being 
used in referring t ers on the subject. 

‘The first man aster the synthetic presentation of Gauss 
was Dirichlet. in 1863 summarized his personal studies and 

is recastin: the Disquisitiones in his Zahlentheorie. The 
successive ednions (1871, 1879, 1893) of this text® and Dirichlet’s 
earlier original contributions made the classical arithmetic of 
Gau Cessible to all without undue labor. A more significant 
advance of Dirichlet’s in arithmetic generally will be noted later 
in connection with the analytic theory. 

Up to 1847 the arithmetical theory of quadratic forms had 
been confined to binaries and ternaries. It might be thought 
that the extension to quadratics in 4, 5, 6, . . . indeterminates 
would be a matter of simple routine, like the passage from three 
dimensions to in analytic geometry. Hard experience quickly 
Sotrects this misapprehension; the difficulties of a detailed 
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investigation increase rapidly with the number of indeterminates 
and even necessitate the invention of new principles. 

‘The first significant departure from the tradition of binaries 
and ternaries was F, M. G. Eisenstein’s (1823-52, German) 
arithmetical determination in 1847 of the number of representa- 
tions of an integer as a sum of six or eight squares. This was 
followed in 1847 and 1850 by an arithmetical determination of 
the number of representations of an integer without square 
factors as a sum of five or seven squares. In all cases onlyvesults 
were indicated, with no hint of the methods used. " Sis no 
doubt, however, that Eisenstein’s procedure was arith- 
metical and not analytic. Although all his re: have long 
been details in the general theory of n-ary quadratic forms, they 
are of more than casual interest ives? it was partly 
owing to them that the arithmetical a vas created. 


To trace the development, we must rn to the determina- 
tion of the number of representati f an integer as a sum 
of two squares by Legendre in 1798.and, more simply, by Gauss 
in 1801, and to Euler’s unsuccegsftil struggle for forty years to 
prove that every positive integéris a sum of four integer squares. 
Euler’s failure was the steppingstone to Lagrange’s success in 
1772, and thence to his. a year later. But neither obtained 
the number of repres ions. Quite unexpectedly the required 
number dropped 0) an unsought by-product of an identity 
in elliptic thet stants, which Jacobi encountered in 1828 
while bess: he theory of elliptic functions, The like results 
for 2, 6, 8 quures are evident from other formulas in Jacobi’s 
Fundame: Broa of 1829. Those for an odd number of squares, 
lyin, deeper, do not follow from similar identities. In 
pas the problem of three squares was a famous crux in the 
arithmetical theory of quadratic forms until Legendre in 1798 

Riblished the first proof that all positive integers except those 
the form 4*(82 + 7) are sums of three integer squares. 

From ail this it is clear that Eisenstein made a significant 
advance when he obtained his results for five and seven squares 
arithmetically, Possibly it was this work that moved Gauss to 
assert that “There have been only three epoch-making mathe- 
maticians, Archimedes, Newton, and Eisenstein.” If Gauss ever 
did say this (it is merely attributed to him), it is the most 
astounding statement in the history of mathematics. But as he 
may have said it, and as anything Gauss said about mathematics 
is to be taken seriously, we may briefly examine its tenability- 
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Like Abel and Galois, Eisenstein was an “‘inheritor of unful- 
filled renown,” also of poverty and ill-health, and there is no 
guessing what he might have accomplished had he lived. But he 
enjoyed (after a fashion) about two years more of life than Abel, 
and eight more than Galois. His principal achievement outside of 
arithmetic was in elliptic functions, where he partly anticipated 
certain details of the Weierstrassian theory. His own analysis 
halted under the fatal disability of conditional convergence.* On 
the other hand, his applications of elliptic functions to the laws 
of cubic and biquadratic reciprocity were among the least og 
pected things in arithmetic. Against Gauss’ assertion arene 
facts that for one reference in living mathematics to Eis a‘ 
there are hundreds to Abel and Galois, to say nothi Rie- 
mann and Dedekind, who were pupils of Gauss, or Bisénstein’s 
less famous contemporary Kummer. Even inthe narrowly 
limited domain of arithmetic, Eisenstein’s i ce has been 
slight in comparison with that of DedekindsIw the older form, 
now obsolete, of the theory of higher reelprocity laws, Eisen- 
stein’s work of 1850 was vital; but again the generative 
concept of prime ideal divisors was Ki er’s. It seems unlikely, 
then, that posterity will revise the@lmost universal verdict of 
1945, that up till then the thre ch-making mathematicians 
were Archimedes, Newton, andGauss. 

The principal steps towed a gencral theory of n-ary quad- 
ratics appear to have as follows. Perfecting and greatly 
extending the theory, for = 3 as left by Gauss in the Disquisi- 
tones, Eisenstein jQ1847 introduced new principles for the 
classification of aries into orders and genera. Hermite in 
1850 simplified ¢ theory of reduction for ternaries, and in 1851 
devised his géneral analytic method of continual reduction, The 
theory offetnaries was further developed by Eisenstein in 
1851-2;.By H. J. S. Smith (1826-1883, Irish) in 1867; by E. 
Sell erman) in 1874, and by many others in the 1850’s—70’s. 
In 1864 and again in 1867, Smith initiated one form of the 
general theory of n-ary quadratics from which Eisenstein’s 
theorems on five and seven squares were easily obtainable. Owing 
partly to the conciseness of the exposition, these and other 
detailed consequences were overlooked, and the problem of five 
Squares was proposed by the French Academy for its Grand Prix 
in 1882, Brevity in mathematics is sometimes the soul of obscur- 
ity, Smith elaborated the relevant parts of his general theory of 
1864-7, and shortly after his death shared the prize with H. 
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Minkowski (1864-1909, Russian; Germany) then a student of 
eighteen at the beginning of his too brief career, Thus, after an 
unnecessary delay of over a quarter of a century, the general 
arithmetical theory of n-ary quadratics was launched with 
complete éclat. 

Poincaré, Minkowski, and others further developed the 
theory in the two succeeding decades. With the exception to be 
noted immediately, little that could be considered basically new 
was done till C. L. Siegel (German) in 1935 gave a ofound 
reworking of the entire theory, 

The new acquisition, that of the geometry of ers, was 
created almost entirely by Minkowski, altho special in- 
stances® of it occur in the early (posthumous|. lished) work 
of Gauss; in a project of Eisenstein’s ( 3 in Dirichlet’s 
(1849) asymptotic evaluations of sums ofa hmetical functions; 
in the work already cited on the reduction of ternary quadratics; 
and in the semi-geometrical present, of the theory of elliptic 
modular functions by H. J. S. in 1876, and the similar 
sevision of binary quadratics by’B8incaré in 1880. 

One basic principle is so gerple as to appear ridiculous: if 
n -+ 1 things are stored in mb xes, and no box is empty, exactly 
one of the boxes must edn ain two things. The solution of a 
trick problem popularome years ago follows from this principle 
of geometrized arithfgetic: state necessary and sufficient condi- 
tions that there be at least two human beings in the world 
with the same ber of hairs on their heads. 

The first ished results in the geometry of numbers appear 
to be Eisen&téin’s geometrical proof (1844) of the Gauss lemma 
for the #f of the law of quadratic reciprocity, and his formula 
(18 t the number of solutions of x? -+ y? <n in integers 
% Ywhere n is given. A lattice point being defined as a point 

se coordinates are integers, the last is equivalent to finding 

© number of lattice points contained by a circle, including its 
Circumference, with center at the origin and radius Yn. Min- 
kowski developed meager hints like these into a powerful method 
which was applied with conspicuous success by himself and many 
others to dificult questions in the theories of forms, especially 
Hnear forms with real coefficients, and algebraic numbers. It is 
not necessary, of course, to restate an arithmetical problem 
geometrically; but doing so suggests to those with spacial intui- 
tion in = dimensions analytic processes which they might not 
imagine otherwise. With or without appeal to spacial imagery, 
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the type of problem suggested by the geometry of numbers 
inspired much work in the analytic arithmetic developed since 
about 1910 by the schools of E. Landau (1877-1938, German), 
G.H. Hardy (1877, English), J. E. Littlewood (1885-, English), 
and §. Ramanujan (1887-1920, Indian) in England. Arithmetic 
thus repaid its heavy debt to analysis by showering some of the 
foremost classical analysts of the twentieth century with an 
abundance of difficult problems. 

The arithmetical theory of forms of degree higher than tes 
second was responsible for much less. Eisenstein initiated (1844) 
the theory of binary cubics, and in so doing came upon t. rst 
algebraic covariant in history. But he did not exploitChis dis- 
covery, although he realized its suggestiveness. Thy warithmetic 
of binary cubics was reworked by the British m@tfematicians 
G. B. Mathews and W. E. H. Berwick in 1912¢)8 

Progress up to 1945 in the arithmetic of 
point, with three exceptions, was inconsi le. The norm of 
an algebraic integer is the product its conjugates; the 
norm equated to unity defines the usigs’of the field concerned. 
Dirichlet (1840) proved the basi eorems for such units, al- 


though there is yet no Septic of obtaining them even in 


3 beyond this 


special cases for fields of degreehigher than the third. This work 
generalized Lagrange’s on Kermat’s equation. Dirichlet’s prob- 
jem of units and its imm: e extension to the representation of 
any number by a gen orm are the most immediate generali- 
zation of the theory’ inary quadratics. Today they are a topic 
The origin of this farthest outpost in the 


in algebraic nu 
age of forms was Lagrange’s remark (1767) that 


the norm of eral algebraic number repeats under multiplica- 
tion, and in turn can be traced back to Fibonacci’s identity. 


rest some to know that Dirichlet’s inspiration came 
church while he was listening to the music on an Easter 


SQy : 

he second exception to the general rule of sterility beyond 
real quadratics was Hermite’s introduction in 1854 and 1857 of 
the forms since known by his name. In the binary case, a 
Hermitian form is of the type axx’ + bay’ + b’x'y + cyy’, where 
9, ¢ are real constants, b, 6’ conjugate imaginary constants, and 
the variables in the pairs x, x’ and y, y’ are conjugate imaginaries, 
so that the entire form is real and hence capable of representing 
real numbers. From Hermite’s arithmetical theory of these 
forms in two or more variables evolved the extensive theory of 
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Hermitian forms and matrices, which after 1925 became familiar 
to physicists through the revised quantum theory. Hermite also 
(1849) initiated the closely related arithmetical theory of bilinear 
forms,® thus starting much algebra that is now standard in a 
college course, including parts of the theory of matrices and 
elementary divisors. The last originated explicitly in H. J. 8. 
Smith’s discussion of systems of linear diophantine equations 
and congruences (1861), and was developed independently by 
Weierstrass and by G, Frobenius (1849-1917, German)sin the 
1870’s-80’s. The point of historical interest here is tha Sthese 
extremely useful techniques of modern algebra, whi ae 1925 
became commonplaces in mathematical physics, éyclved from 
quite useless problems in the theory of numberg-\* 

The third and last exception to general ri ity connects 
the arithmetic of forms with that othe: jor outgrowth of 
ancient diophantine analysis, the Gai i concept of con- 
gruence. Dickson in 1907 began the co encial theory of forms, 
in which the coefficients of the forme\ate either natural integers 
reduced modulo 9, p prime, or rents of a Galois field. The 
linear transformations in the ty, corresponding to those in 
the classical problem of equi ice, were similarly reduced, and 
hence modular invariants ‘covariants were definable. By 1923 
the theory was practic, worked out, except for two central 
difficulties, by Dicks: a his pupils. Simplified derivations for 
some of the res aN given (1926) by E, Noether by an 


application of h ethods in abstract algebra. . 
Before pa on to congruences, we note an outstanding 
advance in Ider tradition of diophantine analysis. If 
eo) SayR? dy eh fe es tae + aay 


is an dxfeducible polynomial of degree n = 3 with integer coeffi- 
fat > and if 


QP 8G 9) man alt bb aeyt hag" 


is the corresponding homogeneous polynomial, then W(x, y) = ¢ 
where ¢ is an integer, has either no solution or only a finite num- 
ber of solutions in integers x, y. This is the capital theorem (1909) 
of A. Thue (Scandinavian). A generalization’ was given by Thue 
himself, and another (1921) by Siegel. After all that has been 
said about the paucity of general methods and the plethora of 
fragmentary results in diophantine analysis, Thue’s theorem 
speaks for itsclf. It was proved by elementary methods. 
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The theory of congruences 


The subject of congruences in rational arithmetic is usually 
assigned to the multiplicative division, although it is concerned 
chiefly with the detailed investigation of one highly specialized 
type of diophantine equation, a,x” + ++ + + ay + ao = my, 
inwhich x,y are the indeterminates, and the coefficients a,, .. . , 
41, do, m are given constant integers, with a, ~ 0, m ¥ 0. The 
essential point is that one of the indeterminates, y, occurs only 
to the first degree. The cases m = +1, being of no interest, ate 
excluded, The equation rewritten as a congruence is Y 

ce) 


Qnkt® + +++ bax + ao =0 mod m; 


m is called the modulus; is the degree; and sol 


phantine equation is equivalent to finding all x 


x, called the roots of the congruence, that m polynomial 
on the left a multiple of m. If « = ¢ is tion, so also is 
¢-+ km, where k is any integer. Since Din =c mod m, it 
suffices to find all solutions whose absaltee values do not exceed 
|m|/2. These are said to be incongrue paiodulo m. The statement 
of the generalized problem for one eaigruence in several indeter- 
minates, or for a simultaneous system of such, is immediate. We 
refer here to what has alrea: een said about congruences in 
connection with algebraic cture. 

Gauss does not disc! what led him to this cardinal con- 
cept of modern arith c. But its systematic use in the earlier 
‘itiones enabled him to unify and extend 
of Fermat, Wilson, Euler, Lagrange, and 
Legendre on arithmetical divisibility and, in the famous seventh 
{concluding tion, to give a reasonably complete theory of 

tions in algebra. A few of the older results on divisi- 
bility be restated in the language of congruences to illustrate 


’p is prime, x°-1 — 1 = 0 mod 9, has exactly p — 1 incon- 
gruent roots. This is Fermat’s theorem, proved essentially by 
the implied method of congruences by Lagrange (1771), who 
showed also (1768) that a congruence of degree 1 has not more 
than x incongruent roots for a prime modulus. The theory of 
residues of powers, originating with Euler in 1769, is concerned 
with the general binomial congruence x* — @ = 0 mod m. It has 
numerous applications in algebra, particularly in the theory of 
equations and in finite groups. One crucial unsolved problem 
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may be noted. If p is prime, r any number not divisible by 9, and 
if p — 1 is the least value of » for which »* — 1 = 0 mod d, 
ris called a primitive root of . A prime p always has exactly 
¢(p — 1) primitive roots, where }() is Euler’s function denoting 
the number of positive integers not greater than » and prime 
ta x. The problem is to devise a practicable, non-tentative 
method for finding at least one primitive root of any given prime. 
Between Euler’s initiation of the subject in 1769 and 1919—a 
century and a half—232 lengthy articles and short notes were 
published on binomial congruences. None made any substantial 
progress toward a solution of this crucial problem. . 

Another outgrowth of Euler’s power-residue; $2%e entire 
theory of reciprocity laws, already noted in gomhection with 
modern algebra. Yet another is the extensive Sy of functions 
defined for integer values of their variables, of which evolved 
from the theorem of Gauss that 2¢(d@)¢S a, where the summa- 
tion extends to all divisors d of the fied integer m, and ¢ is 
Euler’s function. & 

Practically every srithmetician’ note and a host of humbler 
workers have contributed to th® theory of congruences since 
Gauss started the subject in.J801. For ail their efforts, two cen 
tral problems of the theoryafy solution: to assign criteria on the 
given coefficients of a sj8tem (one or more) of congruences to 
decide whether or n ¢ system is solvable and, if it is, to find 
all its Incongrosn stot non-tentatively. For a single con- 
gruence of the degree in any number of unknowns, the 
problem is mgte completely solved than are most of the solved 
problems in@rithmetic, and likewise for a simultaneous system 
of such Tuences, the solution having been given (1861) by 
H. J..ScSmith. The higher reciprocity laws represent the farthest 
advante in the case of binomial congruences; their complexity 
mays hint that the general problem is intractable by methods 
hown up to 1945. It must be remembered tliat these problems 

Qand others like them in classical arithmetic have not been the 
easy sport of mediocre men; some of the most powerful mathe- 
maticians in history have wrestled with them. 

Congruences were responsible for one theory of far more than 
merely arithmetical interest. The notation for a congruence 
suggests the introduction of appropriate ‘imaginaries’ to supply 
the congruence with roots equal in number to the degree of the 
congruence when there is a deficiency of real roots. As in the 
corresponding algebraic problem, it is not obvious that imagi- 
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naries can be introduced consistently. That they can, was first 
proved in 1830 by Galois, who invented the required ‘numbers,’ 
since called Galois imaginaries, for the solution of any irreducible 
congruence F(x) = 0 mod 9, where @ is prime. He thus obtained 
a generalization of Fermat’s theorem, and laid the foundation 
of the theory of finite fields. As remarked by Dickson,‘ “Galois’s 
introduction of imaginary roots of congruences has not only led 
to an important extension of the theory of numbers, but has 
given rise to wide generalizations of theorems which had bi 
obtained in subjects like linear congruence groups by applying 
the ordinary theory of numbers.” Galois was eighteen yy he 
invented his imaginaries. 

We pass on to the third and last division of ratignal arith- 
metic which we shall consider. Here great progress has been 
made, most of it since 1895. . ey 

Applications of analysisS 

Since the time of Euler, analysis has BQ rpplied incidentally 
to rational arithmetic; but it men in 1839, with Diri- 
chlet’s Recherches sur diverses applications de P analyse infinitést- 
male @ la théorie des nombres, limiting processes cntered 
organically into the theory mbers. Before Dirichlet, such 
analysis as was used remaine’in the background,” arithmetical 
results being obtained b he device of comparing coeflicients in 

o> 


two or more expans} f a given function by different algo- 

rithms, 'This technigué¥riginated with Euler in his work of 1748 

in the theory of ions, a subject which he initiated in 1741. 
After Diri the next organic uses of analysis were 


> 
in his method of continual reduction, and 


Hermite’s 
Riana) in the distribution of primes. But it was not 
until t wentieth century that modern analysis was sys- 
ivally applied to additive arithmetic. Simultancously there 
unprecedented advance in the application of analysis to 
theVmultiplicative division. We shall presently describe only 
enough to illustrate the radical difference between the old and 
the new. With the exception of a very few outstanding acquisi- 
tions like Thue’s theorem, it scems probable that the early 
twentieth century will be remembered in the future history of 
tational arithmetic chiefly for its achievements in the analytic 
theory, 

There remains, however, what some consider a desideratum: 
to obtain those results of the analytic theory which do not 
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involve a limiting process in their statement without an appeal 
to continuity. Thus Dirichlet proved analytically that there are 
an infinity of primes of the form an + 6, where a, b are constant 
relatively prime positive integers and » runs through all posi. 
tive integers. Attempts by Emmy Noether and others in the 
1930’s to obtain this non-analytic theorem without the use of 
analysis failed, On the other hand, all of Euler’s and Jacobi’s 
theorems on partitions, and all of the non-analytic theorems on 
numbers of representations in certain quadratic forms, first 
obtained analytically by Jacobi and others, have bi 
without analysis. The reasons for failure in one i 
success in another superficially indistinguishab| 
not understood, It will be convenient to call * emonstrably 
avoidable analysis inessential; and to speak o; lysis which has 
i 


not yet been proved inessential, or whic! deéads to final results 
implying a use of continuity, as ess « Kronecker would 
probably not have admitted essentia alysis into arithmetic, 
and might even have declared that jt roducts are as inexistent 
as irrationals, Ne) 

A classic example of the we of analysis later seen to be 
inessential occurs in many 6fthe applications of elliptic and 
modular functions to the<@aussian theory of binary quadratic 
forms. In the hands of necker, Hermite, and a score of less 
notable mathematiciéns, a close connection between binary 
quadratics and thetheory of complex multiplication of elliptic 
functions was déyeldped after 1860 into an extensive department 
of arithmetic One detail of all this intricate theory exemplifies 
the analy tig@e uliarities. From a passage in the Disquisitiones 
it appe me ‘at as early as 1801 Gauss had effected the dificult 


imation of the number of classes of binary quadratics 
4 given determinant. The first published determination 
irichlet’s of 1839, in which analysis was essential. (An 
tanding desideratum is a ‘finite? proof of Dirichlet’s results.) 

or forms of a negative determinant, Kronecker in 1860 found 
several remarkable formulas whereby the number of classes can 
be calculated recursively without analysis. These formulas ap- 
peared as by-products of Kronecker’s investigations in elliptic 
functions, and were the heralds of several hundred by later 
writers, many of whom used elliptic modular functions to obtain 
their results. We shall not pursue this matter further here, as a 
detailed account belongs to the specialized theory of numbers 
and we can attend only to matters of more than local significance. 
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The point of interest here is that whereas analysis was 
essential in Dirichlet’s derivation of the class-number, and might 
therefore have been reasonably expected to appear essentially 
in the deduction of the recurrence relations, it actually proved 
to be inessential for the latter. Arithmeticians who insist (there 
are such) that a method containing analysis essentially" belongs 
to analysis and not to arithmetic would claim that Kronecker’s 
formulas, not Dirichlet’s, are the arithmetical solution of the 
class-number problem. “ <& 

There is more than a pedantic difference between tis So 
opinions, at least historically. Experience has shown Gy the 
search for proofs and theorems independent of essen jabanalysis 
frequently turns up unexpected simplicities an Qyeals new 
arithmetical phenomena. Gauss emphasized the “desirability of 
multiplying proofs in arithmetic with a Sto making the 
abstruse clear. However, arithmetic is s tently broad and 
difficult to permit all types of worker! follow their own 
inclinations. Beginning about 1917, t epeneral trend was toward 
essential analysis. ; 

The theory of partitions illugetates the historical disconti- 
nuity between inessential and essential analysis. If P(m) denotes 
the total number of ways t sitive integer n is obtainable as 
a sum of positive integergNit is obvious, as noted by Euler in 
1748, that P(x) is th ficient of x" in the expansion of 


Ufa a “J in SSpower series in x. With unsurpassed 


manipulative skif}/Euler derived numerous identities between 
this infinite p ct and others suggested by problems in parti- 


tions, thu: ipating many formulas in elliptic theta constants 
deducib] m Jacobi’s presentation (1828-9) of elliptic func- 
tions, extensive literature sprang from these discoveries. 


M OF it is algebraic, and in none is analysis essential. Indeed, 
Sheer no analyst, desiring to understand the subject and 
being too impatient to master elliptic functions, developed a 
hint thrown out by N. M. Ferrers (1829-1908, English) in 1853 
into a graphical theory in which some of the properties of parti- 
tions can be inferred from point lattices. But although the 
Pictorial representation may have enabled Sylvester and some 
Others to avoid inessential analysis in their thinking, it added 
Rothing new to the theory of partitions. 

Among other results of the Euler-Jacobi tradition were 
numerous elegant formulas whereby P(a) and other partition 
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functions could be calculated recurrently. Each afforded a com- 
plete arithmetical solution of the problem of computing the 
function of # concerned for any value of 2, That is, all were use- 
less as aids to practical computation for any but inconsiderably 
small numbers, 

The break came in 1917, when G. H. Hardy (1877-, English) 
and §. Ramanujan (1887-1920, Indian) applied their new 
analytic methods to the derivation of an asymptotic formula for 
P(n), which put the practical evaluation of P(n) into touchwith 
common sense. Before this, it had required a month’s oe a 
leading expert in the older methods to compute any six 
terms of the asymptotic formula gave 


ov 
P(200) = 3,972,999,029,388 6 > 


with an error of .004. This detail typi The computational 
superiority of formulas depending on essehtial analysis over the 
corresponding exact theorems preferr pure arithmeticians. 
The analysis used is applicable t ny other numerical func- 
tions appearing as coefficients in nsions of certain functions 
of a complex variable not co able beyond the unit circle. 
This work of 1917, like mos; ‘he essential analysis in modern 
rational arithmetic, was gfmore than local interest in its own 
domain. It instigated a greatly increased activity in refined 
classical analysis endigte modern theory of inequalities. 

One of the amous problems in all arithmetic, that 
of the distribu ‘of primes, yielded to analysis only in 1896, 
when J. Ha ona (1865-, French) and C. J. de la Valléc- 
Poussin (Belgian) proved independently that the number N(x) 
of primes.’ is asymptotically equal to x/log x, that is, the 
limit (2) - [x/log a]“! as # tends to infinity is 1. This is 
usu: called the prime number theorem. The relevant history 
wi fill a book. Legendre, Gauss, and others had proposed 

‘mulas inferred from actual counts of primes; but it cannot be 
said that any of these tentative efforts materially furthered the 
final success. The great Russian mathematician, P. Tchebycheff 
(1821-1894) in 1850-1 made the first considerable advance since 
Euclid in the theory of primes; but much sharper analysis was 
needed than dny available until the last decade of the nineteenth 
century. What appears likely to remain for some time the ‘best 
proof of the theorem is Landau’s reformulation (1932) of that of 
N. Wiener (1 4—, U.S.A.), who deduced the result almost as 4 
corollary gic work on Tauberian theorems. The latter, 80 


\ 
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named by Hardy after the German analyst Tauber, evolved from 
the converse of Abel’s theorem on convergent power series. 

Even the briefest notice of the theory of primes must men- 
tion the famous conjecture known as Riemann’s hypothesis, 
which is to classical analysis what Fermat’s last theorem is to 
arithmetic. Euler (1737) noted the formula Za? = IE(1 — p7*)7}, 
the sum extending to all positive integers 2, and the product to 
all positive primes ». The necessary conditions of convergence 
hold for complex values of s with real part >1. Considering¢\ 
Yn-* as a function {(s) of the complex variable s, Riemaan 
(1859) proved that ¢(s) satisfies a functional equation involiy 
¢(s), FC. — 5), and the gamma function of s. He was Hua led 
to the theorem that all the zeros of [(s), except those i = —2, 


—4, -6,..., lie in the strip of the s-plane (A: diagram 
for s) for which 0 So < 1, where @ is the re t of s. His 
theorems would be even more interesting than are if all the 
zeros in the strip should lie on the lineo = jemann conjec- 
tured! that this is so. Attempts to pro, prove this con- 
jecture have generated a vast and inp¥icate department of 
analysis, especially since Hardy proyed: (1914) that ¢(s) has an 
infinity of zeros ono = 4, Altho ithe question was still open 
in 1945, scores of profound papets ristling with thorny analysis 
had enriched the oe ofthe Bs arithmetic for almost a 


third of a century, some em based, however, on the sup- 
position that Riemann’ jecture is true. 

This bold techni of inference from doubtful conjectures 
was something jew departure in arithmetic, where the 
tradition of Eu agrange, and Gauss had stickled for proof 
or nothing. The“rationalized justification for the novel proce- 
dure, were needed, was the unrealized hope that by trans- 
forming ious hypothesis into something new and strange, 
an acce€Sible equivalent would sometime, somehow, drop out. 
Still the assumption that Riemann’s hypothesis and other 
unproved conjectures of a similar character are true, numerous 
profound theorems on the representation of numbers as sums 
of primes, or in other interesting forms, were skillfully deduced 
by some of the most refined analysis of the twentieth century. 
Should any of these boldiy conceived but unborn theorems ever 
materialize, they will be among the most remarkable in 
arithmetic, 

Adhering more strictly to the Euclidean tradition of proof 
before prophecy, the Russian mathematician 1. M. Vinogradov, 
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beginning about 1924, developed new methods in the analytic 
theory of numbers, and in £937 apparently came within a 
reasonable distance of proving another famous guess concerning 
primes: every even number >2 is a sum of two primes. C. Gold. 
bach (1690-1764, Russia) in 1742 confided this conjecture to 
Euler who, while believing it to be true, confessed his inability 
to prove it, Anyone who has inspected the analysis by which 
Vinogradov proved (1937) that every odd number beyond a 
certain point is a sum of three odd primes will sympathize with 
Euler. The best previous result was that of L. Sch irelmann 
(Russian), who proved (1931) that there is a constant » such 
that every integer >0 is a sum of ” or fewer ace But the 
method of proof, according to Landau, was i able of further 
refinement. Vinogradow’s theorem was conj fally derived in 
1923 by Hardy and Littlewood from.sey unproved mate of 
Riemann’s hypothesis. Y 

From 1896 till 1940 a major of analytic arithmetic 
originated in the theory of rati rimes. Some of this was 
extended to algebraic numbers, Shen Landau (1903) obtained 
the prime ideal theorem corgesponding to, and including, the 
prime number theorem. Hee the necessary analysis proceeds 
from Dedekind’s gener: tion (1877) of Riemann’s {(5) to 
algebraic number fields Another, less extensive, research gen- 
eralized Dirichlet’s, ra on the class-number of binary quad- 
ratics, being co. Shed with the number, proved to be finite, 
of distinct cl. ks of (integral) ideals in an algebraic number 
field. The caphet determination of this number in an approach- 
able form de, ne of the unresolved cruxes in arithmetic. All of 
this workbelongs to the multiplicative division. 
lly prolific of new analysis and far-reaching theorems 
in metic was the advance beginning in 1909 with Hilbert’s 
ion of Waring’s problem. The English algebraist E. Waring 
.®) 34-1798) emitted the conjecture (1770) that every integer 
” > 0 is the sum of a fixed least number g(s) of sth powers of 
integers 20. For s = 2, this is the result proved by Lagrange 
and Euler that every positive integer >0 is a sum of four 
integer squares =0. Since no integer 4*(8h ++ 1) is a sum of 
three squares, it follows that g(2) = 4; and it is known that 
s(@3) = 9. Waring himself proved no single case of his problem; 
nor did he offer any suggestion for its solution. For all that he 


or anyone else in the eighteenth century knew, g(s) might not 
exist. 
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It so happens, however, that Waring’s guess was one of those 
few in the theory of numbers that have started epochs in 
arithmetic. Little of any significance issued from Waring’s 
conjecture until about a century and a half after it had been 
made on only scanty numerical evidence. The theorem itself 
might be guessed after an hour’s figuring. For example, g(4) 
may be 19 as stated by Waring, a result which had not been 
proved as late as 1945. 

It used to be imagined by romanticists that Waring and oth 
rash guessers in arithmetic knew mysterious methods, now lo: 
of extraordinary power. There is no evidence that they di it. 
But professionals who appreciate the inherent diffic sof 
arithmetic believe that the lost methods, with the possiljle excep- 
tion of Fermat’s, are mythical. Gauss, for crap urged 
in 1818 to compete for a prize offered by the F Academy 
for a proof or disproof of Fermat’s last theore’ pressed him~ 
self quite forcibly on the undesirability oicle guessing in 
arithmetic. Including Fermat’s theorem x is remarks, Gauss 


declared that he himself could man ure any number of 
such conjectures which neither he> or anyone else could 
~) 


settle, 

All questions of mathemayelt ethics aside, it is at least 
possible that stating difficult, lems with no hint of a method 
for attacking them is mong erin than advantageous to 
the progress of arithmetic Unless we are eager to believe that 
certain individuals wealivinely inspired and can foresee what 
course mathematic; uld follow to accord with the inscrutable 
verities of Plato’, ernal Geometer, we may suspect that base- 
less guessing i; Wkly to deflect talented originality into artificial 
channels, Vicuhe was an accomplished algebraist, but there is 
ho evidene& that he was inspired; and it seems like nothing but 
that his easy guess led to anything more profound 
ialities. That it did finally prove extremely stimulating 
may wppear in the long run disastrously unfortunate. For there 
is little doubt that Waring’s delayed success was largely responsi- 
ble for the return about 1920 to the pre-Lagrangian tactic of 
deduction based on conjectures. Of course Lagrange and Gauss 
may have been mistaken or merely pedantic in their rejection 
of published guessing as a stimulus to progress, and the nine- 
teenth-century caution may have been excessive. If so, the early 
twentieth century will doubtless be long remembered as the 
dawn of a new era in arithmetic. 
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Hilbert’s proof (1909) of Waring’s conjecture established the 
existence of g(s) for every s, but did not determine its numerical 
value for any s. The curiously ingenious proof, shortly simplified 
by several mathematicians, depended on an identity in 25-fold 
multiple integrals, and like much of its author’s mathematics 
aimed only at existence without construction. Its historical im- 
portance is less that it was the first solution of an outstanding 
problem than that it incited analysts to find at least a bound to 
the numerical value of g(s) for any given s. It was shatter 
problem and the cognate one to be described pre: that 
were largely responsible for the explosive outbu WBanalytic 
arithmetic in the 1920’s-30’s, As already impliéd} this work 
marks an epoch in the theory of numbers. < . 

Hardy and Littlewood in 1920-8 inveftted the analytic 
method for Waring’s problem which w; remain the stand- 
ard till Vinogradov, having started in 1 rom methods similar 
to those of the English arithmeticia eveloped his own more 
penetrating technique in the 193 e problem affiliated with 
g() is that of finding G(s), defigad’as the least integer » such 
that every positive integer beyond a certain finite value is the 
sum of n sth powers of int 20. Thus the best value of g(4) 
up to 1933 was g(4) < in contrast with Hardy and Little- 
wood’s G(4) < 19, ES it was shown (1936) that G(4) is either 


16 or 17. For s > 6, gradov’s improved methods gave (1936) 
much smaller valyes-of G(s) than those obtained previously. 

Although thie pioneering methods were thus superseded, their 
influence ong development of asymptotic analysis remained 
incalculablé>Utilizing results of Vinogradov’s, Dickson and 
8. S (1902-, Indian) in 1936 proved independently an 
rmula for g(s), valid for all s > 6, except possibly for 
doubtful cases.!° It is gratifying to report that since the 

edition (1940) of this book, these doubtful cases have been 

i8posed of (1943) by I. M. Niven (1915-, U.S.A.). 

Thus, after 169 years Waring’s guess was finally proved. 
In addition to instigating a vast amount of acute analysis, the 
problem had suggested numerous others solvable by similar 
methods, such as the representability of all, or ‘almost all, 
positive integers as sums of polynomials taking integer values for 
integer variables, or as sums of squares and primes. As this is 
written, there is no sign of an abatement in the output of analyt- 
ic arithmetic. Two of the leading experts in the subject, 
Ramanujan and Landav, died before their time. The others 
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more directly responsible for the creation of new methods were 
still active in 1945, and a crowd of younger men was coming on. 
Another isolated result solidified by modern analytic methods 
may be cited for its curious implications regarding the sup- 
pressed work of the initiator of the modern era in arithmetic. 
C. L. Siegel (1896-, Germany, U.S.A.) in 1944 gave the first 
proof of a statement (1801) by Gauss concerning a certain 
asymptotic mean value in the theory of the binary quadratic 
class number. As the relevant formula could hardly have been\ 
inferred from numerical examples, it would be interesting 
know how Gauss satisfied himself of its correctness. iy 
event, it is indicative of the lawless difficulties of the gheory of 


numbers that a result stated by Gauss should have ; in the 
classic literature for 143 years without proof. \ 
The 1920’s~1930’s witnessed the beginning era in arith- 


metic comparable to that inaugurated b; auss in 1801, 
Analysis, the mathematics of continuity, nae at last breached 
outstanding problems in the domain of See That explicit 
integer values for numerical functi ike g(s), G(s) should 
be obtainable by analysis would ae seemed miraculous to 
the arithmeticians of the nine’ century. The like holds 
for the modern work in the thi of primes, and in other parts 
sf 


of multiplicative arithmeti is therefore not true, at least 
in the theory of numbers, at all the great mathematicians died 
before 1913, 

In this chapter, Qin others, literally hundreds of worthy 
names have been d over without mention, and likewise for 
dozens of extensive"developments to which scores of workers in 
the past twa centuries have devoted their lives. The topics 
described a: Norcce, a fair sample of some of the best that 
has been ¢ in rational arithmetic since Fermat. 
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CHAPTER 15 


Contributions from Geometry 


—— 


oak algebra and 
nsive as that of 
of more interesting 


With a literature much vaster than tl 
arithmetic combined, and at least as 
analysis, geometry is a richer treasure 
and half-forgotten things, which a ied generation has no 
leisure to enjoy, than any other gf ion of mathematics. Con- 
tinually changing ideals and ol ives in the development of 
geometry since the seventeentk\céntury have made it impossible 
for students and working ematicians to be aware of hun- 
dreds of theorems, and extensive theories, that the geom- 
eters of the late nineteenth century prized as objects of rare 
beauty. 

On a rather yeh level, for example, it was held by compe- 
tent geometersin 940 to be a sheer waste of effort for a student 
contemplatii career in geometry, or in any division of living 
science or matics, even to glance at the so-called modern 
geomet the triangle and the circle, created largely since 
1870, it has been said, no doubt justly, that almost any 
theotem of this intricate and minutely detailed subject would 

delighted the ancient Greeks. And that, precisely, is the 

int. All the classic Greek geometers were buried or cremated 

two thousand years ago. Geometry in the meantime has ad- 

vanced. By 1900 at the latest, special theorems in Euclidean 

geometry were no longer even a tertiary objective of creative 

geometers, no matter how beautiful or how interesting they 
might appear to their authors. 

This does not imply that such theorems were valueless to 
those who could appreciate them; they preserved more than one 
isolated teacher from premature fossilization. They may also 
have irritated some who later became skilled geometers into 
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finding out what modern geometry is about. On the other 
hand, many a working mathematician of the 1930’s looked back 
with something akin to rage in his heart on the months or years 
squandered on this sort of geometry, or on the interminable 
properties of conics, at the very time of his life when his capacity 
for learning was greatest and when he might have been master- 
ing some living mathematics. 

In defense of this waste, if such it were, it was argued that 
English schoolboys still took a keen pleasure in these intrigni 
puzzles of their forefathers. No doubt they did. But the further 
claim that such a training made first-rate geometers n= 
tradicted by the evidence. The attempted justificati n the 
grounds of mental discipline may be left to the psychologists. 
In any event, it seemed slightly fatuous to impart discipline 
through outmoded fashions when so much ual difficulty 
and vital necessity had to be mastered if were to think 
geometrically in the manner demanded eons advanc- 


ing science and mathematics. The fore ig opinions, it may be 
stated, were those of three of Eng! s foremost mathemati- 
cians in the 1930’s, all of wom fi mace high marks in this 
prehistoric sort of geometry 
English university scholarsh 
However, even in the elementary geometry an original 
and ingenious mind may“tcasionally think of something to do 
rather unlike what, isSalready classical. The more orthodox 
Greek geometers, aw, limited themselves to a straightedge 
and compass in r permissible constructions. Why not dis- 
pense with onesor other of these traditional implements? It 
occurred t GeMohr (Danish) in the seventeenth century to 
see what. ernctions could be performed with a compass 
alone, and .. Mascheroni, (1750-1800, Italian) actually wrote 
a book yn the geometry of the compass. Napoleon Bonaparte 
is a to have been highly elated by his solution of a simple 
problem in Mascheroni’s geometry. Others hobbled themselves 
by using a straightedge alone, or this with one given point in 
the plane, and so on. Finally it occurred to E. Lemoine (1840- 
1912, French), to attempt to assign a measure of the com- 
plicatedness of a geometrical construction. He presented an 
account of his proposals (1888-1889, 1892-1893) at the Inter- 
national Mathematical Congress held in connection with the 
Chicago World Fair of 1893. He succeeded in defining the 
simplicity of a construction in terms of five operations of ele- 


mpetitive examinations for 
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mentary geometry, such as placing one point of a compass on a 
given point; the simplicity was the total number of times these 
operations were used. It was thus possible to assign marks to 
different constructions for the same figure, but a method 
for finding the construction with an irreducible number of marks 
seemed to be lacking. Once more it was demonstrated that the 
only royal road to elementary geometry is ingenuity. Another 
type of problem the beginner meets may have suggested the 
hotly controversial and partly discredited theory of enuwierative 
geometry: how many lines, circles, etc., satisfy a presctibed set 
of conditions? Or, to take an instance from the ’s, what 
practical use, if any, can be made of Pascal’s th in conics? 
Almost exactly 300 years separate Pascal’s covery of the 
theorem and its application by aeronautical neers to lofting; 
naval architects might weil have used i r, At a slightly 
more advanced stage, almost anyone ¢ gore his own peculiar 
system of coordinates and proceed laborate the geometry 
it suggests. Many have, 

Rising to a considerably hi, level of difficulty, we may 
instance what the physi ell called “Solomon’s seal in 
space of three dimensions. twenty-seven real or imaginary 
straight lines which lie ‘Olly on the general cubic surface, 
and the forty-five ¥s angent planes to the surface, all so 


curiously related to twenty-eight bitangents of the general 
plane quartic oy If ever there was a fascinating snarl of 
interlaced theopies? Solomon’s seal is one. Synthetic and analytic 
geometry, alois theory of equations, the trisection of 
hyperellip netions, the algebra of invariants and covariants, 
geometricdigebraic algorithms specially devised to render the 
onfigurations of Solomon's seal more intuitive, the 
of finite groups—all were applied during the second half 
¢ nineteenth century by scores of geometers who sought to 
‘ak the seal. 

Some of the most ingenious geometers and algebraists in 
history returned again and again to this highly special topic. 
The result of their labors is a theory even richer and more 
elaborately developed than Klein’s (1884) of the icosahedron. 
Yet it was said by competent geometers in 1945 that a serious 
student need never have heard of the twenty-seven lines, the 
forty-five triple tangent planes, and the twenty-eight bitangents 
in order to be an accomplished and productive geometer; and 
it was a fact that few in the younger generation of creative 
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geometers had more than a hazy notion that such a thing as 
the Solomon’s seal of the nineteenth century ever existed. 
Those who could recall from personal experience the last 
glow of living appreciation that lighted this obsolescent master- 
piece of geometry and others in the same fading tradition looked 
back with regret on the dying past, and wished that mathe 
matical progress were not always so ruthless as it is. They also 
sympathized with those who still found the modern geometry 
of the triangle and the circle worth cultivating. For the differ 
ence between the geometry of the twenty-seven lines and that 
say, Tucker, Lemoine, and Brocard circles, is one of ey 
not of kind. The geometers of the twentieth century lofig since 
piously removed all these treasures to the museum of metry, 
where the dust of history quickly dimmed their ] 
For those who may be interested in the le esthetics 
rather than the vitality of geometry, we cit¢Q\toncise modern 
account! (exclusive of the connection wie perelliptic func- 
tions) of Solomon’s seal. The twenty-seven lines were discovered 
in 1849 by Cayley and G, Salmon? 9-1904, Ireland); the 
application of transcendental methio. originated in Jordan’s 
work (1869-70) on groups and@fyebraic equations. Finally, 
in the 1870’s L. Cremona (1 903), founder of the Italian 
school of geometers, obsepyed a simple connection between 
the twenty-one distinct Gaignt lines which lie on a cubic 
surface with a node aid the ‘cat’s cradle’ configuration of 
fifteen straight line ‘tained by joining six points on a conic 
in all possible he ‘mystic hexagram’ of Pascal and its 
dual (1806) in * Brianchon’s (1783-1864, French) theorem 
were thus 1 'd to Solomon’s seal; and the seventeenth 
century he nineteenth in the simple, uniform deduc- 
tion of geometry of the plane configuration from that of 
a cor, aon ding configuration in space by the method of 
on. 
e technique here had an element of generality that was to 
prove extremely powerful in the discovery and proof of cor- 
related theorems by projection from space of a given number of 
dimensions onto a space of lower dimensions. Before Cremona 
applied this technique to the complete Pascal hexagon, his 
countryman G. Veronese had investigated the Pascal configura- 
tion at great length by the methods of plane geometry, as had 
also several others, including Steiner, Cayley, Salmon, and 
Kirkman. All of these men were geometers of great talent; 
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Cremona’s flash of intuition illuminated the massed details of 
all his predecessors and disclosed their simple connections, 
That enthusiasm for this highly polished masterwork of 
classical geometry is by no means extinct is evident from the 
appearance as late as 1942 of an exhaustive monograph (xi + 180 
pages) by B. Segre (Italian, England) on The nonsingular cubic 
surface. Solomon’s seal is here displayed in all its “complicated 
and many-sided symmetry”—in Cayley’s phrase—as never 
before. The exhaustive enumeration of special pone itions 
provides an unsurpassed training ground or ‘Pogee mp’ for 
any who may wish to strengthen their intuition i ‘e of three 
dimensions. The principle of continuity, ably géeénded by the 
method of degeneration, consistently applic ifies the multi- 
tude of details inherent in the twenty-seyéi lines, giving the 
luxuriant confusion an elusive coher which was lacking 
in earlier attempts to “bind the swee’ luences”’ of the thirty- 
six possible double sixes (or ‘doubl@ixers,’ as they were once 
called) into five types of possib! I cubic surfaces, containing 
respectively 27, 15, 7, 3, 3 real lias. A double six is two sextuples 
of skew lines such that eac! @ of one is skew to precisely one 
corresponding line of the.dther. A more modern touch appears 
in the topology of theg five species. Except for one of the 
three-line surfaces, all\\are closed, connected manifolds, while 
the other three-lineJs two connected pieces, of which only one 
is ovoid, and thé Feal lines of the surface are on this second 
piece. The degdmpositions of the nonovoid piece into generalized 
polyhedra the real lines of the surface are painstakingly 
classifie h respect to their number of faces and other char- 
tne suggested by the lines. The nonovoid piece of one 


ne surface is homeomorphic to the real projective plane, 
‘o is the other three-line surface. The topological interlude 
Gives way to a more classical theme in space of three dimensions, 
OD which analyzes the group in the complex domain of the twenty- 
seven lines geometrically, either through the intricacies of the 
thirty-six double sixes, or through the forty triads of com- 
plementary Steiner sets. A Steiner set of nine lines is three sets 

of three such that each line of one set is incident with precisely 
two lines of each other set. The geometrical significance of 
permutability of operations in the group is rather more com- 
plicated than its algebraic equivalent. The group is of order 
51840. There is an involutorial transformation jn the group for 
each double six; the transformation permutes corresponding 
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lines of the complementary sets of six of the double six, and 
leaves each of the remaining fifteen lines invariant. If the double 
sixes corresponding to two such transformations have four 
common lines, the transformations are permutable. If the 
transformations are not permutable, the corresponding double 
sixes have six common lines, and the remaining twelve lines 
form a third double six. Although the geometry of the situation 
may be perspicuous to those gifted with visual imagination, 
others find the underlying algebraic identities, among even SON 
impressive a number of group operations as 51840, somewhat 
easier to sce through. But this difference is merely one ae 
quired taste or natural capacity, and there is no argui al out. 
it, However, it may be remembered that some of this eqiyilating 
pure geometry was subsequent, not antecedenty“f® many a 
dreary page of laborious algebra. The grow “the twenty- 
seven lines alone has a somewhat forbidd erature in the 
tradition of the late nineteenth and earl: ntieth: centuries 
which but few longer read, much les; SU Orciate. So long as 
geometry—of a rather antiquated kin may be—can clothe 
the outcome of intricate calculati in visualizable form, the 
Solomon’s seal of the nineteen tury will attract its de- 
votees, and so with other famous classics of the geometric 
imagination. But in the me@gtime, the continually advancing 
front of creative geometyy will have moved on to unexplored 
territory of fresher ani Rips wider interest. The world some- 
times has sufficient Peason to be weary of the past in mathe- 
matics as in every ig else. 


2° What is geometry? 

In the roa episode of the nineteenth century just recalled, 
we see ©: ore the continual progression from the special to 
the n€fal, in the emergence of widely applicable methods from 
labs sly acquired collections of individual theorems, that 
characterized mathematics since 1800. The methods generalized 
from Cremona’s have retained their vitality and interest, 
although the particular theorems in which they originated may 
have lost their attractiveness for a generation trained in newer 
habits of thought for which those very theorems were partly 
responsible, So again, in seeking the things that have endured in 
mathematics, we are led to processes and ways of thinking rather 
than to their products in any one epoch. We shall see also that 
the conception of geometry itself changed with time, until 
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what was called geometry in one stage of the development would 
hardly have been recognized as such at an earlier stage. 
Attempts to obtain from professional geometers a statement 
of what geometry is are likely to be only nebulously successful, 
Beyond agreeing, more or less, on “geometry is the product of 
a particular way of thinking,” few geometers will commit 
themselves to anything less hazy. Accepting this for the present 
—we shall return to it in other connections—we assume that 
it has a meaning which can be ‘felt,’ if not understood and we 
shall describe some of the main contributions of @eometric 
thought to mathematics as a whole. A 
Numerous representative selections might 
topics described here were chosen as an ir: 
on the advice of men actively engaged (19: developing the 
geometry of the twentieth century. Thes ncipal topics are: 
the vindication of Euclid’s methodo logy in the creation of 
non-Euclidean geometries, and the outgrowths of this in the 
modern abstract or postulational Sod, differential geometry 
from Euler, Monge, and Gauss jemann and his successors, 
with its profound influence o: cosmology and mathematical 
physics of the twentieth gery; the principle of duality in 
projective geometry, and final elucidation in the inventions 
(1831) of J. Pliicker (186)-1868, German), also this most original 
geometer’s concepti, the dimensionality of a space; Cayley’s 
reduction (1859 metric geometry to projective; algebraic 
geometry, par arly its connection with Cremona (1863) and 
birational tradéformations and the analysis of abelian functions; 
Klein’s pr ‘m (1872) for the unification of the diverse geome- 


tries he in his day, and the supersession of this program 


after 3 and finally, the abstract spaces and topology of the 
tw th century, which some believe to be the beginning of a 
type of mathematical thinking. 

Naturally, only a bare hint of so vast a territory can be given 
in the space at our disposal; and here as elsewhere in this ac- 
count we shall note only general trends. A history of any one 
of the topics would fill a book larger than this. The little de- 
scribed, however, may stimulate some to find out more about 
the subjects mentioned. Three of the topics are best considered 
under analysis, where they will be noted. Klein’s program, its 
successors, and topology are described in the chapter on invari- 
ance; what little can be said about the connection between 
algebraic geometry and analysis is deferred to the theory of 
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functions of a complex variable; and the rise of theories of 
abstract space is followed in a later chapter as a consequence 
of the trend toward general analysis, first plainly noticeable in 
1906, for which mathematical physics was partly responsible. If, 
after all this, we are still unable to state what geometry is, 
we shall at least have caught a glimpse of the mathematics 
created by geometers in the worship of their inexplicit ideal. 


Euclid cleared of all blemish * & 

In 1733 the Jesuit logician and mathematician G, S. 
(1667-1733) completed his involuntary masterpiece, Ei eS ab 
omni naevo vindicatus, in which he undertook to e that 
Euclid’s system of geometry, with its pestle are 
is the only one possible in logic and experie: s brilliant 
failure is one of the most remarkable instanc: the history of 


mathematical thought of the mental ings induced by an 
education in obedience and ior dpe firmed in mature 


life by an excessive reverence for th rishable works of the 
immortal dead. With two new geentttries, each as valid as 
Euclid’s, in his hand, Saccheri then oth away because he was 
willfully determined to contin the obstinate worship of his 
idol despite the insistent pr aNtings of his own sane reason. 
To ‘prove’ Euclid’s past postulate, Saccheri constructed a 
birectangular quadril y drawing two equal perpendiculars 
AD, BC at the endsy4.B of a straight-line segment 4B, and on 
the same side of Joining D, C, he proved easily that the 
angles ADC, BCDyate equal. The parallel postulate is equivalent 
to the Pypoth@s that each of ADC, BCD is a right angle. To 


‘prove’ the’ ulate, Saccheri attempted to show the absurdity 
of each ative. 

angle ADC, BCD is acute (“hypothesis of the acute 
sit can be proved that the sum of the angles of any 
le is less than two right angles; if each angle is obtuse 
(‘hypothesis of the obtuse angle’), the same sum is greater than 
two right angles; if each angle is a right angle, the same sum 
1s equal to two right angles. Determined to establish the third 
Possibility, Saccheri deduced numerous theorems from each 
of the first two hypotheses, hoping to reach a contradiction in 
each instance. He disposed of the hypothesis of the obtuse 
angle by tacitly assuming that a straight line is necessarily of 
infinite length. The hypothesis of the acute angle was rejected 

Y an improper use of infinitesimals. 
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Cleansed by faulty reasoning of all blemish, Euctid’s geome- 
try shone forth to its worshiper as the absolute and eternal 
truth, the one possible mathematics of space. Saccheri died 
happy, unaware that he had proved several theorems in two new 
geometries, each as sound logically as Euclid’s. The devout 
geometer had unwittingly demonstrated that his unique idol 
was but one-third of a trinity, coequal with the others but not 
coeternal; for no geometry is the everlasting truth that Saccheri 
thought he had proved Euclid’s to be. It seems ratherstrange 
that the good geometer should have rejected the Nother 
of the obtuse angle so confidently; but here perh the fault 
was Euclid’s with his meaningless definition of Btraight line. 
With a precise -definition® of a straight-lin “segment as the 
shortest‘ distance between two points, the ‘ept of a geodesic 
on a surface is almost immediate. The esics on a sphere 
(which is a surface of constant positivave rvature) are arcs of 
great circles, the analogues of th ortest distances’ in a 
plane. It is just possible, howe eA at Saccheri’s disciplined 
education required him to belie: NO} a flat earth. 

Any geometry constructed Gn postulates differing in any 
respect from those of Euc idéan geometry is called non-Eucli- 
dean, Saccheri’s two role ed specimens were the first non- 
Euclidean geometries in Nistory. Ever since the time of Evclid, 
geometers had tried{fo deduce the parallel postulate from the 
others of Eucl ig ystem. No useful purpose is served by 

ed of failures to achieve the impossible, although 

interesting equivalents of the doubtful postu- 
aphy® of non-Euclidean geometry up to 1911 lists 
about les of books and papers by about 1,350 authors; 
sed et 1911 the subject has expanded enormously. Much of 


thegnore recent work was directly inspired by physics, especially 
ae al relativity. Of the tentative steps toward a recognized, 
Y id, non-Euclidean geometry between Saccheri’s (1733) and 
“obachewsky’s (1826-9), we need recall only two. 

Tn 1766, J. H. Lambert (1728-1777, German) noted that the 
hypothesis of the obtuse angle is realized on a sphere, and 
remarked that a novel kind of surface would be required to 
tepresent the plane geometry corresponding to the hypothesis of 
the acute angle, Nothing came of this suggestion till 1968, 
when E. Beltrami (1835-1900, Italian) showed that the surface 
vaguely conjectured by Lambert is the so-called pseudo-sphere- 
This is the surface of constant negative curvature generated 
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by the revolution of a tractrix about its axis; it had been noted 
by Gauss, but without application to non-Euclidean geometry. 
But this belongs to the modern development, and we shall note 
its peculiar significance later. 

The first indisputable anticipation of non-Euclidean geome- 
try was by Gauss. As a boy of twelve, Gauss recognized that the 
parallel postulate presented a real and unsolved problem; but 
not till he was well past twenty did he begin to suspect that this 
postulate cannot be deduced from the others of Euclide; 
geometry. It is not definitely known when Gauss undertoo: Ny 
creation of a consistent geometry without Euclid’s fifth uu 
late. It is certain, however, that he was in possessioh of the 
main results of hyperbolic geometry (Klein’s designation for the 
system constructed on the hypothesis of the acute“Angle) before 
N. I. Lobachewsky (1793-1856, Russian) publi ed his complete 
system (1829), and therefore also before J. ofall (1802-1860, 


Hungarian) permitted his to be printed (1 as an appendix of 
twenty-six pages in a semiphilosophic. yo-volume elementary 
mathematical work (Tentamen, etc.) is father. 


It used to be claimed on the flimaiest civeumstantial evidence 
that J. Bolyai had been influenced by Gauss. As it is now 
generally admitted that thereyare no grounds whatever for this 
hypothetical action at a great distance, we shall pass it 
with the fact that J. vs father, W. Bolyai (1775-1856), 
was a close friend of uss during his student days at the 
university, 

Gauss never 


‘ any public claim for himself as an inventor 
‘eometry. His anticipations of a part of what 
‘a J. Bolyai accomplished, almost simultaneously 
ently, were found in his papers after his death. 
himself refrained from publishing the revolutionary 
, Gauss encouraged others to proceed in their efforts 
t struct a consistent non-Euclidean system. Two of his 
correspondents made considerable progress: F. K. Schweikart 
(1780-1859) and F. A. Taurinus (1794-1874), both German. 

e latter in particular obtained correct and unexpected results 
(1825-6) in non-Euclidean trigonometry. The earlier date 
coincides with that at which J. Bolyai is supposed to have con- 
Vinced himself that hyperbolic geometry is consistent; the 
later with Lobachewsky’s first paper, unaccountably lost by 
the Kazan Physico-Mathematical Society, on the new (byper- 
bolic) geometry. For reasons that are not exactly clear, Taurinus 
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destroyed all copies of his own work on which he could lay his 
hands. 

In the bald historical statement that Lobachewsky in 1826-9 
and J. Bolyai in 1833, almost simultaneously and entirely 
independently, published detailed developments of hyperbolic 
eometry, we have recalled one of the major revolutions in al! 
ought. To exhibit another comparable to it in far-reaching 
significance, we have to go back to Copernicus; and even this 


choy 


geometry and abstract algebra were to change the wh 

on deductive reasoning, and not merely enlarg modify 
particular divisions of science and mathematics. Toxhe abstract 
algebra of the 1830’s and the bold creations yok Lobachewsky 
and Bolyai can be traced directly the curre 5) estimate of 
mathematics as an arbitrary creatio: mathematicians. 
In precisely the same way that a nova invents characters, 
dialogues, and situations of which he #s\both author and master, 
the mathematician devises at wil ostulates upon which he 
bases his mathematical syste: oth the novelist and the 
mathematician may be condifiovied by their environments in 
the choice and treatment their material; but neither is 
compelled by any caer eternal necessity to create 
certain characters or toinVent certain systems. Or, if either is so 
conditioned, it has een demonstrated that he is; and to an 
adult twentieth- ty intelligence the multiplication of super- 
fluous and m hypotheses is a pursuit even more futile 


than it was ie days of Occam. 
In repetes this estimate of mathematics by informed 


opinion, 945, we must also state that it was by no means 
universal. Many of the older generation still adhered to the 
Pl ic doctrine of mathematical truths. Nor is there any 


n to suppose that Plato will not again reign supreme in the 
nds of mathematicians, Less rational mysticisms than Plato’s 
ave prevailed since the rediscovery of the virtues of blind 
irrationalism in 1914, But while the majority of mathematicians 
still believe they can see through an ancient fraud to the nonen- 
tity behind it, we shall record briefly how the humanization of 
mathematics came about. The deflation of older beliefs, how- 
ever, comprises the main contribution of non-Euclidean 
geometry to mathematical thought as a whole, and also, pet 
haps, the principal contribution of mathematics to the progress 
of civilization. For it seems improbable that our credulous 
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race is likely ever to get very far away from brutehood until 
it has the sense and the courage to discard its baseless super- 
stitions, of which the absolute truth of mathematics was one. 
To appreciate fully the next item of more than local signifi- 
cance, we must describe a geometrical detail in each of four 
geometries; and we shall select that one, the existence of par- 
allels, which precipitated an apparently interminable deluge 
of non-Euclidean geometries after the hyperbolic geometry of 
Lobachewsky and Bolyai. In 1854, G. F. B. Riemann (182¢ 
1866, German) invented a ‘spherical’ geometry, in which 
Saccheri’s hypothesis of the obtuse angle is realized. ‘ 
designations ‘hyperbolic? and ‘elliptic’ refer to Caley 's 
‘Absolute,’ to be noted later; Euclidean geometry igdnilasly 
called ‘parabolic.’ “) 
If P is any point in the plane determined by. dnd a straight 
line Z not passing through P, there is, in pai ic geometry, 
precisely one straight line, L’, through P whi, es not intersect 
4; L’ is the unique parallel to L thro P. In hyperbolic 
geometry, there are two distinct sae ies L’, L” through 
P, neither of which intersects L; ver, no straight line 
through P and lying in the angle, Between L’ and L” meets L. 
Lobachewsky took Z’, L” as his w@Pallels to L. In both parabolic 
and hyperbolic geometry tyo Straight lines intersect in one 
point. Any two geodesics Se a sphere (arcs of great circles) 
intersect in two points gait ere are no parallels. In Riemann’s 
so-called ‘spherical’ geomietry, space is unbounded but finite; 
every ‘straight linc? Beodesis is of finite length; and any two 
straight lines i t twice, thus negating Euclid’s postulate 
that two sti lines cannot enclose a space. Riemann’s 
‘elliptic? ged: ry can be visualized on a hemisphere if, as in 
his spherical eometry, ‘straight lines’ are arcs of great circles 
of the le sphere, and if the two extremities of an arc are 
as the same point. Other ‘realizations’ are easily con- 
structed for all of the four geometries mentioned; our interest 
here is in the significance, or lack of it, of all such realizations. 
This marks the discontinuity in geometry as conceived before 
and after 1899, The three non-Euclidean geometries mentioned 
above are usually called classical; ‘Riemannian geometry,’ 
a8 used since 1916, is distinct from all these geometries. : 
For about thirty years after the invention of hyperbolic 
Beometry, few mathematicians paid any attention to it; and 
Rone, it appears now, foresaw what the non-Euclidean geom- 
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etries were to imply for the whole of mathematics, There 
seems to have been a fecling of distrust, or incredulity that the 
new geometries were either ‘true’ in the same sense as Euclid’s, 
whatever that might be, or that they could ever be of any 
scientific value. These doubts were dispelled by Beltrami’ 
brilliant demonstration (1868) that plane hyperbolic geometry 
can be interpreted as that of the geodesics on a surface of con- 
stant negative curvature, and likewise for spherical g ometry 
and a surface of constant positive curvature. Since<pseudo- 
spheres and spheres are familiar surfaces in Puch @yen space, 
it was felt that the consistency of the classical er uclidean 
geometries had been demonstrated, Euclid’s metry might 
still be the most useful, but the others y oually ‘true,’ 
because it had been shown that they co ealized in Euclid- 
ean space. If this is not a fair statem what the majority 
of mathematicians in the 1870's eli from Beltrami’s Eu- 
clidean realizations of the classicat‘@bn-Euclidean geometries, 
we apologize and pass on. > 

After our discussion ia imilar situation for ordinary 


complex numbers, we need abor the issue here. Beltrami’s 
realizations demonstrate thing more conclusive than the 
theorem that Euclid’ etry and the classical non-Euclidean 
geometries were eithérall logically admissible or all logically 
inadmissible tog 3 the internal consistency of no one of them 
had been prov: ae is is obvious now to the point of platitude; 
it was not obyidus in 1868. As in the case of complex numbers, 
the problemGf internal consistency for any of the geometries 
was refe y Hilbert to the like for the real number system. 

F ing the successors of Beltrami, we now descend to a 
deepéttevel, and note the emergence of the modern postulational 
med in geometry. Ignoring masses of details and numerous 

Coe we can observe the steady progression toward 

bstractness in the work of three men, each typical of the more 

original thought of his generation: M. Pasch (German), G. 
Peano (Italian), and Hilbert. 

We recall that B. Peirce, in the introduction to his linear 
associative algebra (1870), asserted that “Mathematics is the 
science which draws necessary conclusions.” It was not until 
1882, in the work of Pasch, that this concept of the nature of 
mathematics began percolating into geometry. Space for Newton 
was the absolute ultimate in which motion of rigid bodies was 
possible and took place; Leibniz, in some of his philosophizing, 
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imagined space as a matrix of possible relations. Pasch all but 
climinated both these conceptions in his restatement of geometry 
as a hypothetico-deductive system in the tradition of Peirce. 
Instead of attempting to state definitions of points, lines, and 
planes, as Euclid had done, Pasch accepted these as the un- 
reduced elements of ‘space,’ and from postulated but unanalyzed 
relations between these atomistic concepts of his system pro- 
ceeded to deduction. 

The relations postulated were abstracted from the accepted 
geometric notions of centuries of working with diagrams. For+ 
example, it was explicitly stated as a postulate that two di 
points determine precisely one straight line. Pasch was t! fo 
closer to Leibniz than to Newton; but he seems sti 
believed in the existence of a ‘space’ in Newton’s se: 
or not he did, his was the first clear-cut pr tion after 
Euclid’s of geometry as an exercise in postulate technique. 
Pasch went beyond Euclid in that he realized (what he was doing, 
and did it deliberately, whereas ann to have been 
guided by visual imagery, and in consequence to have over- 
looked hidden assumptions. In an: ent, Pasch profoundly 
influenced the geometric though his contemporaries and 
successors, His conception of letry, now an accepted com- 
monplace, met the usual o ition encountered by anything 


re 
have 
hether 


new and disturbing. Al h neither the physical nor the 
Philosophical meaning, iKny, of ‘space’ was affected by the 
completely abstract rmulation of geometry, the novelty 


affected some—Verdtese of Pascal’s hexagram for one—like a 
shocking blasphe! suddenly shouted in church. They quickly 
stopped their . Even if this new thing were consistent, it 
was too arid too barren to be profitable mathematics. Geom- 
‘mitted to retain their feeling for the ineffabilities 
of ee etric mode of thought; but geometry itself was 
teduced/to logical syntax. From a distance of fifty years it is 
dificult to see why anyone got excited. Intuition and strict 
logical analysis can live in the same science without killing each 
other; and what one cannot do, the other can. 
The next man with courage enough to be unpopular was G. 
cano, At first he escaped notice except in Italy. But when 
(1888) he began attempting to reduce all mathematics to a 
Precise symbolism which left but few loopholes for vagueness, 
too-slippery intuition, and loose reasoning, he was regarded with 
Suspicion, With the help of several Italian collaborators, Peano 
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in 1891-5 recast a considerable part of mathematics in his new 
symbolism. From the rational integers to geometry, proofs 
were based upon explicitly stated sets of postulates, intended to 
be necessary and sufficient for the proofs, 

To attain the desired precision, parts of mathematical logic 
itself were symbolized more minutely than Boole and his suc 
cessors from 1847 on had done; and frequently occurring phrases 
of technical mathematics were also reduced to symbols. The 
result was a universal shorthand for practically thes@ele of 
mathematics as it existed in the 1890’s. Peano’s pasigra} y was 
a step in the direction of Leibniz’ universal chara tic, and 
one of the most powerful stimuli to the athena logic of the 


twentieth century. It drew down on its y inventor's 
head the ridicule and abuse of some of the eminent mathe 
maticians of the twentieth century, in g Poincaré. Never- 
theless, the logical analysis of geo by Peano and his 
followers made it plain to all but t Avilitlly blind that geom- 
etry is an abstract hypotheti sdeductive system without 
intrinsic content® other than that implied by arbitrarily pre- 
scribed sets of postulates. Ve 

The final step was takenin 1899 by Hilbert in his Grundlagen 
der Geometrie, Hilbert a mathematician and a Prussian 
who could not be ridi@uled or abused with impunity, even by 
Poincaré. Hilbert’ stulational discussion of geometry was 
still a classic fotty ears after it appeared, This must be the 
record, or re it, for an elementary work on geometry written 
since the d Euclid. Legendre’s Eléments de géométrie (1794) 
passed t! +h more editions than Hilibert’s Grundlagen; but the 
two are not comparable. Legendre’s Eléments was ad- 
dres to schoolboys, and is of historical interest—in the 
derogatory sense—chiefly because of fallacious attempts to 
erp e Euclid’s fifth postulate. Hilbert’s classic inaugurated the 

stract mathematics of the twentieth century. Its latest edition 
might also be read with profit by intelligent schoolboys. 

With a minimum of symbolism, Hilbert convinced geometers, 
as neither Pasch nor Peano had succeeded in doing, of the 
abstract, purely formal character of geometry; and his great 
authority firmly established the postulational method, not only 
in the geometry of the twentieth century, but also in nearly all 
mathematics since 1900. Again we emphasize that intuition 
was not ousted from mathematics by the abstract attack. 
Nor were the applications of postulational analysis more than 
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a small fraction of twentieth-century mathematics. But they 
were a potent catalyst for that mathematics, and they attracted 
hundreds of prolific workers. 

Among other subjects to profit by the revived and refined 
methodology of Euclid was non-Euclidean geometry. One of the 
most curious geometries invented through a deliberate applica- 
tion of the postulational method was M. W. Dehn’s non= 


parallels are not unique as in Euclid’s goometey as 
being possible. Equally unforeseen consequence owed on 

geometry. 
The American geometers O. Veblen and Me - Bussey con- 
structed (1906) finite projective geometries it which a ‘plane’ 
contains only a finite number of ‘poi and ‘lines.’ ‘These 
finite geometries reduced the debate: the early nineteenth 
century on the ‘space’ of projective’ geometry to sequences 
of empty noises, Veblen and up Young produced (1907) a 
set of completely independent, ulates (in the sense of E. H. 
Moore (1862-1932)) for proj “ive geometry which long remained 
a standard, and which Stave convinced the most obstinate 
that geometry is a foueal hypothetico-deductive exercise in 


logic, Americans Be ly did more to exploit the postulational 


technique after ert’s Grundlagen than their European 
colleagues, and T analysis was, on the whole, much sharper 
and clearer, method was applied to algebra, geometry, 
arithmetic, fSpology, and other subjects by dozens of skilled 
mathe: 1 logicians, among whom E. V. Huntington (1874-) 
may ¢ pecially mentioned for his exhaustive analyses of 
Postulate systems in many fields. 

After the formal character of mathematics had been admitted 
¥ Many, intellectual inertia proceeded once more on its time- 
honored course, If mathematics, and in particular geometry, is 
an arbitrary creation of human beings, then surely the like is 
not so for traditional logic? In some extrahuman sense the 
Sgic which had lasted all of twenty-three centuries must be an 
absolute that not even mathematicians can defy. We shall 
sce in the Proper place that this absolute, too, was abolished, 
but not till 1920, 


336 THE DEVELOPMENT OF MATHEMATICS 


Returning to Saccheri (1733), we see now that after all he 
accomplished his purpose. In a sense that was to prove of in- 
comparably greater significance for the future of mathematics 
than a proof of the parallel postulate could ever have been, 
Saccheri had cleared Euclid of all blemish. Although his work 
was ignored and forgotten for over a century after his death, 
Saccheri deserves as much credit as Lobachewsky and Bolyai 
for having taken the decisive step toward the abolition of 
mathematical absolutism. im 

The essential part of Euclid’s doctrine,”strict deduetion from 
explicitly stated assumptions recognized as such, bi SS come 
into its own only with the unconscious creation Saccheri of 
non-Euclidean geometry. After more than tug jousand years 
of partial understanding, the creative powe! uclid’s method- 
ology was gradually appreciated; and Sacthéri, had he lived till 


1899, would have seen a profounder ing than he intended 
in the title of his masterpiece, Eucli omni naevo vindicatus. 
The import of what evolved non-Euclidean geometry 


transcends geometry in episte ical value. The extramathe- 
matical by-product seems to fond a better chance of enduring 
than the vast sccumaleclogst technical theorems which delight 
geometers, and which lorrow may join the twenty-seven 
lines on a general cubj€surface in the museum of mathematical 


art, O 


‘A meaningless controversy 


A skille meter might devote his entire working life to 
one speciesyef curves, say hypocycloids or bicircular quartics, 
and figd“yOmething new and interesting to himself every day. 
But hes ould scarcely come upon general principles. If history 
is criterion, generalizations in geometry have not been 

ey ed by piling theorem on theorem, but by purposeful efforts 
slash through jungles of special results, or by equally cone 
scious attempts to find out why certain techniques furnish 
geometric theorems easily, while others demand more labor than 
their output justifies. A case in point is the prolonged struggle 
of the synthetic geometers during the first half of the nineteenth 
century to ascertain ‘why’ analytic methods were, apparently, 
so much more powerful than those of pure geometry. We shall 
trace the main lines of this ductuating struggle in the following 
section. For the moment we consider the outcome, as this possi- 
bly is the item of greatest interest for mathematics as a whole. 
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To state the conclusion first, analytic methods are more 
powerful than those of pure geometry because the experience of 
more than a century has shown them to be so. No philosophy of 
‘space’ and its ‘geometry’ has added anything of significance to 
this statement of brute fact; although the profane might suggest 
that as imaginary points, lines, etc., entered geometry through 
the formalisms of elementary algebra, and not through visual 
perceptions of diagrams, any attempt to disguise all algebraic 
concepts in an elaborate diagrammatic terminology could result 
only in unprofitable artificialities. This, at any rate, was the 
prevailing opinion among geometers in the 1930's. They 
continued to exercise their esoteric geometric intuii eth 
telling effect, but only a few persisted in trying to pee late 
every uncouth configuration through delicately 
volutions that would have ravished the pure gi 
Poncelet. SS 

It is conceded by all that the technical v: ulary of imagi- 
nary points, etc., is of great utility, and s¢réés much the same 
purpose as the terminology of analysis, SP statement that f(x) 
is continuous at x = a, for example, contlénses several assertions 
into one that can be used as a unigg ‘deduction. It is unneces- 


d in- 
ic ear of 


sary to recur in each instance t meaning of continuity, for 
its simpler implications have Re worked out once for all, and 
can be applied without furthen hought. Similarly, the statement 
that a certain curve is a-hiéidcular quartic, say, implies that each 
of the circular points gt finity is a node on the curve; and the 
standard elementa: roperties of nodes and the so-called 
circular points ar licable as units in investigating the curve. 

But this adyfftted utility of a geometrized algebraic vocabu- 
lary is not distinguishes the geometers of the nineteenth 
century fr, he majority of their successors. The leading syn- 
thetic geameters of the past attempted to find the circular points, 
. fe ‘space’ of common experience, because they confused 
physiéal’ or ‘real’ or ‘a priori? space—without attempting to 
explain what they understood by such space—with the abstrac- 
tions of their algebra and the inadequacies of their diagrams. 
The conception of geometry as a hypothctico-deductive system 
was about sixty years in the future when (1822) J. V. Poncelet 
(1788-1867, French) published his Traité des propriéiés projec- 
tives des figures. This classic of the synthetic method was largely 
Tesponsible for one of the most fruitful and, as is now widely 
believed, least meaningful controversies in the history of mathe- 
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matics. The point at issue was the ‘reality’ of ‘space? as repre- 
sented in geometry, and the crux of the dispute was the 
‘existence’ in ‘space’ of imaginary elements. 

The controversy left a substantial residue of powerful geo- 
metric methods; and these, or their direct outgrowths such as 
the algebra of birational transformations, proved most useful 
in other departments of mathematics, particularly analysis. 
But the main question in dispute among the geometers, it now 
appears to many, was a pscudo question without mean: 
so much of value issued from a vacuous logoma: 
courage us to hope that by the year 2000 the c: 
1945 over the foundations of mathematics will h ‘satiety 
leaving only a few powerful methods on which can agree and 
which some can use. ? 

Tt must be said in concluding these r: rhs that they present 
only one competent estimate of the épntroversy in question, 
and that opinion is not unanimous, EQually competent contrary 
estimates are readily available. Ne) 


Contributions fraa projective geometry 


The return to favor o jective geometry after its neglect 
during the eighteenth c ry is first noticeable in the Géométrie 
de position Carag} the Essai sur les transversales (1806) 


of L. N. M. Carn 53-1823, French). This military genius, 
who in 1793 saved French Revolution from the united reac- 
tionaries of Egtrope, set himself the task of showing that pure 
geometry is 6 powerful as the analytics of Descartes. Introduc- 
ing neg s into synthetic geometry, and exploiting the 
ren of the cross ratio of the four points in which a 
trangwetsal cuts a pencil of four straight lines, Carnot derived 
m. of the classical theorems of elementary projective geom- 
etry, including those associated with the complete quadrangle 
Onna the complete quadrilateral. Carnot might have concluded 
his work with the accurate prophecy of his royal enemy, “After 
me, the deluge.” It arrived with Poncelet, one of the most 
enthusiastic lovers of pure geometry and most cordial haters of 
all forms of algebra and analysis in the history of mathematics. 
Poncelet’s ambition appears to have been to undo everything 

the successors of Descartes had done, or at least to do it better 
by strictly synthetic methods. As a prisoner of war from Napo- 
leon’s disastrous Russian campaign, Poncelct, the young officer 

of engineers, spent a cold but profitable winter (1813-14) at 
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Saratoff on the Volga, thinking out the pure geometry of his 
Traité des proprictés projectives des figures, which he published 
in 1822 after his return to France. He tells all, or nearly all, 
about it in his autobiographical introduction. The reservation, 
if justified, is hardly an argument in support of Poncelet’s main 
thesis that analytic methods are inferior to synthetic. For 
G, Darboux (1842-1917), another great French geometer, let 
the analytic cat out of the synthetic bag before a large and 
appreciative audience at the St. Louis (U.S.A.) congress in 
1904. According to Darboux, “We know, moreover, by t sy 
unfortunate publication of the Saratoff notes, that it w: 
the aid of Cartesian analysis that the principles which see 
“Esta 
lished.” As this blunt statement of fact seems not to +, Saat 
known to geometers, it may be that others besides, 
considered it unfortunate. The proponents of analytic methods 
might consider this awkward disclosure extremly fortunate. 

But, by whatever means Poncelet first lished his general 
principles, he put new life into a brani 3 geometry that was 
almost dead. Observing that certain erties of a plane con- 
figuration, such as the collinearit: three points in Pascal’s 
theorem, are unaltered by projeetion, Poncclet undertook a 
systematic investigation of such phenomena and defined the 
‘graphic’ (our Fprol rede Drone of figures to be those 
which are independen he magnitudes (measures) of dis- 
tances and angles. As ‘AS all see later, Cayley forced the metric 
Properties bann bypdonceles into a more inclusive projective 
geometry, in w: ¢ imaginaries that plagued Poncelet are 
given a place ofMhénor. Poncelet himself (1822), in accordance 
with his restagement of Kepler’s principle of continuity, intro- 
duced the lige’at infinity, and demanded in his plane geometry 
that ev ‘ircle cut this line in the same two imaginary points. 
All of simultaneous equations representing circles were 
thus pfovided with the correct number of common solutions. 
G, Monge (1746-1818, French) had already used pairs of 
maginaries to symbolize real spacial relations; but Poncelet 
Was more concerned with attempting to find a ‘real’ justification 
for imaginaries in geometry. 

Poncelet’s principle of continuity amounts to the theorem of 
analysis, that if an analytic identity in any finite number of vari- 
ables holds for all real values of the variables, it holds also by 
analytic continuation for all complex values. The attempt to 


the base of the Traité des propriétés projectives were 
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‘realize,’ or to disguise, this elementary fact of analysis in a sup- 
posedly existent space involved Poncelet in a furious controversy 
with Cauchy. The analyst insisted that the geometer’s teasoning, 
if not entirely illegitimate, was a necdlessly complicated restate- 
ment of simple algebra; the geometer justified his tactics by 
proving numerous theorems with much greater ease than seemed 
possible by analysis. The dispute ended in a draw. But, as will 
be noted in connection with topology, Poncelet’s intuition out- 
ran his logic, and his attempted justification of hisCfamous 
principle rested on a void. Nevertheless, he continued tO derive 
correct geometrical theorems with astonishing facie 

The principle of continuity was generaliz in 1874-9 by 
H. Schubert (1848-1911, German), who t far beyond 
Poncelet’s boldest in his ‘calculus of enu: ive geometry’ 
Schubert’s ‘principle of the conservati f number,’ as the 
generalization was called, likewise restéd‘on nothing that could 
now be recognized as a foundation, @p”asserted the invariance 
of the number of solutions of an Perminate algebraic problem 
in any given numbers of variable?’and parameters under varia- 


tion of the parameters, or + substitution of special values 
for them, in such a ma: that none become infinite, duc 
account being taken ultiple solutions and solutions at 


brilliant effect by tal of the leading geometers of the nine- 
teenth century, ‘ticliding M. Chasles (1793-1880, French), J. 
Steiner (1796-2863, Swiss), Cayley, and J. G. Zeuthen (1839- 
1920, Danigk}/the last of whom profited by the more glaring 
oversigh: is predecessors. Opinion on these subtle questions 
was seth livided in 1945, the geometers affirming that their 
reas ig was sufficiently rigorous, the algebraists dissenting. 
of the men just mentioned are conspicuous, and some 
famous, in the history of mathematics: Steiner, called by his con- 
Qemporaries “the greatest [pure] geometer since Apollonius, 
who could not write till he was fourteen; Chasles, a creative 
geometer and the judicious historian of geometry, whose 
Apercu historique sur Porigine et le développement des méthodes en 
géométrie (1837) is still a classic of mathematical historiography; 
Cayley, the all-round mathematician, whose development 
(1846-) of the theory of algebraic invariants provided geometers 
with a new outlook on algebraic curves and surfaces; and last, 
Zeuthen, remembered in geometry and as an historian of 
mathematics. 
Leaving the discredited principle of continuity, we pass to 


infinity. This reer dangerous method was used with 
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that of duality which, with its generalizations, left as substantial 
a residue of new and useful methods in geometry, algebra, and 
analysis as any mathematical invention of the nineteenth 
century. In its classic form, the principle seems to have been 
first clearly stated, but not fully understood, in 1825-7, by 
J. D, Gergonne (1771-1859, French). Gergonne noted that if 
in certain theorems of plane geometry the words ‘point’ and 
‘straight line’ be interchanged, with corresponding changes for 
collinearities of points and intersections of lines, etc., ing 
pendently provable ‘dual’ propositions result, He inferred Aha 
the original in all cases implies the dual, which there ed 
not be proved independently. By this ‘principle of hwality,’ 
Brianchon obtained his theorem as the dual of P. As. Ger- 
gonne also noted the corresponding principle in e of three 
dimensions, point and plane being duals, and: straight line 
self-dual, At one stroke an already vast empize) f geometry was 
doubled in extent; and it was a self- geometer indeed 
who refrained from the practice, which ly became epidemic, 
of publishing lengthy parallel column: ual theorems, 
Gergonne, like Poncelet, was,2\ fnilitary man. Both laid 
claim to the principle of dualitys Poncelet insisted that the 
principle was a consequence method of poles and polars, 
which he had used so brillightly in his own geometry of conics; 
Gergonne contended that\poles and polars were not the root 
of the principle. Genie was right, but a conclusive, simple 
demonstration of this act was not forthcoming till Plicker 
algebraically, and gave the usual explana- 
int and line coordinates to be found in most 
textbooks jective geometry. But although Gergonne was 
right, Poneae was not entirely wrong. His contention was all 
but sav y the fortunate circumstance that the order and 
class.of 3 conic each equal 2. 

. ling to make Gergonne withdraw his claim to the prin- 
ciple by fair means, Poncelet resorted to foul, and succeeded in 
demonstrating that although a geometer may have been an 
officer, he is not necessarily a gentleman. The campaign of 
Personal abuse and defamation of character which Poncelet 
waged against the comparatively obscure Gergonne makes 
the Newton-Leibniz controversy Jook like a love feast in Arcady. 

‘oday the law would interfere; but in the heroic age of projective 
Seometry, mathematicians were free to persecute their defence- 
less enemies like the heroes some of them had been. 

The next great contribution to all mathematics for which 


a 


attacked the qu 
tion by means 
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Poncelet’s methods were partly responsible is in Vieta’s tradition 
of transformation and reduction. If a reversible transformation 
between the respective systems of coordinates in two spaces, or 
between different coordinate systems in the same space, can be 
established, theorems in either system can be translated im- 
mediately into theorems in the other, the correspondence Pro- 
viding the bilingual dictionary. If the restriction that the 
transformation be reversible is removed, the dictionary reads 
one way only, say like French into English, and contitations 
in the first space are mapped onto others in the sec » but not 
vice versa. In either case there may be certaigysiifgular loci 
which must be excluded from the statements of theorens an 
example will be given in connection with bivati al transforma- 
tions. There is no limit other than prac’ ility to the trans- 
formations that might be constructed cordance with these 
very general specifications. If easil <iMinipulated transforma- 
tions which alter the order of a By (or surface, etc.) can be 
produced, the geometric gain is X@Pious, 

Numerous useful transforntetions of the kinds described 
have been constructed since. celet, in his method of reciprocal 
polars, first made a geo: element of one kind (a point) 
correspond to one of anSther kind (a line). Possibly the most 
extensively investigated transformations have been the bira- 
tional, in which coordinates for either of two spaces are 
rationally expréssible in terms of those of the other. This 
ffice here, as birational transformations are 
in connection with the theory of algebraic 
id Riemann surfaces, and must be deferred to a 

later apter, 

tinuing with our selection of great principles that 
originated in projective geometry, we note next one of the 
St expected and most surprisingly simple generalizations in 
Ohh evolution of mathematics, Pliicker’s theory of spacial 
dimensionality, We have already seen that Cayley (1843) and 

Grassman (1844) independently arrived at the notion of n-dimen- 

sional space, and that the latter defined the n-dimensional 

manifolds which were to play a capital part in Riemann’s 
geometry. Pliicker in his Analytische-geometrische Eniwickelungen 

(1831) observed not only the analytic meaning of duality, but 

also the germ of an idea which was to generalize the duality 

of Gergonne and Poncelet far beyond the obvious resources 
of pure geometry, He noted that the general equation of @ 
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straight line in plane Cartesian geometry contains two variables 
and two parameters, and that both the variables and the 
parameters enter the equation linearly. If the roles of the 
variables and parameters are interchanged, the equation 
becomes that of a point. It is to be noticed that the number of 
parameters is the same, two, in both cases: the plane is a two- 
dimensional space, or manifold of two dimensions in points and 
in lines; and we say that the plane contains «? points and #2 
lines. These simple observations were the origin of Pliicker’é 
vast generalization. » 
If a class of elements is such that a unique element le 
class is specified when any particular numerical vai 
assigned to each of  numerical-valued parameter; 
is called a number-manifold, or a number-space, of ensions, 
and is said to contain «” elements, The 2 p ters written 
in a prescribed order are called the coordin. of the general 
element of the class. For example, the fal equation of a 
conic in the plane of Cartesian coordingyés contains precisely 
five parameters; a particular set of es of the parameters 
specifies a unique conic; the plane is thérefore a five-dimensional 
manifold, or space, when conic taken as the basic space- 
elements, and it contains mvuch elements. If this seems 
strange at first, it is no moi than the commonplace that the 
plane is a two-dimensi manifold of points. In Pliicker’s 
geometry, dimensionality is not an absolute attribute of space, 
but depends upon the basic elements constituting the space. 
A Cartesian rape example, is three-dimensional in circles. 


All of this was, eralized early in the twentieth century to 
spaces in whi ¢ values of the parameters are not necessarily 
numbers; resulting geometries are those of the various 
abstract epaces intensively studied since Fréchet’s creation 
(1904 Ore first, These will be noted in other connections. 
eralizing the classic duality for configurations of points 
and lines in plane geometry, Pliicker stated a principle of 
duality for any two classes of configurations that have equal 
dimensionalities and are both linear in the respective coordinates, 
equal in number, determining the common dimensionality. 
Each of the classes is a number-space as already defined. The 
geometry’ of each may be interpreted in many ways. For 
example, in the three-dimensional space constituted by all 
Circles in a Cartesian plane, an equation between the three 
coordinates of a circle defines a family of ©? circles. We might 
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proceed, as many did, to investigate in detail the Properties of 
such families, defined by equations of degrees Toor ars 3 
Very simple plane representations, easily visualized, of the 
classical non-Euclidean geometries have been constructed from 
families of circles, Precisely as in the familiar Cartesian geometry 
in which points are the basic elements, in Pliicker’s geometry 
we translate the algebra of systems of equations into properties 
of families of straight lines, conics, cubics, and so on. The duality 
which Gergonne and others believed to be an absolute. tibute 
of ‘space’ peculiar to the intuitive, diagramed ‘space? of ele- 
mentary projective geometry appeared in Flick Pheer 
as a trivial consequence of an unnecessarily r cted way of 
choosing systems of coordinates, & 

Plicker’s abandonment of the deception! visual intuition 
for the explicitness of algebra and an: finished something 
the classical non-Euclidean geometries had only half done. The 
arbitrary freedom in the mathem: construction of ‘spaces’ 
and ‘geometries’ at last made it. that Kant’s a priori space 
and his whole conception of. nature of mathematics are 
erroneous. Yet, as late as 1945 students of philosophy were still 
faithfully mastering Kant’ obsolete ideas under the delusion 
that they were gaining.@n insight into mathematics. As Kant 
appealed to his math¢imatical misconceptions in the elaboration 
of his system, it is\pust possible that some other parts of his 
philosophy are étly as valid as his mathematics, Against 
this it has b contended that Kant’s mathematics remains 
‘true’ ina er realm of ‘truth’ beyond the comprehension of 
mathematicians, whose grudging science leaves 
tle time to explore the really important questions 

of t! subject. The difference of opinion may well be left there. 

Theis ost significant residue of Pliicker’s work was the demon- 

tration once more that geometry as practiced by geometers 
Os an abstract, formal discipline. It should not be necessary to 

Tepeat that any experiences which may have suggested a par- 

ticular set of assumptions for a geometry are irrelevant to the 

mathematical development. 
On the strictly technical side, Pliicker elaborated (1865) in 

great detail the geometry of what we ordinarily picture as 4 

Cartesian three-dimensional space, the point-space of elementary 

solid geometry and rigid bodies, but with straight lines instead 

of points as the basic elements. Since the equations of a general 
straight line in the Cartesian space involve exactly four inde- 
pendent parameters, Plicker’s ‘line geometry’ is that of a four- 
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dimensional space, Equations between the coordinates represent 
various families of straight lines; a family of «} straight lines 
is called a range, one of ~%, a congruence, and one of os a 
complex; and these species are further classified according to the 
degrees of algebraic equations in the four line coordinates. The 
theory then proceeds partly by analogy with the familiar geome- 
try based on point coordinates in point-spaces of two and three 
dimensions. For example, instead of the quadric surfaces 
defined by the general equation of the second degree in poids 
coordinates (x, y, 2), the geometric configurations defin 

an equation of the second degree in line coordinates (p coy 5) 
are investigated and classified into types, analogous; the 
classification of quadrics into pairs of planes, con ylinders, 
ellipsoids, hyperboloids, etc. This particular d@tail is the 
geometry of the quadratic line complex; the m. of classifi- 
cation led to much interesting algebra of type associated 
with the reduction of matrices to canonic; m. In line geome- 
try, a curve is visualized as an envelo, straight lines, not as 
a locus of points. 

The inevitable question, ‘What\was the good of it all?,’ is 
unanswerable, But for those who insist upon a scientific or 
industrial application for all.mtathematics, it may be recalled 
that Pliicker’s line geom! found an immediate interpretation 
in the dynamics of ri ies. A four-dimensional geometry 
of the late 1860’s thu ified its creation and its existence to a 
generation that beli, in machinery with all its heart, with all 
its mind, and wi: Jal the soul it had. 


>” Synthesis versus analysis 

ae ‘now to 1827, when A. F. Mébius (1790-1860, Ger- 

uced homogeneous coordinates in his highly original 
wor! ' barycentrische Calcul, we shall follow the struggle of 
syfithetic methods against coordinates until both emerged 
Victorious in the 1860's. Although no sharp line divided the 
contestants or separated the geometers of different nationalities, 
the prolific Italian school preferred synthesis after the 1860's, 
while the majority of French, German, and British geometers 
made greater use of analysis. At the beginning of the period, 
Steiner was the unapproachable champion of synthesis; Plicker, 
the unrivaled master of analysis. 

Pliicker is usually regarded as the true founder of the method 
of homogeneous coordinates, in his Analytische-geometrische 
Entwickelungen (1828, 1831), which also exploited abridged 
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notation, usually attributed to E, Bobillier (1797-1832, French), 
and the simple analytic equivalent of Gergonne’s principle of 
duality. This was followed in 1835 by the System der analytische 
Geometric, in which, incidentally, curves of the third order were 
completely classified. Attempts by Cramer and others in the 
eighteenth century to discipline the swarms of curves of the 
fourth order had failed. In his Theorie der algebraischen Curven 
(1839), Plicker had a better success. This, however, was 
totally eclipsed by a discovery of a new kind and of the YOK first 
magnitude, ‘Pliicker’s equations’ connecting the order, the class, 
and the numbers of double points, double tangents. points 
of inflection of algebraic plane curves. Cayley p unced this 
discovery one of the greatest in the history of geginctry. It be- 
came one of his life-interests to extend Pliicker’®equations to the 
singularities of skew curves (twisted curves; curves in space) 
and surfaces. G. Salmon, a fine geom, and algebraist who 
abandoned mathematics for thcolo; so made notable con- 
tributions to this elusive subject. extensive ramifications in 
modern algebra and analysis, thQMast through the theory of 
algebraic functions and their integrals. 

It was in this prolific third decade of the nineteenth century 
that line coordinates wereinvented. It is generally agreed that 
Pliicker and Cayley imagined these coordinates independently. 
Many special surfac, some interest were exhaustively investi- 
gated by both paiaeand line coordinates. Two may be recalled 
as representati f the more interesting specimens collected 
and anato: ehh this detailed sort of work: Kummer’s (1864) 
quartic s , which is the so-called singular surface of the 
quadratie line complex, and which is represented parametrically, 
as C was the first to discover (1877), by hyperelliptic 
thetaMunctions; and the wave surface in optics, parametrized 

Pelliptic functions. Through its generalizations to higher space, 

ummer’s surface by itself generated an extensive department 
of geometry. Numerous French, German, Italian, and British 
geometers elaborated—perhaps overelaborated—this intricate 
specialty well into the twentieth century. But the general 
quartic surface in 1945 still presented unsolved problems, and 
possibly was too complicated for profitable attack by the weap- 
ons available. Interest in such matters had declined rapidly in 
the twentieth century, especially after 1920, and they seemed 
to belong definitely to a glorious but buried past. 

While Plicker, Cayley, and many others were creating 
modern analytic geometry with astonishing rapidity, the most 
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ingenious pure geometer since Apoilonius was engaged, with 
spectacular but severely restricted success, in attempting to 
forge synthetic geometry into an implement of what he hoped 
would be universal applicability. Steiner’s Systematische Ent- 
wickelung der Abhdngigheit geometrischer Gestalten von einander 
(1832) unified the classical methods of pure projective geometry 
and applied them with amazing skill to numerous special 
problems. Incidentally, Steiner proposed several theorems which, 
presumably, he had discovered by pure geometry, as challengea, 
to be proved by other geometers. The last detail in one of thes® 

defied proof by analytic methods till the early 1900's. ‘ 

The powerful method of inversion is also attribu@h to 
Steiner (1824), although others also invented it. It inde- 
pendently come upon (1845) through physical c erations 
by W. Thomson (Lord Kelvin), He and other physicists applied 
it effectively in its synthetic form to electr ics, calling it 
the method of images. Conversely, proble: otential theory 
can be disguised as exercises in inversio trick works both 
ways because inversion is a conformal isformation. 

Inversion was one of the first nojixlifear transformations to 
be studied deeply in geometry, although quadratic and cubic 
transformations had been famili@fIn algebra since the sixteenth 
century. Special birational,qifadratic transformations were 
used by Poncelet (1822), Bliicker (1830), Steiner (1832), and 
systematically (1832) 2 I, Magnus (1790-1861, German). 
As a detail of histori Meera Magnus (1833) compounded 
two quadratic tr. ations to obtain a quartic transforma~ 
tion, by which 5 t lines correspond to quartic curves. He 
was thus ena to read off theorems on quartic curves from 
their images straight lines, In somewhat the same direction, 
E. de Joi Ares established (1859) a special correspondence 
ay aight lines and curves of order n with a prescribed 


mul point of order x — 1. Geometers are interested in 
these “historical minutiae because Cremona, who in 1863 set 
himself the problem of determining ali birational transforma- 
tions of order n between the points of two planes, apparently 
overlooked this earlier work, and as late as 1861 believed that 
if» >2 no such transformations exist. Geometers point out 
that had Cremona been conversant with the algebraic notion of 
closure, as in a group, he would have drawn the correct inference 
immediately from what was already well known. However, when 
¢ realized his oversight, he made rapid progress. What amounts 
to a capital theorem in the particular birational transformations 


348 THE DEVELOPMENT OF MATHEMATICS 


named after him will appear in another guise when we discuss 
algebraic functions. It suffices to note here that M. Noether, 
J. Rosanes (German) and W. K. Clifford (1845-1879, English) 
proved almost simultaneously (1870) that a Cremona trans- 
formation can be generated by compounding quadratic trans- 
formations. The prolific Italian school, from Cremona in the 
nineteenth century to Severi in the twentieth, developed the 
resulting algebraic geometry mainly by geometric methods; 
and indeed the corresponding algebra and analysis quickly 
become unmanageable. The permanent gain fronigell this 
somewhat confused development appears to be the hodology 
of establishing correspondences between classes different 
types of geometric configurations. a: 

Another extensive division of geometry that Yeveloped from 
the geometry and analysis of the 1820’s-30’Sis concerned with 
the intersections of a variable curve with e curves of a linear 
series; yet another, with the gcomepsOproperties of the inter~ 
sections of two plane curves; and sill another, with geometry 
on curves and on surfaces; anger, the representation of one 
curve or surface upon ox tts of these advanced theories 


belong to algebraic geom y parts to analysis, the latter 
through the params gpientation of curves and surfaces by 
means of certain sp functions intensively studied during 
the nineteenth centyfy? Nothing further can be said here about 
these highly secha developments; a little more will appear by 
implication i nection with analysis. But in taking leave of 
that literally hundreds of men from the 1860's 
devoted the best years of their working lives to 


9 The decisive battle in the war between the purists and the 

analysts lasted twelve years, from 1847 to 1860. The first date 
marks the publication of K. C. G. von Staudt’s (1798-1867, 
German) Geometrie der Lage; the second, the revised version of 
this ‘geometry of position’ in the same author’s devastating 
masterpiece Beitrdge zur Geometrie der Lage (1856, 1860). 

It may be said at once that the uncompromising purist von 
Staudt drove the enemy from the field, but that the analytic 
geometers retired in good order with all their machinery intact. 
The victor was left to enjoy the fruits of his barren victory 
alone. In proving that geometry could, conceivably, get along 
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without analysis, von Staudt simultaneously demonstrated the 
utter futility of such a parthenogenetic mode of propagation, 
should all geometers ever be singular enough to insist upon an 
exclusive indulgence in unnatural practices. This may not have 
been what von Staudt intended; it is merely what he accom- 
plished. If the total exclusion of algebra and analysis from 
geometry must result in any game as complicated and as 
artificial as von Staudt’s, then the game is not worth its candle, 
and geometric purity has cost more than a normal geome 

should be willing to pay. None of this detracts from the she 
of what von Staudt did. His purification of geometry ins 
one of the masterpieces of mathematical reasoning. Semebody, 
no doubt, had to do once for all what von Staudt did, whether 


it was worth doing or not. Its lasting contribut o mathe- 
matics is the unintended self-destruction ofeie ideal of total 
geometric purity. \ 


Observing that cross ratio involves tl Roa of distance 
in the line segments from which the rati6’is compounded, and 
remarking that projective geomet pote to be concerned 
with those geometric properties that are independent of distance 
and angle, von Staudt proposed to cut the vicious circle by 
climinating measures, and were ‘ore numbers, from geometry. 
The root of the trouble seemiéd to be that coordinates or their 
numerical equivalent gfesomably extraneous to projective 
geometry, were sub plicit in all the classical developments 
of the subject. Theyprdgram of von Staudt would reduce number 
to form, the e: schepponit of what Pythagoras proposed and 
what Kroneck€é? believed he had accomplished. If both von 
Staudt and, necker achieved their aims, number and form 
2G ut it seems more plausible that whatever identity, 
erlies both is merely an irreducible abstract structure 
matical logic on which both are based. Such speculations 
‘se, however, were far in the future when von Staudt 
ed geometry. His theory of what he called ‘throws’ gives 
a purely projective algorithm for cross ratio and imaginaries. 
Most remarkably, the algorithm distinguishes between a com- 
Plex number and its conjugate; conjugate imaginaries appear 
as the double points of an involution on a real straight line. 

tis interesting to note here a similarity between von Staudt’s 

mathematical thought and Dedekind’s: faced with a finite 
Problem in arithmetic, Dedekind resorted to infinite classes 
in his solution; determined to expe! imaginaries from geometry, 
Von Staudt replaced them by infinities of real points. 
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It is sometimes asserted that von Staudt was not wholly 
successful in his attempt to geometrize real and complex num- 
bers. The abstract geometries of the twentieth century would 
seem to support this contention. For although it may be possible 
to geometrize the numbers with which von Staudt was con- 
cerned, it seems unlikely that. any algorithm whatever could 
reduce the elements of an abstract space to anything either 
more or less abstract than what they already are. The problem 
solved by von Staudt, if he did solve it, is of a kind that aSbeen 
clearly formulated only by the modern ea = thod, 
which was not in existence in the 1850’s. < 

Cayley encountered a problem of the same us as von 
Staudt’s in his projective theory of metric geotittry. This will 
be described shortly. Cayley’s projectiv. ivalent (1859) 
of metric distance is based on cross ratio herefore involves 
the very notion of distance which it w signed to eliminate, 
Cayley himself was aware of this, btit he did not attempt to 
remove the vicious circle. It is ably correct to say that 
neither the nature of von Staud nd Cayley’s problems, nor 
the logical analysis necessarywfor satisfactory solutions, was 
understood before the twen; century. 

The struggle between purists and the analysts, as typified 
in two of its heroes, jlustrates certain general phenomena in 
the development of ite thought of more than geomet- 


tic interest. Pliic career might form the basis for a study of 
mental inertia. ASteiner’s contemporaries, as already noted, 
called him <‘h®’ greatest geometer since Apollonius.” Some 
even substituted Euclid for Apollonius in their meed of admira- 
tion for, iner’s synthetic genius. Pliicker was not called 
anythi uch; he was rather ostentatiously ignored by nearly 
all elite of geometry. Or at least he personally felt that 


is) fellow geometers were smugly indifferent to his work; 
he abandoned mathematics for physics, where he is still 
remembered, Toward the close of his life, Plicker emerged into 
the light again to compose his great treatise on line geometry, 
Neue Geometrie des Raumes gegrundet auf die Betrachtung det 
geraden Linie als Raumelemente, published posthumously (1868 
-9) under the sympathetic editorship of Klein. 

Plicker’s return to geometry was partly occasioned by the 
warm appreciation of Cayley for his work. Cayley appears to 
have been the one first-rate mathematician who had an adequate 
conception of what Plicker was doing for geometry. Steiner’s 
dazz ing brilliance blinded the majority to Plicker’s incom- 
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parably more massive achievements. Pliicker’s geometry was 
neither pretty nor—vile but just word—elegant as Steiner’s 
was, Steiner flaunted his incapacity for analysis, although some 
of his colleagues insinuated that “the old fox” knew a great 
deal more than he would admit and, like Poncelet in his funda- 
mental work, occasionally concealed in synthesis what he had 
discovered by analysis. But even if this is no more than a 
malicious canard, Steiner was a contemporary of Apollonius 
in this thinking. Apollonius would have understood Steiner’ 
geometry immediately and, with a few days’ practice, ie 
even have beaten his modern rival at the ancient gomedip to 
understand and appreciate what Pliicker was doing, Apollonius 
would have needed a new brain of a kind they did. dr’ produce 
in ancient Greece. » 

If anyone in the nineteenth century is dubbed the 
greatest geometer since Apollonius, =e seems to be an 


unlikely candidate for the honor. Yet fa; turned its broad 
back on Pliicker and favored Steine: ei its sweetest, silliest 
smile. As has happened more than ony in the history of mathe~ 
matics, the man with new and fraitful ideas had to die before 


he might enjoy whatever satisfagtjdn there may be in the esteem 
of one’s fellow workers. 


‘ective metrics 
As the last of t ice contributions of projective geometry 
i ightoeke which we shall describe, we select 
m (1859) of metric geometry to projective. 
ails only for plane geometry; but with suitable 
his method can be extended to space of any 
er of dimensions in which a numerical ‘distance 
is defined for any pair of elements in the space. 
stracting the familiar intuitive properties of the distance 
betiveen any two identical or distinct points in a plane, geometers 
lay down the following postulates for the distance, Di, O; 
between the elements ?, ¢ of any space whose elements are 
?, 47, .... (1) To any two elements 9, ¢ (identical or dis- 
tinct), there corresponds a unique real number, their distance, 
Dt, 9). (2) D(p, p) = 0. (3) Dip, 9) # 0, if p, g are distinct. (4) 
Do, 9) = Dig, b). (5) Dip, 9) + D@, 7) = DO, 7). The last 
1s called the triangle (or triangular) inequality; it has already 
een noted in another connection, and will occur again. 
Tt was observed in effect by Cayley and E. Laguerre (1834- 
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1886, French) independently that these five postulates for 
distance have a solution D(g, g) in plane geometry other than 
the usual one giving the distance between two points as a func- 
tion of their coordinates by means of the Pythagorean theorem, 
With the new definition of distance, and a corresponding one 
for angle, Cayley converted metric geometry with its usual 
definitions of distance and angle into a species of projective 
geometry. In short, he showed that the metric properties of 
Euclidean space can be reinterpreted as projective properties. 
Although the details are too technical for brief description, a 
hint may be given of Cayley’s approach. The qug@yins are 
from his sixth memoir on quantics (1859) and hisyown notes 
on it in his collected mathematical papers. ~y 


+ +» the theory in effect is, that the metrical prop: of a figure are not 
the properties of the figure considered per s¢ apa anything clsc, but its 
properties when considered in connection with a: r figure, viz., the conic 


called the absolute.” “Metrical geometry is thy art of descriptive [projec- 
tive] geometry, and descriptive geometry is aitigdmetzy, and reciprocally... . 


Regarding Cayley’s ‘ail, w st remember that he was 
writing in 1859. Cayley at figgt“honored his ‘absolute’ with 
a capital ‘A,’ a deserved tribfite to the magnitude of his inven- 
tion. But on learning thatthe Absolute was commonly used 
by metaphysical theol is to designate a certain extraspacial, 
extratemporal Entiag Cayley, who was a devout Christian, 
hastily descended lower-case ‘a.’ Cayley’s absolute can be 


imaginary. 

It may ba een the additive property of collinear dis- 
tances tha ggested Cayley’s projective distance and his 
absolute, or if p, 9, r are collinear points, and if the straight- 
line s nts pg, gr, pr are taken with their proper signs accord- 
ing he usual rule, then pg + gr = pr. This resembles the 
theorem for the logarithm of a product. In any event, Cayley 

ned the distance D(p, ¢) between two points #, g in terms of 

logarithm, as follows. The join of p, ¢ cuts a certain fixed 
conic, Cayley’s ‘absolute,’ in two points 9’, g’; when ?, q are 
any fixed points, the four collinear points , g, p’, q’, taken in 2 
certain order, determine a unique cross ratio; a constant, &, times 
the logarithm of this cross ratio is Cayley’s definition of D(p, 9) 
It is easily seen that this D(p, g) satisfies the stated postulates 
for a distance function. 

Thirteen years after Cayley’s reduction of metric properties 
to projective by means of his absolute, Klein (1871) noticed 
that the projective definitions of distance and angle provided a 
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simple unification of Euclidean geometry and the classical 
non-Euclidean geometries. These geometries, Klein showed, 
differ basically only in their respective distance functions, 
In Cayley’s definition, the constant & and the conic fixed as 
the absolute can be so chosen that the respective classical 
geometries of Lobachewsky and Bolyai, Riemann, and Euclid 
are completcly specified according as the absolute is real, 
imaginary, or degenerate. 

This striking result of Klein’s was a fitting climax to half a 
century’s striving for clarity in the projective geometry restored 
to life by Poncelet. Still greater things were to come a year 
later (1872) in Klein’s famous Erlanger Programm, This willbe 
noticed in connection with invariance. Klein’s program \domi- 
nated much of geometry for almost half a century. It per- 
seded by younger ideas that became popular only general 
relativity after 1916, but which had their origi Riemann’s 
revolutionary work of 1854, We shall considep>y is next. 


From cartography to cosy 


The problem of constructing flat Sot the earth’s surface 
was one origin of differential geome ih may be roughly 
described as the investigation of,Properties of curves and sur- 
faces in the neighborhood of a int. Still roughly, it is required 
to specify the geometry of a ‘ciently small neighborhood with 
sufficient accuracy, the secession to be valid for the neighbor- 
hood of any point on the Gurve or surface investigated. Another 
origin of this ‘local? etry was the study, in the seventeenth 
and eighteenth c fies, of tangents, normals, and curvature, 
the calculus havittg provided adequate means for a general 
attack. A thi ource is evident in the dynamics of the eight- 
centh century, particularly in constrained motion, as in the 
dynamics@fa particle restricted to move on a prescribed surface. 
With Srleme of these general types occur also their obvious 
inverse. For example: given a particular formula for the geo- 
desic distance between any two neighboring points, to deter- 
mine the most general surface for which the formula holds; or 
to classify surfaces with respect to their lines of curvature. 
Many of these differential problems have immediate generaliza- 
tions to space of any finite number of dimensions. The resulting 
theories, as might be anticipated even from these meager 
hints, ate of vast extent and have close connections with 
differential equations and mathematical physics. 

Attempting neither a history nor a catalogue of what has 
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been done since 1700 in differential geometry, we shall select 
a few typical incidents in the main line of progress, sufficient 
to connect the physical algebra already discussed with the 
analysis, differential equations, mechanics, mathematical physics, 
and the non-Riemannian geometries of the twentieth century to 
be described in subsequent chapters. The increasing attention 
paid to quadratic differential forms from Gauss (1827) to 
Riemann (1854), Christoffel (1869), and Lipschitz (1870), then 
from Ricci (1887) to Einstein and others (1916~), blazes an 
easily followed trail from the cartography of the earth’suHace 
to the mapping of a large sector of cosmology on Tential 
geometry, A map is not necessarily a picture on a shes paper, 
The maps of theoretical physics are mathemati al ‘descriptions 
of physical phenomena. Ss 

Like so much else in modern mathematic; cBiterential geom- 
etry got its first real start in the analysi Be myriad-eyed 
Euler,” who overlooked nothing in the. ESS ematics of his age, 
totally blind though he was for the! st seventeen years of 
his life. In 1760 he investigated of curvature. This work 
inspired Monge to his own more Ree: investigations (1781) 
in the same direction, and t general theory of curvature, 
which he applied (1795) to entral quadrics. Equaily signifi- 
cant for the future of ematics was Monge’s elucidation 
of the solutions of Pat differential equations by means of 
his theory of surfac ¢ geometric language in which partial 
differential equagilgezee frequently discussed originated in this 
early work of ge. 

Another longe’s inventions, his descriptive geometry, 
is of less ematical interest than his analysis of differential 
cauationgy bat possibly of greater technological importance. 
eee lescriptive geometry of some sort, the engineering 
scienge of the nineteenth century would have developed much 

Cie slowly than they did. Monge’s scheme for representing 
lids on one plane diagram by means of two projections, a ‘plan’ 
and an ‘elevation’ on two planes originally at right angles to 
each other before being laid flat, facilitated the visualization 
of spacial relations, and provided a uniform graphics for solving 
such problems as determining the curves in which two or more 
surfaces intersect. Cut-and-try methods might waste a great 
deal of metal in fitting two pipes of different dimensions at 2 
given angle. This problem is solved with no waste as one of the 
carlier exercises in descriptive geometry. Practical mechanical 

drawing, without which the construction of modern machinery 
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would hardly be feasible, evolved from Monge’s simple scheme. 
It is seldom pleasant to give the devil his due; but history com- 
pels us to state that a problem in fortifications was the origin 
(1763) of descriptive geometry. The French militarists thought 
so highly of Monge’s invention that they forbade him to pub- 
lish it, and for about thirty years kept it a secret for their 
own use. Monge’s account of the subject was first published in 
1795-6. 

Continuing with what since about 1920 has been ac 
classical differential geometry, we note the Applications de 
gtométrie et de méchanique (1822) of E. P. C. Dupin 7s 3, 
French), Dupin’s work was prophetic in several respeots: Al- 
though the indicatrix was not invented by ah e made 


more effective use than had his predecessors of, uggestive 
conic in which a plane parallel to, and ‘infini 


the tangent plane at any point of a in 


ally near to,’ 
ersects the sur+ 
quadratic differen- 


face. Analytically, the indicatrix introdu 
rves (the asymptotic 


tial form into the geometry of certain 
lines) on a surface. yX 
This is analogous to a meth approximation in mathe- 
matical physics, where the saneghe medium in the neighborhood 
of a point is obtained to a. cient degree of approximation 
by neglecting infinitesi iN order higher than the first in 
the Taylor expansion e function expressing the exact state 
of the medium at joint. This procedure is not universal; 
but where it is applicable, it is one source of linear differential 
equations in thesia sciences, Geometrically, the indicatrix 
is useful in théstudy of two of the most interesting families of 
curves on siffaces, the asymptotic lines and the lines of curva- 
ture, Da also investigated triply orthogonal families of 
fot as a barren exercise in the differential calculus, but 

se certain instances of such families are of the first impor- 
€in potential theory and other departments of mathematical 
sics. This aspect of differential geometry will be noted in 
another connection, when we follow the contributions of physics 
to mathematics, especially in Lamé’s conception of coordinates. 
Another detail of Dupin’s geometry was to assume an unfore- 
seen significance in the 1890’s, when Klein and M. Bacher 
(1867-1918, U.S.A.) observed that the surfaces called cyclides, 
invented by Dupin, afford a unified geometric background fora 
wide class of differential equations of scientific importance. A 
cyclide is the envelope of a family of spheres tangent to three 
fixed spheres, Dupin’s geometry was thus one source of much 


356 THE DEVELOPMENT OF MATHEMATICS 


analysis of the nineteenth century. Triply orthogonal systems of 
surfaces, for instance, were the occasion for one of Darboux’ 
more famous works, extending to 567 pages, which in turn 
partly inspired G, M. Green (1891-1919, U.S.A.) to a notable 
simplification (1913) of the general theory as an application of 
the so-called projective differential geometry of E. J. Wilczynski 
(1876-1932, U.S.A). The last is based in pért upon a pair of 
simultaneous partial differential equations of the second order, 
Green’s 27 pages (1913) incidentally included the aeat of 
Darboux’ 567. ’ 

Projective differential geometry as practiced 6 Qie third 
decade of the twentieth century offered an intereStng example 
of national preferences in mathematical te Hique. The two 
principal schools, the American and the It n, sought essen- 
tially the same objectives, but by radi different methods, 
Each progressed far in its own directi oth were effectively 
halted, at least temporarily, by obst: apparently inseparable 
from their respective methods. E, ‘etically adequate for any 
problem that might arise in th ject, the American method 
was retarded by wildernessesQef unavoidable calculations. A 
less prosaic but equally raging difficulty, to be described 
presently, blocked the n approach to the generality of 
a projective differenti ometry of higher space. 

The American s followed the lead of Wilczynski, who 
presented his thédhy, with numerous applications to special 
problems, in a geries of memoirs, beginning in 1901, and in a 
treatise (s9geen the general method. Wilczynski had been a 
pupil of chs (1833-1902, German), under whom he ace 
quired stery of the theory of differential equations as it 
was atvthe close of the nineteenth century. It was therefore 
butgdatoral that he should base his geometry on a complete 
independent system of invariants and covariants of a system of 

€ or more linear homogeneous differential equations. A funda- 
mental set of solutions of the equations uniquely determines 
the several geometric objects investigated, up to a projective 
transformation. Under appropriate transformations of the 
dependent and independent variables in the diferential equa- 
tions and in the parametric equations of the accompanying 
geometric objects, the objects and the forms of the differential 
equations are invariant, although the coefficients of the equa- 
tions will usually be changed. The covariants basic for the 
geometry are functions of the new coefficients, their derivatives, 
and the new dependent variables, which differ at most by @ 
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factor from the same functions of the original variables and 
coeficients; an invariant is a covariant not containing the 
dependent variables or their derivatives. The Lie theory of 
transformation groups (described here in the chapter on in- 
yariance) is the implement of calculation for obtaining the 
covariants and invariants as necessary preliminaries to the 
geometry. Probably almost anyone who has ever seriously 
attempted to solve differential equations by the Lie theory 
will appreciate the labor inherent in any such heroic project, 
as Wilezynski’s and agree with Galois that, whatever the na 
of its unchallenged merits, the theory of groups does not 
a practicable method for solving equations. Galois o; Course 
was speaking of algebraic equations, but his opinigh;\in the 
judgment of experts in the Lie theory, carries over wseierential 
equations. Beyond a not very advanced sta WY complexity, 
the calculations become prohibitive to even t st persevering 
obstinacy. The Italian method circumvent e Lie theory. 
About 1913 the Italian school h by G. G. Fubini 
(1879-1943) approached projective differeittial geometry through 
differential forms, arriving at systems‘of differential equations 
of the type from which Wilcaynskb ad started. By restricting 
the analysis to systems in whiclisthe coefficients are legitimately 
specialized, and thereby sig ed, by permissible transforma- 
tions, the basic covariant@sare reduced to fairly manageable 
shape. The method oKoteulacon is the absolute differential 
calculus, or tensor ysis, of M. M. G. Ricci (1853-1925, 
Italian), which ted earlier in connection with the general 
Progress of re mathematics toward structure. The Ricci 
calculus, ho: , originated in the algebra of quadratic differ- 
ential formgnIt was therefore inapplicable to the higher differen- 
tial forms Binted at in passing by Riemann in his dissertation 
(1854) Oh the hypotheses which underlie geometry. But these 
forms are those appropriate for a projective differential geometry 
of higher space. The Italian method seemed definitely to be 
inextensible to a variety of m dimensions in a space of # > 4 
dimensions, for 1 <m<a—1. Nor is there a covariant 
quadratic form for these cases. It is noted in another connection 
that the lack of an absolute calculus for differential forms in 
higher space may be supplied, if, for example, physical specula- 
tions should render a serious effort to develop such a calculus 
scientifically profitable. The Ricci calculus did not come into 
ts own geometrically until it was publicized by the relativists, 
when the geometers adopted and further developed it. The 
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projective differential geometries of the American and Italian 
schools do not seem to have attracted physicists. 

These somewhat miscellaneous details have been recalled to 
underline the estimate of classical differential geometry which 
was that of a majority of professionals in the 1920's. Since 
its inception in the work of Euler and Monge, differential 
geometry had expanded somewhat lawlessly, until by 1900 it 
embraced a loosely coordinated collection of special problems 
and incomplete theories, thrown together with no de eCtable 
aim and without any clearly defined objective. Such, ss xam~ 
ple, was substantially the opinion of Hadamard. ntrast 
with this disorderly luxuriance, the differential géometry that 
became popular with the application of Riemafifian geometry 
to physics and cosmology in general relativity as unified and 
given definite aims by the absojute dig ntial calculus, or 
tensor analysis, of Ricci and Levi-CivitaWhen at last a uni- 
formity in method was recognized, i est in classical differ- 
ential geometry all but nemegy =e merous special results 
obtained in the older tradition long since passed into the 
general structure of infinitesimal geometry and analysis; but 
creative work in differen iatgeometry took a new direction. 
Among other special develapments which had seemed promising 
in the early 1900's, bug¢which had lost much of their appeal by 
the 1920’s, the proj differential geometry of one American 
school joined the efaSsics which are respected but seldom culti- 
vated. The line escent from the old to the new, as already 
indicated, fom Gauss, through Riemann, to the tensor 
calculus. Xe) 

Ga 27) made the first systematic study of quadratic 
differential forms in his Disquisitiones generales circa superficies 


curves, ‘in which the main theme is the curvature of surfaces. The 
lofinis investigated are in two variables only. With its relevance 

r the deformation of surfaces and the applicability of one 
surface on another, Gauss? theory is a direct descendant of 
cartography. This aspect, however, was not that which sug- 
gested the far-reaching generalization of differential geometry 
by Riemann. Geodesy also was one of Gauss’ major interests 
(1843, 1847) in applied mathematics; and it too is partly 4 
matter of quadratic differential forms, the line element on 4 
spheroid being the square root of a quadratic differential form 
in two variables with variable coefficients. Taking the final step 
in this direction, Riemann, in one of the most prolific contribu- 
tions ever made to geometry, passed immediately to the general 
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quadratic differential form in » variables, with variable coefi- 
cients, in his vital classic on the foundations of geometry, Uber 
die Hypothesen welche der Geomeirie xu Grunde liegen, 1854. 

Riemann’s taste for speculative philosophy has made parts of 
his great essay needlessly difficult for mere mathematicians. 
Fortunately for geometry, Riemann’s mysterious description of a 
manifold can be ignored; for when he proceeds to mathematics, 
he actually uses nothing more abstruse than an #-dimensional 
number-manifold. It would be interesting to know whether 
Riemann imagined himself the originator of this notion. Butas- 
he seldom mentions other mathematicians in any of his xe 
even where it is plain that he has profited by their ideaspt is 
impossible to say how much, if anything, he owed to ets. The 
general manifolds which Riemann attempted to defi; ut which 
he did not use, might be interpreted as the abstrachspaces of the 
twentieth century. ) 

The mathematics of Riemann’s geom Interweaves two 
fundamental themes: a generalizatio: ot the Pythagorean 
theorem to any space Gambetnaget 1) of » dimensions; 
curvature in such spaces. If ‘ 


Cy os Hady Co AGES +s + tn dete) 

are the coordinates of neighbohing points in the space, and if ds 
is the infinitesimal distancé between these points, it is postulated 
that ds? = DBgijdxide; tn which the double summation refers 
toigal..., e gi; are functions of m, . . + , %nj and 
$3 = en. In layi lown this postulate, Riemann recognized 
that it gives a cient, but not necessary, specification of an 
elementary iffance which is to retain the cardinal properties 
ofa distancé function; and he explicitly stated other possibilities. 
These hagSot been exploited (at least in print) as late as 1945, 
alth s early as 1924 H. P, Robertson (1903-, U.S.A.) had 
investigated the analogue, for these possibilities, of the tensor 
calculus appropriate for the Riemannian geometry of general 
relativity. The metric geometry of a particular Riemannian 
space is determined by the gj occurring in the ds? for the space. 
Ignoring special cases, Riemann proceeded at once to his gen- 
eralized curvature, guided partly by analogy with the Gaussian 
theory for a two-dimensional space. He then made the remark- 
able conjecture that his new metrics would reduce questions 
concerning the material universe and the “binding forces 


holding it to; i tr 
gether to others in pure geometry. . : 
Bolder even than Riemann, Clifford confessed his belief 
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(1870) that matter is only a manifestation of curvature in a 
space-time manifold. This embryonic divination has been 
acclaimed as an anticipation of Einstein’s (1915-16) relativistic 
theory of the gravitational field. The actual theory, however, 
bears but slight resemblance to Clifford’s rather detailed creed, 
As a rule, those mathematical prophets who never descend to 
particulars make the top scores. Almost anyone can hit the side 
of a barn at forty yards with a charge of buckshot. 

The next long stride after Riemann’s toward modeeiifer, 
ential geometry was the determination by Christof, a 69) of 
necessary and sufficient conditions that a quadra’ erential 
form of the kind in Riemann’s ds? be transform: ito another 
by a general functional transformation on wariables. The 
same problem was also treated by Lipschitz 0). Christoffel’s 
solution proved the more useful. In the\€Gurse of his analysis, 
Christoffel invented the process name Sariant differentiation 
by Ricci (1887), and used it to deriyé% Sequence of tensors from 
a given one. Beltrami and other: seapecially of the Italian school 
of geometers, used what are esse lly tensors; but it remained 
for Ricci to isolate and perfeet “the tensor calculus as an inde- 
pendent algorithm. at 

The algebra of ten as a generalization of vectors was 
mentioned in an ea chapter. The further development of 
Riemannian geom: will be noted in connection with invari- 
ance. We may c de this sketch with a summary indication of 
the mathemawival reason for the scientific utility of tensors. 


A age transformation on the variables of a tensor 


transfor: tensor into another whose components are linear 
hom us functions of the components of the original tensor. 
A tengor, like an ordinary vector, vanishes if and only if each 

©; components vanishes. A transformation of the kind stated 

o geometrically, a general transformation of coordinates, when 
Or ¢ variables are interpreted as coordinates in a space of the 
appropriate number of dimensions. It follows that if a tensor 
vanishes in one system of coordinates, it vanishes in all; the 
homogeneity is the decisive factor. This is equivalent to saying 
that if a system of equations is expressible as the vanishing of 
a tensor, then the system will be invariant under all transforma- 
tions of the variables in the system. But this is precisely the 
condition imposed by one of the postulates of general relativity 
on a system of equations, if the system is to be an admissible 
mathematical formulation of an observable sequence of events 17 
physics or cosmology. 


CHAPTER 16 


The Impulse from Science 


This chapter is introductory to the six follogiing, in which 
we shall describe certain typical develapneaaee the evolution 
of analysis from the seventeenth century; the twentieth. 


Analysis, perhaps more clearly than or geometry, ex- 
hibits the constant influence of scien the general develop- 


ment of mathematics. 

We saw that the calculus o' of much to kinematics as it 
did to geometry. From the 4 h of Newton (1727) to the 
twentieth century, eae ad ued to stimulate mathematical 


inventiveness. Of subseq additions to mathematics originat- 
ing at least partly in ‘e, the most highly developed are the 
vast domain of di ‘al equations, the analysis of many 
special function ing in potential theory and elsewhere, 
Potential theo: Self, the calculus of variations, the theory 
of functions ‘a complex variable, integral equations and 
functional lysis, statistical analysis, and differential geom- 
0, the calculus of variations and differential equa- 
‘advanced sufficiently to be recognized as autonomous 
erdependent departments of mathematics; the statistical 
method was still an embryonic possibility in the theory of prob- 
ability; while the theory of functions of a complex variable had 
yet to wait a quarter of a century for systematic development by 
Cauchy, although some of the basic results were implicit in the 
applied mathematics of Lagrange and others in the eighteenth 
century, 

In following the growth of rigor from 1700 to 1900, we 
4 constantly sharpening precision of mathematical logic, 
Saw that attempts to provide a self-consistent foundation for 
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analysis led in the early twentieth century to a period of con. 
fusion and a recognition of the necessity for ever more subtle 
reasoning. Leaving all doubts behind for the Present, we now 
enter an untroubled region where the end justifies the means, 
The end is the increase of scientific knowledge, to which mathe. 
matics is but one of several means. As in previous accounts, we 
shall attend only to typical features illustrative of general 
trends. There are first two matters of possibly wider significance 
to be noticed: the influence of eighteenth-century mathematics 
on society; and the response of society, especial er the 
Napoleonic era, to mathematical research. & 
Mathematics in the Age of Beagas® 
The most significant contribution of @ip! teenth-century 
mathematics to civilization was a ma ee on the phys- 


ical universe, for which dynamical momy and analytic 
mechanics were mainly responsible. 

The cightcenth century has Called the Age of Reason, 
also an age of enlightenment, parthy because the physical science 
of that century attained itsYfreedom from theology. In the 
hundred years from the death of Newton in 1727 to that of 
Laplace in 1827, dogmati thority suffered the most devastat- 
ing of all defeats at the hands of scientific inquiry: indifference. 
It simply ceased Matter, so far as science was concerned, 
whether the swat of the dogmatists were true or whether 


they were debts the beginning of the period, it was customary 


to seek a t al explanation for the principles of mechanics 

to accord the orthodox theology of the time; when Laplace 

died, all@itch irrelevancies had been quietly ignored for forty 

years echanics had at last come of age. Absolute truth, as 

revealed by science, fled to pure mathematics, where, according 
me, it still resides, 

.®) The French Revolution, beginning in 1789, accompanied the 
change; and we might be tempted to ascribe the maturing of the 
exact sciences wholly to that very thoroughgoing upheaval. But 
the final liberation had occurred in the preceding year with the 
long-delayed publication of Lagrange’s analytic mechanics. 
Here, for the first time, a masterpiece of mathematics and 
science of thevery first rank stood erecton its own mathematical 
and scientific feet without external support. No mysterious 
spirit of nature was invoked; the work undertook to describe, not 
to explain, the mechanical behavior of material systems. 
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A free translation of a few sentences will indicate two of the 
respects in which Lagrange’s mechanics differed radically from 
its predecessors in both science and mathematics. In his preface, 
Lagrange writes: 

Lhave set myself the problem of reducing this science [mechanics], and the 
art of solving the problems appertaining to it, to general formulas, whose 
simple development gives all the equations necessary for the solution of each 
problem. . . . No diagrams will be found in this work. The methods which I 
expound in it demand neither constructions nor geometrical or mechanical 
reasonings, but solely algebraic [analytic] operations subjected to a unifori® 
and regular procedure, Those who like analysis will be pleased to see mechaptics» 
become a new branch of it, and will be obliged to me for having aie) 
domain. 


X: 
From this it is clear that Lagrange fully realized Sain 


cance of what he had done. The following quotati: ypifying 
the spirit of the entire work, indicates his gras e abstract 
nature of mathematical mechanics: “The se fundamental 


principle of statics is that of the composition of forces. It is 
founded on this supposition: ... ” “S the principles of 
mechanics are founded on suppositio: at is, on postulates, 
and are not eternal truths revealed ‘groping mankind by the 
grudging generosity of some si atural intelligence. It is 
mathematical and scientific rati@nalism like this that validates 
the claim of the eighteenth ury to be called an age of reason. 
Such clarity of mind 48) agrange’s, however, was the rare 
exception among mathéwpaticians and scientists in his day and 
for over a century afte his death in 1813. Lagrange’s most 
Prominent conte! etary in the exact sciences, the self-confident 
Laplace, convin imself and two generations of eager philoso- 
phers that 1 «Newtonian mechanics of the heavens was abso- 
lutely and er true; and on this basis he sought to establish 
the everl, ng stability of the solar system. 
aggressively hostile to the pretensions of the older 
abso] ism, the would-be skeptic Laplace substituted one dog- 
matic creed for another, It was largely due to the successes of 
is own celestial mechanics and his widely appreciated popular 
exposition of the mathematical consequences of Newtonian 
Stavitation that a crude mechanistic philosophy afflicted nearly 
all physical scientists and many philosophers of the nineteenth 
century, : 
Eighteenth-century mechanics was also partly responsible for 
the speed with which machinery overwhelmed civilization in the 
carly nineteenth century. Instead of remaining the private 
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servant of the intelligentsia, the mechanistic philosophy incon- 
tinently shared its inestimable benefits with the proletariat, 
Hundreds of thousands to whom Lagrange and Laplace might 
have lectured for years with no transfer of ideas were converted 
by the dumb, inerring accuracy of their monotonous machines, 

That a fully developed abstract theory appeared first in 
modern mathematics from the applied side is less remarkable 
than it may seem at first sight. Mechanics and mathematical 
physics generally had no such crushing burden of tradition to 
throw off as had geometry. Mathematical mechanics Was little 
more than a century old when Lagrange saw whatdt.was. Only 
about sixty years before Lagrange published Kis mechanics, 
Saccheri’s willful faith in the sanctity of E ean gcometry: 
had compelled him to ignore the prompting» f his own acute 
reason. Possibly if Archimedes rather th galileo and Newton 
had formulated the basic ‘laws’ of d ics, Lagrange might 
have hesitated to deflate the foundation’ of his system to “sup- 
positions.” But the postulates chanics had not had time 
to fossilize into eternal truths, agrange was not tempted to 
outrage his reason—at least echanics. But in his cffort to 
rigorize the calculus by b wa on Taylor’s expansion, he was as 
tradition-bound as Sacchi, and possibly for the same reason. 
The problems of conti, were as old as those of geometry, and 
the same almost 5 Suman intransigency was demanded to 
flout tradition vance in a totally new direction. 

The ac century may indeed have been the golden age 


of reason i josophy and human affairs generally that it is 
said to h een. The exact sciences, as we have just noted, 
also si ted to reason in that hard-headed century. But in 
pur hematics, there was a marked decline from the standard 
whieh’ the ancient Greeks set themselves. The best that reason 

id do when confronted with a problem in continuity was 

.®) vagrange’s curious attempt to rigorize the calculus. No classic 
Greek mathematician could have deluded himself so completely 
as did Lagrange, the greatest mathematician of his age and one 
of the greatest of all ages. 

The feeling for sound reasoning in mathematics seemed to 
have been temporarily lost. Except only when logical rigor ws 
almost unavoidable to even moderate competence, as in finite 
algorithms and combinatorial mathematics, the kind of reason- 
ing that satisfied the leading mathematicians of the so-called age 
of reason would have shocked Eudoxus and Archimedes. Yet 
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Archimedes, no mere mathematician but a mechanist of the first 
rank, was Lagrange’s idol. It may be significant that, of all his 
own great work, Lagrange prized least highly his contributions to 
the theory of numbers, where without rigid proof for even the 
seemingly most obvious theorems there is nothing. These had 
exacted his greatest efforts, and he doubted whether they had 
been worth their cost. There is no record of Archimedes’ having 
esteemed his practical mechanics above his mensuration of the 
sphere. 
Di st is oO 
Social stimuli since the death of Newton » 

The transition from supernaturalism to rationalis Dre 
exact sciences did not take place in a social acum a ocreral 
hypotheses to account for the worship of mathem: d reason 
in the post-Newtonian age, that of economic determinism is the 
most elastic. In brief, all the work in celéstial and analytic 
mechanics was occasioned by the demandsydi navigation and 
ballistics, However, anyone interested Agpsearch the technical 
works of Laplace and Lagrange on ae and find no refer- 
ence to sailing or gunnery. This dbe3 not disprove the thesis 
that the initial impulse for the{hechanics of the eighteenth 
century may have been the ntile desirability of a reliable 
nautical almanac and the mifitary necessity for hitting whatever 
is aimed at. It merely il ‘trates the verifiable fact that once a 
mathematical theor 1 een initiated, whatever its origin, it 
proceeds by a sort EN ellectual inertia to become abstract with 


no application es ht. We shall see many instances as we 


Proceed, Poten; heory, for example, in spite of its mechanical 
origin, ceasedtong ago in those of its divisions that interest 
professional hathematicians to have any discernible relevance for 
Bra Samet ‘These abstrusities may become practically 
useful orrow; but only should time be reversed and evolution 
y inward will any application of them become their origin. 
, Whe like holds for the calculus of variations, except that 
in this instance theology rather than science was the initial 
Source in the eighteenth century. P. L. M. de Maupertuis (1698- 
1759, French) propounded (1747) a somewhat obscure form 
Of the mechanical principle of least action because he credited 
is parsimonious deity with an aversion to avoidable effort or 
other waste. This might be construed as theologic, not economic, 
eterminism unless, as some might insist, the theology was 
conomically determined in the same way as the ballistics. 
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Asserting that “Nature always acts by the shortest path,” 
Fermat also had gone behind observable phenomena in deriving 
his optical principle of least time. But Newton framed no super- 
fluous hypotheses in determining (1687) the surface of revolution 
offering the least resistance to motion in the direction of the 
axis through a resisting medium. Newton’s problem, were it 
proposed for the first time today, might be attributed to eco- 
nomic determinism, on account of its possible application to the 
marine torpedoes which had yet to be imagined in Qewion’s 
backward time. The problem, however, has actually attrib- 
uted to Newton's very early advice to a young that the 
latter study ballistics. From these and numerou: er examples 
that might be cited, it seems clear that the tr f a sociological 
theory when stretched to include ail ma On atics may occa+ 
sionally vary inversely as its degree of icity, 

The fact scems to be that, if t athematicians of the 
eightcenth century were motivate, anything less obvious 
than the desire to do mathemati to earn their livings while 
following their inclinations, the ere unaware of it. The condi- 


tions under which the cate worked were basically 


different from those of t neteenth and twentieth centuries. 
Tf an economic motivatidpis to be found, it might be profitably 
sought in the domesticand foreign policies of Frederick the Great 
of Prussia (1712 ; Catherine the Great of Russia (1729- 
1796), the kin, ardinia, Louis XVI of France (1754-1793), 


and Napoleo: naparte (1769-1821). The obvious demands of 
civil, naval} military engineering made the development of 


mathem: imperative; and these rulers were clear sighted 
enou: see that the simplest way of getting mathematics 
out, mathematician is to pay his living expenses. At various 


stage’ of his career, Euler was attached to the courts of Catherine 
@nd Frederick; Lagrange was similarly supported through the 
Qfovernment- subsidized Turin Academy, a related military 
school, and later by Frederick, Louis, and Napoleon. Daniel 
Bernoulli, often called the founder of mathematical physics, was 
employed by Catherine. Monge and Laplace were employees of 
successive French governments in various capacities from 
military engineering and the training of government engineers 
to affairs of state, and likewise for Fourier and a number of less 
distinguished mathematicians. But before the Napoleonic era, 
once these men had advised their employers on the technical 
questions, usually simple, proposed to them, they were free to 
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spend their working time as they chose. Consequently, an enor- 
mous amount of mathematics having no detectable application 
was created. That much of it proved of practical value years or 
decades later does not alter the fact that its motivation was not 
economic. All this was printed with the rest largely at public 
expense in the proceedings of government-subsidized academies. 
Up to the Napoleonic era, the learned societies were the 
most important agencies for the publication of research in 
mathematics. 

With the eruption of French ‘Liberty, Equality, Fraternitg 
in 1789, a rapid democratization of mathematical res 
began. Under Napoleon, the leading French mathem: 
earned part of their keep by helping to train civil a 
engineers at the Ecole Polytechnique. Others at th 
male Supérieure taught prospective teachers. / the major 
part of the new mathematics produced by the; ers was of no 
immediate practical value, nor was it under; sen with a view to 
possible applications. Napoleon no sap partly responsible 


for this liberality, Provided the schodls’supplied him with a 
steady flow of competent civil serv: and expert engineers to 
fill the rather frequent vacancies ae might be anticipated in a 
militaristic regime, he was contet? Some of the mathematicians 
compiled excellent texts for, students; others carefully pre- 
pared their few lectures Sak; and nearly all did research in 
their ample spare tim ie situation was not unlike that in a 
few of the more enlightened European and American universities 
of the twentieth y. 
The next and fast marked change in the social status of 
mathematics nathematicians dates from the decade 1816-26 
id of the Napoleonic era in 1815. The universities 
schools increased rapidly in importance as centers 
atical research; the learned societies were no longer 
fin ly able to cope with the torrent of new mathematics 
that'yushed from a hundred sources; and, most important of 
all, what was everybody’s business became nobody’s business. 
Whatever else may be said for democracy, it has consist- 
ently fostered the individual freedom of mathematicians. No 
mathematician in a democracy is constrained to create mathe 
matics at public expense, All may earn their livings as they 
Please and find what time they can to advance their hobby. 
Nor are mathematicians as a class debauched by having their 
Tesearches printed at public expense, although such work can 
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be neither patented nor copyrighted and may be used by anyone 
without payment of any kind. In the United States the more 
liberal universities subsidize the publications of their staffs. 

It is admitted by the majority of educated persons that a 
technological and scientific civilization without mathematics is 
an impossibility. Apparently the most efficient way of getting 
the necessary job done is to leave it to the initiative of indj- 
viduals on their own time after a more or less exhausting day’s 
work, Perhaps rather unexpectedly, the result has been@vastly 
increased output of mathematics since the close ofathe Napo- 
leonic era over all preceding history. x 

The strongest stimuli have been the con: anily growing 
demand for scientific and technological instru¢tigh to keep pace 
with the rest of modern civilization, and vast expansion of 
media for mathematical publication si ¢ German engineer 
A.L. Crelle (1780-1855) in 1826 subsidized the first high-grade 
mathematical periodical. In 1940 were about 280 such 
periodicals! devoted wholly or i t to the publication of re- 
search in mathematics, and the@yéssure on existing outlets was 
steadily increasing. Few if auysof these publications would sur- 
vive for two months if forced to pay their way in a competitive 
society. They are suppofte by the whole mathematical frater- 
nity without distinction as to race, nationality, or creed. The 
average mathematiclah subscribes to as many of them as he 
can afford, evenSfbut very few of the severely technical articles 
printed in a ear are within his comprehension. 


It mig! difficult to account for this curious phenomenon 
on. stric! conomic grounds, A majority of the subscribers 
do n @esearch themselves; so it cannot be polite hints from 


superiors that they shed luster or notoriety on their employers 
b ting their names into print that account for the altruistic 
€abscriptions. Nor will a mathematically literate reader scanning 

Dihe abstracts of current research agree that any considerable 
percentage of the articles printed by the hundreds every month 
were inspired by economic or other practical needs. 

Several thousand® periodicals devoted to engineering and 
other exact sciences take care of the immediately practical 
applications of mathematics. But these are not the journals 
to which mathematicians subscribe. Many of these more 
practical journals pay their way in the competitive market. 
This, possibly, is the nub of the distinction between pure 
and applied mathematics. 
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In following the influence of science on mathematics, it 
should be remembered that mathematics and its applications are 
different things. A treatise or a monograph on mathematical 
physics, for example, may be a mass of formulas and equations 
from beginning to end, and yet make no contribution whatever to 
mathematics. If the general fact is not obvious, its extreme 
cases, as in bookkeeping or the calculation of characteristic 
functions in quantum mechanics, may illuminate the distinction. 
Asa further aid to comprehension, it is a fair guess that out of a 
hundred thousand persons picked at random on the streets ‘of 
New York, or Chicago, or London, or Paris, or Mosco’ wi 
Tokyo, not one would know the name of the man whom 
sional mathematicians almost unanimously considered \was the 
foremost member of their guild since about 1912 fe ied in 
1943, inactive; but his fame is secure even if t erage man 
in the street (or in cultured society) is neve! ly to hear of 


him, Of the random hundred thousand, m ould instantly 
name a theoretical physicist who deepl /-desents being called a 
mathematician. & 


CHAPTER 17 


From Mechanics to Generalized 


Variables < 
PS 


==: 


Of all the exact sciences, mechanic) the simplest, has prob- 
ably been the most influential in Be" development of modern 
mathematics. The amount of mathematics applied to a 
science is no measure of the impo}tance of that science in mathe- 
matical evolution; it is the n, athematics inspired by a partic- 
ular science alone that weighs. 

Thus in the first twenty years (1925-45) of its existence, 
quantum mechanics ysed an enormous amount of mathematics, 
from special functi 0 modern algebra, but did not suggest any 
essentially new ‘ethematice. General relativity, on the other 
hand, ge > a heavily on mathematics, was directly re- 
sponsible e he direction taken by differential geometry 
about 19; his newer geometry might have been developed 

almos: ty years earlier. All the necessary technique was 

available; but it was not until the successes of relativity showed 

thatRiemannian space and the tensor calculus were of more 

en mathematical interest that differential geometers noticed 
Oo at they had been overlooking. 

Before considering the mechanical origins of certain parts 
of analysis, we shall give brief summaries of the relevant progress 
in mechanics in the eighteenth and nineteenth centuries partly 
responsible for the mathematics, 


The search for variational principles 


One purpose of the eighteenth-century mechanists was the 
invention of principles from which the mechanics of Galileo and 
370 
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Newton could be deduced, and the development of mathematics 
adequate for the deduction. The main mathematical outgrowths 
were the calculus of variations; a vast theory of differential 
equations; a heterogeneous collection of special functions; the 
beginnings of the theory of line, surface, and volume integrals; 
more than a hint of n-dimensional space;? the origins of potential 
theory; and certain basic results in what subsequently became 
the theory of functions of a complex variable. 

The first comprehensive principle of post-Newtonian mey\ 
chanics was D’Alembert’s, published in his Traité de dynamiqu> 
(1743): the internal actions and reactions of any system of gigtd 
bodies in motion are in equilibrium. Or, as often exp: in 
a dynamical system the reversed effective forces a: 
pressed forces are in equilibrium. O 

Supplementing Newton’s principles of the. ervation of 
momentum and of the center of mass, es Ber- 


ie im~ 


noulli (1700-1782) independently stated (1 the principle of 
conservation of areas. All of these foreshalld ed the concept of 
invariance. s 

Euler’s Mechanica, sive motus Scientia analytice exposita 
(1736), was a halfway house betw: ¢ purely geometrical and 
synthetic mechanics of Newte SS Principia (1687) and La- 
grange’s Méchanique analyti, 1788). Euler sought to replace 
synthetic methods by seals and was largely successful. 
Visual geometric intui ions however, was still used, as in the 
resolution into tange; os and normal components in curvilinear 
motion. Much o: Scrappy geometry of curves and surfaces 
embellishing a ae texts on the calculus under the com- 
prehensive rab ‘geometrical applications’ originated in this 
way. Possi! echanics is also partly responsible for classical 
differentiah seometry and the intrinsic geometry of curves. 

Ta y considerable step toward a general method, C. 
Maélaiin (1698-1746, Scotch), in his Complete system of 
fuxions, 1742, advanced beyond Euler by using three fixed axes 
for the resolution of forces. The advantage of Maclaurin’s 
Procedure over Euler’s is comparable to Descartes’ use of one 
Coordinate system to display any number of curves. But the 
mathematical formulation of each type of problem still required 
Special devices, ; 

Introducing his generalized coordinates, Lagrange in 1760 
turned away from mere ingenuity, and started toward the 
Beneral equations of motion on which he based his analytic 
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mechanics of 1788. The equations of motion for a holonomic 
dynamical system were then obtained in a form adaptable to the 
special coordinates most convenient for particular problems, 
The distinction between holonomic and non-holonomic systems 
may serve to illustrate certain concepts of mechanics which 
were partly responsible for the calculus of variations in its 
earlier form. 

To exhibit these, it will be necessary to use the “arbitrary 
infinitesimal displacements” in terms of which applied-p{@thema- 


ticians frequently think. It is not easy to give a mae atically 


sound treatment of the related variational opetttor? 6 and 
the infinitesimal displacements that lead to use esults before 
they finally disappear from the calculatio. nd one rather 
extreme school advocates abandoning all ense of deriving 
the dynamical equations by such vat go would be closer to 


modern science to state the genera! ations of motion as 
postulates, the sole function of these equations being the 
mathematical statement of dy al problems, for which the 
equations themselves are ade heir deduction by more or 
less mystical reasoning da: from ancient Greece and the 
Middle Ages is of purehye historical interest, contributing 
nothing to Bente od utility. However, as these vestiges of 
an older mode of th t are still helpful to the majority of 
applied nathemasgiy we shall follow tradition even where it 
is now asserted igorists to be unsound, and by modernists in 
theoretical phpsics to be meaningless. : 
The co: ation of a dynamical system, regarded as being 
compose: Oeraterial particles subject to constraints (as that all 
the pa €s move only on given surfaces) and geometrical 
conditions (as that the distance between any two given points 
of id body is constant), is specified at time t by » coordinates 
2% + + + » Gn, where x is finite. If, for example, the Cartesian 
‘Sordinates of the rth particle at time ¢ are Xry Vey Sry the system 
is specified by 3m equations 


a ee OP Cnn 
ty = hy(gay - . 5 Gn)3 r=1,...,m - 

Let each yf the generalized coordinates gi, . . . , gn receive an 

arbitrary i infinitesimal increment; say the increments are 

591, ...\ Sgn There is not necessarily.a physically possible 

acai of the system corresponding to Sg1, . + « » 5¢n3, if 

there is, ¢ © system is called holonomic; if not, non-holonomic. 
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A holonomic system specified by g:, . . . , gn is said to have n 
degrees of freedom. 

Lagrange’s equations for a system with x degrees of freedom, 
for which a potential function exists, can now be stated. 

The derivatives of q1, . . . , g, with respect to ¢ being de- 
noted by 91, - - - 5 ¢x, and the difference 7 — V between the 
kinetic energy T and the potential energy V of the system by 
L, the equations of motion are 


5 Ga) -F 0, r=1,...5% SS 
& 
Lis called the Lagrangian function, or the kinetic po 1, of 
the system. < 


placement’ (591, . . - , 8¢n) of (91, « « «5 Jn) route which 
need not be retraced, its interest being mec! al rather than 
mathematical, (8¢;,..., 8¢n) descend rom the virtual 
displacements used by Stevinus, Desca’ nd others in statics. 
Virtual displacements appear fully mAtired in the principle of 
virtual work, which was one of Mes és followed to an analytic 


The point of historical interest here is in pga dis- 


mechanics by Euler and Lagrange) An extremely liberal inter- 
pretation of ancient and medie¥al mechanical speculations has 
enabled some scholars to def@et elusive hints of virtual work all 
the way back to the Gre@)philosophers. Virtual displacements, 
virtual velocities, and ¥istual work are obviously in the general 
direction of a calc! Se variations. The next major advance 
in analytic mec’ s was in the same direction. It finally 
reduced the mapbematics of statics and dynamics to a topic in 
the classicak d@}eulus of variations. 

The st; ‘ent of several mechanical theorems of the seven- 
teenth eighteenth centuries had suggested to Euler that all 
natural Phenomena present extrema, and that physical princi- 
ple Shcluding those of mechanics, should be expressible in 
terms of maxima and minima. For example, Huygens had shown 
that Fermat’s optical principle of least time holds for media 
whose index of refraction varies continuously from point to 
Point; James and John Bernoulli had found the catenary as the 
arc of fixed length passing through two fixed points and having 
the lowest center of gravity; John Bernoulli’s problem (1696) of 

nding the curve® of quickest descent under gravity from one 
fixed point to another in a vertical plane had been correctly 
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solved by L’Hospital, Leibniz, Newton, James Bernoulli, and 
John himself; and last, Euler had sought a function whose 
variation equated to zero would yield the differential equations 
of dynamics. For a single particle, the ingenious Euler observed 
that if the velocity o is given as a function of the coordinates 
of the particle, the desired equations are obtained by minimiz- 
ing fo ds, where ds is an element of the path in which the particle 
moves, Otherwise expressed, the equations of motion are found 
on performing the variation § fods and equating the result to 
zero. In this way Euler was led to minimize definite Speegrale 
in which the integrand is of the form T(x, w+ yw’, 
y’ = dy/dx, and the integration is with respect tax 

It is to be noted that Euler, guided by i ition, sought 
minima to express natural ‘laws,’ possibl se he was of 
the same pietistic cast of mind as Maupe But Jacobi in his 
lectures on dynamics (edited, 1866) ‘oduced an almost 
trivial mechanical problem in which action is a maximum, 


It is therefore customary to MGS: onary values of definite 


integrals for the expression of sical laws, rather than to 
prejudge the issue by expecting aicast, a definite integral whose 
variation vanishes being sai represent a stationary value. 
The vanishing of the variation is insufficient to secure either a 
maximum or a minimunty though in many physical situations 
it is otherwise evideat\that a definite one of these must occur, 
and it is seldo ssary to proceed further. But modern 
science does o} mally demand more than shrewd guessing 
. Thus, in 1939, R. C. Tolman encountered a 
in astrophysics for which scientific intuition 
cient, and for which the more refined techniques 

of the célviilus of variations were at least helpful. 
Ee ter's Project was completed in 1834-5 by Hamilton, who 
showed that the dynamical equations are obtainable from a 
le stationary principle, which, for a conservative system, is 


}, © dt = 0, where to, #; are the initial and final times for the 


passage of a dynamical system with the kinetic potential L 
from one given configuration to another. A verbal equivalent is 
as follows. Of all possible motions by which a dynamical system 
may pass in a given time from one given configuration to 
another, the actual motion will be that for which the average 
value of the kinetic potential is stationary. The analytic equiva- 
lent of ‘possible’ is the Process of variation, which evolved, at 


C: 
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least in mechanics, from virtual displacements. Hamilton also 
gave a variational principle for non-conservative systems. 

The variational principles of mechanics are far from ex- 
hausted by those noted. Thus Gauss (1829) reformulated and 
generalized D’Alembert’s principle in his own of least restraint; 
and Hamilton’s principle, also that of least action, were extended 
in the 1890’s to non-holonomic systems. In his Die Prinzipien der 
Mechanik (1894), H. R. Hertz (1857-1894, German) reworked 
the subject in terms of geomctrical imagery. With the develop- 
ment of metric differential geometry for space of » dimensio 
in the second half of the nineteenth century, it was appare) 
inevitable that the stationary principles of dynamics s! ite 
rephrased in the language of geodesics. But here, as here 
after Lagrange, whatever gain there may have beep scien- 
tific rather than mathematical, new techniques in etry and 
analysis suggesting reformulations of mechani e’s theory of 
contact transformations also was elaborated fap s mathematical 
interest long before it was applied (1889) tg tbh 'y the differential 
equations of dynamical systems, alth¢¥gh the connection be- 
tween dynamics and contact transfotmations was implicit in 
Hamilton’s work of 1834-5. Theolike appears to be true of 
Poincaré’s integral invariants 4890), also of the topological 
methods first applied to dyna by him and since extensively 
developed by 2 prolific erpany of pure mathematicians.” 
In the last instances, how€yér, outstanding problems of dynami- 
cal astronomy, such at of three bodies mutually attracting 
one another accor to Newtonian gravitation,? were the 
ultimate source ie mathematics? F 

Enough ha’ en given to suggest that mechanics was an 
important sefizce of the calculus of variations. Before passing 
on to a sughinary account of the development of that branch of 
a a may glance at the scientific significance of varia- 


bo: ationary) principles in general.? 54 

petent opinion is sharply divided. In the tradition of 
Maupertuis, Euler, and their predecessors, one side professes 
to see cosmic profundities in the derivation of Lagrange’s 
equations from a variational principle. The profundities are no 
longer theological, as in the eighteenth century, but concern 
unapprehended necessities of the physical universe. Conse- 
quently it is claimed that a real but not wholly understood 
scientific advance is made when the differential equations of a 
physical theory are shown to be obtainable from a variational 
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principle, as was done, for example, quite early by Hilbert in 
general relativity. 

The other side holds that variational principles are incapable 
of adding to science anything not already known in a form better 
adapted to calculation. For this side, any variational principle 
in science is at most only a concise restatement of more or less 
ancient history which might become useful, because it is easily 
remembered, should all working scientists suddenly forget the 
mathematics they actually use to obtain results thatscan be 
checked against observation. This side further a: AN that 
the reformulation of a science in terms of a Variati principle 
is what the average modern pure mathematician des when he 
attempts to contribute to science, a task fo; ich he is not 
fitted. 


Less immoderate observers Skier middle position, 


pointing out that if physicists had s ized the duality in 
Hamilton’s optics and dynamics, in which the principles of 
least time and least action were 5 to be interrelated, they 
might have come upon de Br 's waves and Schrédinger’s 
wave mechanics about ninety\yéars earlier than they did. But 
this belongs to the elusive physics of might-have-been, and 
cannot be considered as romising suggestion for the future. 
There remain, thei ee the two extremes with no tenable 
ground between th si» Their respective creeds reflect those of 
the correspondi CHies in mathematics. The disciples of 
Maupertuis w Navor the vision of mathematics as eternally 
existing and Ssary truth; their opponents would see mathe- 
matics onl: a humanly created language adapted to definite 
ends pres@vibed by human beings. It is a matter of individual 
Prefer which of these, if either, is considered the worthier. 
RY Functions as variables 
QO Problems of maxima and minima in the differential calculus 
eek those values of the independent variables for which a given 
function of them assumes a greatest or a least value. The varia- 
bles represent real numbers. ' 
In the calculus of variations it is required to determine 
one or more unknown functions so that a given definite integral 
involving those functions shall assume greatest or least values. 
The variables here are functions, As the simplest example, it 
is required to find the shortest arc joining two fixed points 
(1, 91), Ga, 2). All the infinity of arcs y = f(x), a1 $4 5% 


MECHANICS TO GENERALIZED VARIABLES 377 


joining the two points satisfy the end conditions 91 = f(x), 
y2 = f(a). The shortest will be that one (or those, should 
there be several) of this infinity which makes f£ = 1 + 9"dx, 
where y’ denotes dy/dx, a minimum. 

The solution here is intuitively evident, and therefore open 
to suspicion. It is also ‘obvious’ that the plane closed arc of 
given length enclosing the maximum area is a circle; and like- 
wise for a sphere as the surface of given area enclosing the 
maximum volume. But ‘obvious’ as the last two theorems are<\ 
the Greek geometers” attempted to prove them by eleme: ~ 
geometry. Discounting the legend of Queen Dido and herd 
hide, we have in the first of these isoperimetric problems the 
ancients the earliest concerning maxima and mi that 
have been rigorously solved only by the calculus tions. 
Solutions were delayed till the second half RS nineteenth 
century, 

The simplest mechanical problems of ee eventeenth and 
eighteenth centuries involving mini ch as that of the 
brachistochrone,! transcend euition SY are still within range 
of ingenious geometry. John Berndulli in 1697 solved the 
brachistochrone problem elega y special devices, using 
nothing more advanced than tegration. His brother James 
far surpassed him in the sai year with an inelegant but more 
general method of Pane io aang to a wide class of problems. 
James Bernoulli’s!® signalmerit was his recognition that the 
problem of sm a an infinity of curves one having a 


given maximum inimum property was of a novel genus, 
not amenable e differential calculus and demanding the 
invention o: wew methods. This was the mathematical origin 
of the calc of variations. v3) 

The development of the subject is detailed and intricate, 
especial? in the recent period; and we can give only the briefest 
sumiygry sufficient to indicate the part played by the calculus 
of variations in the development of modern analysis. Intrin- 
Sically more difficult than some of the other major divisions 
of analysis, such as the classical theory of functions, the cal- 
culus of variations has attracted relatively fewer specialists. 
But those who have made it their chief concern seem to have 
been embarrassingly prolific. i 

For our purposes here, the points of greatest interest are 
the early emergence of the new calculus as an independent 
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department of analysis concerned only incidentally with the 
mechanical and geometrical problems in which it originated, 
and the progression toward a theory of functions of a non. 
denumerable infinity of variables. The calculus of variations 
itself is not concerned with the last; but the minimizing arcs 
of the theory suggest an infinity of variables in two respects, 
An extremal (a minimizing or maximizing arc) subject to given 
end conditions is one of an infinity of variable ares; the are 
itself is an infinite set of points. These hints appear to have been 
partly responsible for the theory of functions of lines (‘func- 
tionals’) and the geometry of spaces of an infinity mensions. 

There were roughly six stages in the develogiment. The first 
extended from the last decade of the seventgenth century to 
about 1749, and is typified by the work ofthe’ Bernoullis. The 
second opened in 1736 with court} ifferential equation 
giving a necessary condition for a izing curve. In 1744 
Euler gave a systematic expositio s method, with needed 
revisions. 

Abandoning Euler’s senfifebmetrica attack, Lagrange 
(1762, 1770) passed to the third’ stage with an analytic method 
which furnished the diffef@ntial equations of the minimizing 
curves. He introduced ariational operator 6 and developed 
its algorithm, greatly mplifying and extending most of the 
work of his predece§sors. With Lagrange, the calculus of varia- 
tions become onomous division of analysis. 

The four age, 1786-1837, began with Legendre, who 
investigate: second variation of an integral to find criteria 
shing between maxima and minima. This was 

‘o the use of the second derivative for the like purpose 
ems of maxima and minima solvable by the differential 
ae us. Legendre’s criteria were inconclusive; Jacobi (1837) 


€ a critical evaluation of Legendre’s analysis, discussing 
.®) hen it would lead to the desired end and when it would not. 
Jacobi was thus led to his geometrical interpretation of his 
own criterion in terms of the conjugate point!® which he defined. 
For about forty years—a Jong time in modern mathematics— 
after Jacobi’s advance, there was no significant progress. But 
analysis in the meantime was undergoing a basic revision. 
Weierstrass, “the father of modern analysis,” was transforming 
the mathematics of continuity into a rigid logical system bearing 
but little resemblance to the intuitive analysis of most of his 
predecessors, His lectures" of 1879 at the University of Berlin 
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on the calculus of variations mark the beginning of the fifth 
stage. With almost Gaussian indifference to fame, Weierstrass 
contented himself with lecturing on his revision of the theory; 
and although his work was not printed in his lifetime, it pro- 
foundly influenced the entire future development through the 
tesearch and teaching of his students, Of the latter, one in 
particular may be mentioned here, O. Bolza (1857-1942, Ger- 
man) whose lectures over several years at the University of 
Chicago were responsible for the highly productive Ameri 

school in the modern calculus of variations. Bolza attented 


Weierstrass’ lectures of 1879. < 
In addition to rigorizing the entire subject a &D existed 
in his time, Weierstrass made extensive additio his own, 


To him are due a new sufficiency condition an: fhe first accept- 
able sufficiency proofs, for which he inyi his fields of 
extremals. For the geometrical interpre! m of his analysis 
he used the parametric equations of cufves, with a consequent 
gain in generality. This step may ha: been suggested by the like 
in differential geometry, which had)been current since Gauss 
(1827) made extensive use of itdn\his study of surfaces. It goes 
back even farther, to Lagrahge’s generalized coordinates in 
dynamics as functions of time; but Weierstrass was the 
first to apply it to the lus of variations. 
The Weierstrassiau“period lasted into the twentieth century. 
Its standards of gb persisted as problems of increasing gen- 
erality were att: by modern analysis. There were notable 
applications te@Hfferential geometry in the 1890's, as in the 
work of G. Baroows on geodesics, later generalized by several 
other m he sixth stage dates from 1899-1900, beginning 
with rt’s proof of his differentiability condition for a 
minintizing arc, assuring in many problems the existence of an 
rn ee and his exploitation of the invariant integral since 
ed after him, Finally, in 1921-3, L. Tonelli, (1885~, Italian) 
ding from Hilbert’s work to a 
xistence theorems, of the 


Opened a new chapter, procec 
Tevision, concerned principally with ¢ 
entire calculus of variations. 

The individuals whose names have been me 
of course, the only men whose labors have create: 
Variations; nor are the few advances noted an adequate measure 
of the rich complexity of this subtle division of analysis. Scores 
of men have contributed hundreds of theorems, until here as 
elsewhere in modern mathematics what was a narrow specialty 


ntioned are not, 
d the calculus of 
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in the early nineteenth century began in the twentieth to split 
into still narrower specialties, each with its assiduous corps of 
cultivators. Only an expert who has devoted his working life 
to the subject can take in the whole of it or estimate the vitality 
of its several subdivisions. The same is true for any major 
department of modern mathematics; and it may be taken for 
granted that any short report on a particular topic can indicate 
only a few of the salient characteristics, 

The same general features as in the rest of recent~mathe- 
matics stand out in the development of the calculus ‘of varia- 
tions, with one possible difference: some of the difficult 
problems appeared early and were partly solved by ingenious 
men who could not possibly have realized how Jrard the problems 
were. Otherwise the progress from special,@ydblems to others 
more inclusive or less restricted follo’ e familiar pattern 
of generalization with increasing rigatInstead of problems 
concerning arcs with fixed end-poi roblems with variable 
end-points were considered, the ata being James Bernoulli’s 
(1697) of the curve of quickesptescent under gravity from a 
fixed point to a fixed verticak&traight line, a problem with one 
variable end-point. Gene: ation in another direction pro- 
ceeded by modification e integrand in the definite integral 
to be minimized. A third type of generalization combined the 
first two, superi ing generalized end-conditions on the 
function to be imized. A far-reaching generalization of 
this kind was SSolza’s of 1913, which included several famous 
problems ecial cases, among them Lagrange’s of 1770 
and A. M. s of 1878. Since about 1920 the greatest activity 
in thi ction has been in the United States; indeed, shortly 
after, the calculus of variations became a favorite field of 
reséarch with American mathematicians, of whom G. A. Bliss 

6-) and his numerous pupils, and M. Morse (1892-) were 
rticularly active. 

Although we cannot discuss special problems, one may be 
mentioned for its historic interest. J. Plateau’s (1801-1883, 
Belgian) problem (1873), first proposed by Lagrange, to deter- 
mine the surface of least area with a given boundary is solved 
physically by the soap film which spans a wire model of the 
boundary. A complete mathematical solution was given only in 
1931 by J. Douglas (1897-, U.S.A). 

In the calculus of variations we have seen the first extensively 
developed department of analysis in which functions of variables 
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other than those discussed in the ordinary calculus are con- 
sidered. This long step forward was to prove of more than Socal 
significance. Much of the analysis of the twentieth century is 
concerned with functions of generalized variables, and with the 
corresponding abstract spaces created to provide the appro- 
priate geometrical description of the analysis. Looking back 
on the analysis of the eighteenth and nineteenth centuries, 
we observe many trends toward what has been called general 
analysis. Enough of these generalizations to indicate the develop- 
ment of some kind of general analysis, and the need for it, wilh 
be described in later chapters. ¥ 


CHAPTER 18 


From Applications to 


Abstractions ¢ 


In the progression toward general ies of analysis, the 
special functions devised in the eight and early nineteenth 
centuries for the solution of edge in dynamical astronomy 


and mathematical physics playe lominant part in determin- 
ing the course of modern an From the historical record, 
it seems incredible that som: e special functions, for example 
those of Bessel and E. jeu (1835-1890, French), would 
ever have seriously e! d the attention of mathematicians 


had it not been for akg itial impulse from science, But not all 
of the most extensitély investigated functions can be credited 
exclusively to i ific necessity. Thus the multiply periodic 
functions developed inevitably from the straightforward evolu- 
tion of the fhfegral calculus. A few typical cases! will suffice to 
illustrate {Re general trends. 


~ A central problem of applied mathematics 


the hardest thing in any applied mathematics is to strip 4 
<efientii or technological problem of enough details, and no 
‘ore, to bring it within the capabilities of skilled mathematicians 
and still preserve sufficient of the actual problem to make 
the solution not utterly irrelevant for practical applications. 
Observation presents us with no motion immune to friction, 
and no incompressible fluid; yet the classical hydrodynamics* 
of incompressible fluids without viscosity has had many applica- 
tions. The all-important problem of deciding what concepts 
are to be made central in the mathematical description of natural 
phenomena is of a like character, and requires the same rare 
382 
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combination of scientific insight and mathematical tact for its 
successful solution. Velocity in kinematics, entropy in thermo- 
dynamics, also force, action, and energy in dynamics illustrate 
the point. A more recent instance is correlation in the statistical 
method. 

The great mathematicians of the eighteenth century ex- 
celled in this most difficult field. The distinction between pure 
and applicd mathematicians did not exist, nor was it necessary, 
when the Bernoullis, Euler, d’Alembert, Clairaut, Laplace, 
Legendre, and Monge were at their best. It was largely due Ae 
their colossal output of both pure and applied mathematic t 
it became humanly impossible by the middle of the nin Ni 
century for a man to attain the first rank as a scientigtgnd asa 
mathematician, . ~ 

As we look back on all this seething actiy itty. e observe 
the hesitant beginnings of theories which wer! Seroscupy thou- 
sands of industrious mathematicians from arly nineteenth 
century to well within the twentieth. i ving one of these 
along the clue provided by the Be: unctions, which are 
among the most useful functions inymtdthematical physics, we 
shall be led to a central proble: Applied mathematics. This 
problem generated numerous ‘al functions; and from these 
in turn some of the major vations of modern mathematical 
analysis evolved. 

Investigating the oseiilations of heavy chains, Daniel Ber- 
noulli® (1700-1782 Sis) in 1732 encountered the function 
later called a Bess efficient of order zero, Bessel coefficients 
of order had ap ‘ed earlier in a problem of James Bernoulli’s* 
(1654-1705), Vibrations of a stretched membrane led Euler’ 
in 1764 to general Bessel coefficients, and seven years later 
Lagrange éatountered the same functions in elliptic motion. In 
1824, athematical astronomer F. W. Bessel (1784-1846, 
Ge » needing these functions in his investigation of a 
perttrbative function in dynamical astronomy, developed sev- 
eral of their more useful properties. Thereafter, the Bessel 
coefficients and their immediate extensions, the Bessel functions, 
appeared in physical science almost as frequently as the circular 
functions, and chicfly for the reasons indicated next. What 
follows is relevant for our entire subsequent discussion of the 
influence of the physical sciences on mathematics. 

The advantages of special coordinate systems adapted to 
Specific problems were familiar to geometers before a similar 
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specialization in applied mathematics was recognized as an 
ultimate source of the indispensable special functions, such as 
Bessel’s, of astronomy and physics. In discussing physical 
situations involving symmetry about a straight line, for example, 
it is convenient, indeed almost mandatory, to use cylindrical 
coordinates (r, }, %), just as it is to use spherical coordinates 
(r, 6, g) where there is symmetry about a point. When Laplace’s 
equation’ V’z = 0 is transformed from rectangular to cylindrical 
coordinates the variables are separable, and Bessel’s differential 
equation drops out as that which r must satisfy. Phe same 
equation appears similarly in the transformation ,tOspherical 
coordinates of the equation’ «Vv = 42/82, to whi¢h)Wourier was 
led in his analysis of heat conduction. A typical problem of 
great generality connected with this equation may serve to 


illustrate the central problem of applic ‘athematics which 
we have in view, that of boundary- s, in which special 
functions, such as Bessel’s, are only s of calculation. 

The typical problem is to find ution of Fourier’s equa- 


tion subject to the following co ions. At each point (x, y, 2) 
of the interior of a homogeneous }sotropic solid, the temperature 
2. (satisfying the equation © be a continuous function of 
x, y, 2, ¢, having continu rst and second partial derivatives 
with respect to x, y, 2, a having 80/82 continuous. The tem- 
perature 9 througho ¢ body at the initial time ¢ = 0 is to be 
given by » = fee) ), where f is an arbitrary continuous 
function; and Solution 2, obtained as a function of x, y, % f 
must be suc t its limit as ¢ approaches zero is f(x, y, 2). It 
may be as ed that if two bodies of different conductivities 
are separated by a common boundary, the temperatures of the 
bodies ADany point of the boundary are the same.* The problem 
i modified to take account of radiation into a surrounding 
phere: the loss of heat per unit area of the boundary is to be 
portional to the difference in temperature between the surface 
nd the atmosphere, in accordance with an empirically estab- 
lished law of cooling. Finally, the temperature at any point 
(, 9, 2) of the boundary at time t may be prescribed as a given 
continuous function F(x, ¥, %, #). The solution » of Fouriers 
equation satisfying these conditions is unique. Special problems 
of this type leading to Bessel functions are the flow of heat ina 
circular cylinder or in a sphere whose surface is maintained at 
zero temperature. 
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This typical problem is a specimen of boundary-value prob- 
lems, in which it is required to construct that solution of a given 
differential equation, ordinary or partial, that fits prescribed 
initial conditions. If properly posed, the problem has a unique 
solution; but, as will appear, it is not always obvious that all 
the conditions of a given situation have been included in the 
mathematical formulation, or that, if included, they are analyti- 
cally compatible. The theory of such problems is coextensive 
with a vast tract of mathematical physics, and has given risen 
to equally extensive tracts of pure mathematics connected, if ats 
all, only remotely with practical or scientific applications. Y 

Many of the classical boundary-value problems in He- 
matical physics lead to analogues of Fourier’s project phcspand- 
ing an ‘arbitrary’ function f(*) in a trigonometric «eve in the 


5 \S 
sinterval —m tom, say f(x) = 40+ DY (an cA b, sin nx), 
n=l 


where the coefficients a, dp, dy are to termined. Under 
certain restrictions, the coefficients ar) m by 


Tam = f fy) cos mye, 
mn = f" $0) ig dy, (m= 0). 


The point to be noted herg@ that f(x) is expanded in terms of 
the solutions cos mx, ne ‘of the ordinary differential equation 
du /dxt + mu = 0. : 

A central probl. pot mathematical physics is a generaliza- 
tion of this: it i Seéfuired to expand a suitably restricted func- 


tion f(x) in etre of the form co + x CnOa(x), where the 


function: *) are solutions of a given ordinary Sinear differ- 
ential ‘tion. The possibility of the expansion being assumed, 
thegibiem amounts to calculating the coefficients co, ¢1, ¢s 
«+. The conditions under which the series converges must 
then be determined, if the expansion is to be usable. 

Tt seems conservative to say that the majority of those 


special functions which have been most exhaustively investigated 
Since the early eighteenth century entered mathematics in this 
f astronomy and physics. 


way through the differential equations ©! : 
Although anti of them, like the Bessel coefficients, appt 
first in a rather haphazard manner in mechanical problems 0! 
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the early eighteenth century, their wider significance began to 
emerge only with the problem of separation of variables in the 
partial differential equations of potential theory and other 
departments of mathematical physics. This led directly to the 
expansion problem just described, and to the modern theory 
of boundary-value problems which furnishes the desired coefii- 
cients and justifies the expansions. This phase of the general 
development of analysis will recur frequently as we proceed, 

Once the special functions had fulfilled the more i diate 
scientific purposes for which they had been invente. y were 
exploited by numerous analysts whose interests 4 purely 
mathematical. Scientific applications were no’ as remotely 
envisaged in the continually refined gene: acon of the 
analysis that had sufficed for physical ems. From one 
point of view, this rapid transition from mediately applica- 
ble to the abstract with no applica in sight seems only 
natural and typical of the general gress of mathematics. 
Admitting that the development igtypical, we may nevertheless 
question its curiously fortuitous @b¥racter. The Bessel functions 
may serve once more as an illu§tration. 

It has often been said analysts with a taste for elegance 
that no mathematician ‘0 his own devices would ever have 
dreamed of inventing ing so uncouth mathematically as the 
Bessel, functions; 0; oy chance he had imagined such things 
in a nightmare, ad route have done his utmost to forget them 
on coming to his’ senses. Such elegancies as these functions 
may exhibi diythe refinements of twentieth-century analysis, 
as in the thepry of various transforms or in applications to the 
theory mbers, were unimaginable to the eighteenth-century 
math; cians, whose motives in investigating special cases 
of the functions were wholly scientific or practical. Whether 
gefhed by infinite series or by a differential equation, there 

8 nothing about the Bessel coefficients as first presented to 
Suggest that they and their generalizations might repay ¢x- 
haustive investigation on their own account, 

The like holds for many of the other special functions con- 
ceived in science and born into technology, for example the 
Mathieu® functions, introduced (1868) to analyze the vibra- 
tions of an elliptic membrane. All the intricate analysis that 
developed from these scientific origins seems strangely parasitic 
and accidental to those who believe that mathematics evolves 
in response to the dictates of an indwelling and eternal necessity. 
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To these, some of the most highly prized acquisitions of modern 
mathematics are mere by-products of chance. There is, they 
maintain, neither reason nor necessity in the selection of what 
particular things are to be developed; and almost any choice 
other than that actually made would produce results equally 
pleasing to a mathematician. So say the practical realists, who 
also occasionally take mathematicians to task for fleeing to 
abstractions when seemingly more fertile fields await cultivation. 
Against this opinion, it is contended that mathematici 
as a class prefer the problems of pure mathematics to thos®of 
applied because to do so is merely to follow the line © ast 
resistance. Centuries of trial and error have showr in what 
directions advances may be anticipated for a mode expendi- 
ture of thought; and the same process of elimi as simul- 
taneously suggested the means of progre: is appears to 
be the basic reason for the phenomenal popularity of abstract 
algebra, abstract spaces, and general pais in the twentieth 
century. Of the endless variations\implicit in the syntax of 
mathematics at any stage of its dévelopment, those following 
most closely what has a explicated are usually 
selected for further elaborati ‘e shall see a striking and 
historically important instance of this presently, when we 
consider elliptic functionge 


Mat ones and scientific intuition 

It is ‘intuitively evident’ that electricity applied to a 
bounded conduggor will reach a definite and unique distribution 
when the co tor is fully charged and no more electricity flows 
onto it, jit is not evident mathematically. Intuition in 
mathemati frequently acts as a decoy to credulity. It was so 
in thi lution of the calculus, and it is so here. The physically 
Pon assertion about the conductor may in fact conceal an 

fadicable incompatibility. It may be too sweeping 2 generali- 
zation from crude observations. 

The difficulties begin when intuitive notions of a boundary 
are made precise. Are Peano’s area-filling curves, for example, 
to be admitted as boundaries? When these and similar conditions 
have been agreed upon, intuition has departed. Let intuition 
State offhand what will be the distribution of electricity on 
4 one-sided conductor, or on a body like a cactus. pad with 
Spines tapering off exponentially to infinity. But, it may be 
legitimately objected, neither of these abnormalities ever ap- 
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pears in nature or technology. Granting this, we are left with 
the severely practical problems of deciding which conductors sub- 
mit to mathematical analysis and of excluding from our calcula- 
tions those that do not. Until these are solved with moderate 
completeness, our electrostatics will be applicable only ‘in gen- 
eral,’ That is, it will supply only dubious information, 

A famous crux of mathematical physics shows just how 
deceptive intuition unrestrained by reason can be. As this— 
Dirichlet’s principle—was of the first importance in thevevolu- 
tion of analysis in the nineteenth century, we shall déstribe it 
in some detail. < 

By a semiphysical argument, Gauss in 1840, Pes W. Thom- 
son (Lord Kelvin, 1824-1907, Scotch) in 18 GA sing the cal- 
culus of variations, believed they had establigfted the existence 
of a continuous solution V of Laplace’s equation having assigned 
values on any given closed surface snd aibinising the integral!™ 


SITE + CST) ra 


the integration extending brSdghout the volume enclosed by the 
surface. It is intuitive ident from the physical situation 
of which this is the m, matical abstraction that the required 
P exists. Followin mann (1851), we therefore assert that 
the mathematicaké tence of V is assured by that of the physical 
problem, aor this Dirichlet’s principle, although Dirichlet 


himself w. so rash as to state it. Dirichlet did, however, 
follow (18 auss and Thomson in assuming the existence of a 
minimizing’ V, a much milder assumption than Riemann’s that, 
becayge problem seems to make sensible physics, it must have 
a mathematical solution. . 
nfortunately for intuition, the principle in either form is 
ike. Weierstrass in 1870 proved that the required minimum 
value of V is not attainable within the domain of continuous 
functions. What seemed intuitively to be a meaningful problem 
was thus shown to be a disguised incompatibility, The like 
holds for the corresponding principle in two dimensions instead 
of three. 

The principle being fallacious, what is called Dirichlet’s 
problem supplanted it: to find a function V(x, y, z) which, to- 
gether with its first and second partial derivatives with respect 
to «, y, x, shall be uniform (single valued) and continuous 
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throughout a given closed region R, and which shall take pre- 
assigned values on the boundary of R. 

Dirichlet’s principle was responsible for a vast amount of 
pure mathematics after Riemann’s appeal to it in the two- 
dimensional case in his theory (1851) of functions of a complex 
variable (to be described in a later chapter), As this theory 
was one of the most extensively cultivated fields of analysis 
in the latter half of the nineteenth century, it became important 
to determine restrictions under which Dirichlet’s problem es 
solvable. The outcome was a large division of the modern the 
of the potential. < 
A list of the developers of this highly specialized@topic 
reads like a directory of the leading analysts from¢Ri¢mann 
(1826-1866) to Poincaré (1854-1912), and down to, the present. 
For a critical account to 1929, we must refer els ere? because, 
after all, potential theory is but one Sepansg of dozens in. 
modern analysis, and we can attend here onbpto general move- 
ments. Our present interest in the subjeetNs incidental: it is a 
typical example of the physical origi much pure analysis, 
and of the necessity for more than agute physical intuition in the 
correct formulation and solutions f important problems in 
applied mathematics. 

We note briefly the at c and historical origins of the 


theory. Discussing New’ n gravitation, Lagrange in 1773 
(and 1777) observed a the components of attraction at a 
given point in space e to a distribution of mass-particles, 
are obtainable as, the ’space-derivatives of a certain function of 
the positions o particles. Thus Lagrange invented what is 
now called thepotential V for a Newtonian gravitational field 
due to a diseréte distribution of mass-particles. Laplace (1782) 
showed that for a point in empty space the potential V due to 
a Co Sppous distribution of matter satisfies V?7 = 0; and 
Ss. ‘oisson (1781-1840, French) derived (1813) the cor- 
tesponding equation V?V = —4zp for points within the attract- 
ing mass, the density p at an interior point being given as 2 
function of the coordinates. 

The next long step forward was taken in 1828 by G. Green 
(1793-1841, English), in his fundamental Essay on the applica- 
hon of mathematical analysis to the theories of electricity and 
magnetism, This contained the extremely useful result known 
as Green’s theorem for the reduction of certain volume integrals 
to surface integrals, 
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It may be noted in passing that Stokes’ (actually Kelvin’s) 
companion “platitude of mathematical analysis” for the 
reduction of certain surface integrals to line integrals, which 
also is of constant use in mathematical physics, made its first 
public appearance as a problem in a Cambridge examination 
paper of 1854. Whether any of the examinees solved the problem 
appears not to be known. But it seems likely that if anyone 
did turn in a solution acceptable to Stokes, he could not satisfy 
a modern examiner! with the same solution. Like Dirithlet’s 
problem, Stokes’ theorem, its proof, and its generaliz Ss have 
developed into a thriving industry of modern analysis~A concise 
report of what has been done on this detail alon uld occupy 
a chapter, cy 

Enough has been said to indicate the stri€dly physical origin 
of potential theory, in which Dirichlev’& problem is only an 
incident, although one of the first impatance. It may be re- 
marked, however, that in the inter Of historical justice La- 
place’s prolific equation should b med after Lagrange, who 
used the equation as carly as 17 is work on hydrodynamics. 

The partial rehabilitatio: NDirichlet’s discredited principle 
dates from 1899, when ert proved that under suitable 
restrictions on the regi n which V is defined, on V itself, 
and on the values assi by V at the boundary of the region, 
Dirichlet’s problemgi\tigorously solvable. But it is no longer 
intuitive in an se. The unique historical importance of 
Dirichlet’s pro is that it was the first in potential theory 
to raise the @@bstion of existence, 

O 


a Double periodicity 


Webass on to the origins of one of the most extensive depart 
m of nineteenth century analysis, in which practical utility 
ly gave way to purely mathematical interest. The history 
multiple periodicity is a perfect foil to that of the extremely 
useful Bessel functions. ‘ 
The knowledge that many natural phenomena are periodic in 
time, or approximately so, is probably as old as the emergence of 
the human race from bratehood. Day and night, the recur- 
rence of the seasons, the waxing and waning of the moon, 
the physiology of the human body, and many other unescap- 
able facts of daily life must sooner or later have forced the 
existence of natural periodicity on even the most rudimentary 
intelligence, 
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Philosophical extrapolations of single periodicity preceded 
mathematical formulations by thousands of years. Long before 
Greece was civilized, the sublimely imbecilic vision of Plato’s 
Great Year, revived in Friedrich Nietzsche’s (1844-1900, 
German) insane dream of an Eternal Recurrence, had evolved 
from such banal phenomena as the periodicity of the seasons. 
Fortunately for the sanity of mankind, poetic philosophers 
have yet to hear of elliptic functions, whose double periodicity 
leads at once to a two-dimensional Time. In this infinitely, 
ampler time, with its «©? eternity, history repeats itself indéfia 
nitely in the parallelograms of a skewed chessboard exte) 
to Infinity in all directions. But the ratio of two ioheas 
lozenge is real if, and only if, the sides are parallel, whén the 


ratio is Unity. Ny 
The mathematics (as opposed to the mysti f periodic~ 
ity originated in 1748 with Euler’s compietel: rect determi- 


nation of the values of the circular functions;whén the argument 
is increased by integer multiples of a halfferiod. Euler, inci- 
dentally, was the first to emancipapie circular functions 
from slavery to diagrams, and to consider them as numerical- 
valued functions of a numerical ble. The hyperbolic func~ 
tions, with one pure-imaginar iod, followed immediately as 
obvious consequences of Euler*séxponential forms of the circular 
functions, They are usual]; Qscribed to V. Riccati'® (1707-1775, 
Italian), about 1757; 4 ¥ simple theory was developed in 
detail by J. H. Lambett(1728-1777, German). 

None of this i ensable work suggested that more general 
functions havin, ‘o distinct periods, and including both the 
circular and th@iyperbolic functions as degenerate cases, might 
exist. Abel's discovery in 1825 of these doubly periodic, or 
elliptic, fwiwttions, as they are called, is one of the outstanding 
land n the history of analysis. The elliptic functions are 
of rst importance historically, not so much on their own 
accBunt as for what they instigated. Their singularly rich and 
symmetrical theory became an invaluable testing ground for 
the vastly more inclusive theory of functions of a complex 
variable and for its prolific offshoot, the theory of algebraic 
functions, These will be considered in a later chapter; for the 
Present we are interested in the genesis of elliptic functions. 


The unfortunate term ‘elliptic integral,’ for historical 
Fo)éz, 


Teasons only, designates any integral of the form Sree 
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in which R(z) is a polynomial of the third or fourth degree in x, 
and F(z) is rational in x. The rectification of the are of an 
ellipse leads to a special integral of this type; hence the name, 
Of mechanical problems leading to elliptic integrals, the most 
elementary is that of finding the duration of one complete 
oscillation of a simple pendulum. 

The early work on elliptic integrals has long been of only 
antiquarian interest. A small sample will suffice to indicate 
its quality. Being unable to evaluate a special elliptic¢integral 
appearing in a problem of elasticity (noted in a lat apter), 
James Bernoulli in 1694 expressed his conviction wed the inte- 
gration was impossible by means of clementary<finctions. He 
was right; but a proof of the impossibility lay\far beyond his 
resources. Maclaurin (1724) translated Ber li’s problem into 


a geometrical construction, which woul e been an advance 
had he shown what means were ne ry and sufficient to 
carry it out, 

The first work to transcen obvious was that of the 


Conti di Fagnano (1682-1766, ‘alian), who in 1716 proved 
that two arcs of any given sellipse may be determined in an 
infinity of ways so that th ifference is a segment of a straight 
line. The significance Qfsthis is that Fagnano’s methods are 
suggestive of those used by Euler" in his proof (1761) of the 
addition theorem elliptic integrals. But Fagnano’s most 
remarkable achign ent was his discovery that a quadrant of a 
lemniscate ca: Pbe ‘divided into » equal parts by a Euclidean con- 
struction, b: is an integer of the form 2h, h = 2, 3, 5. 
<8 


As thyg3tated, the last may give Fagnano slightly more than 
his dues he had the substance of it. The next published hint 
of a eral theory behind such constructions occurs in the 


Diggnisitiones arithmeticae (1801, p. 593, Art. 335), where Gauss 
arks that his theory of cyclotomy “can be applied to many 
er transcendental functions [beyond the circular], for example 


to those which depend on the integral f vo This 


1—x* 
particular elliptic integral was one of those discussed by Fagnano 
in the work just cited; its inversion leads to the special case 
of elliptic functions sometimes called lemniscatic functions. 
It would be interesting to know whether Gauss was inspired by 
Fagnano’s work; Euler frequently expressed his admiration for 
nee his most sagacious predecessor in elliptic integrals had 

lone. 
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Another early hint of greater things to come appeared” in 
1771, in the discovery with which J. Landen (1719-1790, 
English) succeeded in astonishing himself: “Thus beyond my 
expectation, I find that the hyperbola may in general be rectified 
by means of two ellipses.” Landen’s ingenious analytic reformu- 
lation (1775) of his geometrical theorem is recast today in the 
transformation of the second order (more generally, of order 
2", n an integer) in elliptic functions, 

But all of this early work, including much by d’Alember 
was haphazard in comparison with Euler’s systematic attatk 
on elliptic integrals and their geometrical applications, Bm- 
bedded in an enormous mass of hideous formulas and intricate 
calculations, two items in Euler’s contribution outraak’all the 
rest in historical significance. The first was the addition theorem 
(1761) for elliptic integrals, rated by Euler’ ttemporaries 
and immediate successors as the most ema ot de force 
of manipulative skill in eighteenth-centu ysis. 

Euler’s second major contribution far greater impor- 
tance both historically and matory as by an almost 


ludicrous mischance of fate it cs cted progress for all of 


forty years after his death in In the introduction to a 
memoir” of 1764, Euler advogated the incorporation of elliptic 
arcs into analysis on a pari ith logarithms and circular arcs. 
(Note the italicized word Abandoning the fruitless efforts of 
his predecessors and Atemporaries to integrate elliptic differ- 
entials in finite terms by means of functions then known, Euler 
boldly proposed Lael integrals be recognized as primitive 
new transcend to be investigated on their own merits. 
If this is not“@phat he meant, he proceeded in all of his own 
analysis sei were. So great was the momentum of Euler’s 
algoristicVhgenuity that before he could realize his initial 
mis ys was carried completely out of sight of the right 
tuffitg which he had missed. That he, of all mathematicians, 
showld have gone astray in this particular matter is one of those 
mysteries in the evolution of mathematics that pass all under- 
standing. The master who had initiated the modern theory of the 
Circular functions failed to observe the greater opportunity 
which his Providence kept crowding on him and which, had he 
given it even a casual glance, must have appeared to a mathe- 
Matician of his particular quality as the most natural thing in 
the world. Instead of considering elliptic ares as the basic new 
transcendents, and thereby endowing an already overburdened 
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integral calculus with a new wealth of uncouth formulas, Euler 
might easily have followed the simple lead of trigonometry. His 
oversight in adopting the elliptic integrals instead of their 
corresponding inverse functions as the data of his problem led 
him into a morass of tangled algebra, precisely as if he had at- 
tempted to develop trigonometry by an exclusive use of the 
inverse circular functions—his ‘circular arcs’—sin7! x, cos7} 4, 
tan“ x, etc. The far greater complexity of the theory of elliptic 
over circular arcs bogged him deeper at cach step. 

Realizing that Euler’s heroic explorations in the ‘wlderness 
of elliptic integrals had not got the undauntable eer very 
far in spite of many treasures found along t we » A.M, 
Legendre (1752-1833, French), in 1786 suet on his own 
explorations. For nearly forty years bow’ lowed Euler’s 
trail, systematizing and civilizing as bey nt, It is at least 
conceivable that uncritical reverence fo. She works of his great 
predecessor was partly responsiblg\dor Legendre’s personal 
misadventure. < 

More systematic than Eulg{Qnd taking more time to his 
work, Legendre reduced his aha s of refractory material to as 
coherent a whole as seems¢to’be possible. To him are due the 
three standard forms of elliptic integrals to which any elliptic 
integral is reducible. Légendre’s integrals are of course not the 
only canonical forms<possible, and many others have been pro- 
posed; but Legedre’s retain their usefulness. Forty years 
of unremitti Rhee by a master could not fail to produce 
much of vais if only for its suggestiveness. In particular, 
Legendre’ rk on the algebraic transformation of elliptic 
integral ectly inspired Jacobi’s first notable success. . 

dre presented systematic accounts of his theory in 


a 7, in his Exercices de calcul intégral sur divers ordres de 


scendentes et sur les quadratures, amplified in 1825-32 in the 
9 ree volumes (with supplements), Traité des fonctions elliptiques 
et des intégrales eulériennes. The title of the second is responsible 
for a prevalent confusion in some historical accounts: Legendre’s 
personal work is concerned with elliptic integrals, not with 
elliptic functions. The distinction, which became of epochal sig- 
nificance in 1827 with the publication of Abel’s inversion of 
clliptic integrals, is comparable to that between night and day. 
Before Abel, nothing was publicly known of elliptic function’ 
as they did not exist outside the private papers of Gauss until 
Abel invented them. 
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In addition to providing invaluable hints to Abel and Jacobi 
for the theory of elliptic functions, Legendre’s treatises farnished 
Cauchy and others with numerous definite integrals, explicitly 
evaluated, on which to test the efficiency ot integration by 
Cauchy’s method of residues. The like holds for Legendre’s 
systematization of the beta and gamma functions as they 
existed in his day. But here again it must be remembered that 
Legendre’s analysis of 1827 became hopelessly archaic with the 
creation of modern methods by the great analysts of the nine 
teenth century, beginning with Cauchy in 1825. The contrast® 
between the old and the new is strikingly evident on com is 
Legendre’s discussion of the gamma function with that of 
Weierstrass in 1856, only twenty-three years after Légendre’s 
death, Pf) 

In taking leave of this fine mathematician eighteenth 
century, we may remember him as a man of highest char- 
acter, whose only ambition was the adv. ent of mathe- 
matics. If Legendre was so far outdist in his own lifetime 
by younger men—Gauss in arithmetic the method of least 
squares, Abel and Jacobi in ellipti¢functions—it was partly 
because his own labors had laid the necessary steppingstones, 
And although Legendre misj ‘Gauss and hated him with a 
venomous hatred, he was thevirst to welcome and publicize the 
works of Abel and Jaco) hich rendered obsolete his own 
efforts of forty years, veteran of seventy-odd not only 
showed himself inca; nS of jealousy for his vigorous young 
dvals in their ear nties, but took pains to understand their 
work and to exp it in an amplified edition of his own. Such 


opened the floodgates of nineteenth-century analysis, in 1827 
wit imple remark, “I propose to consider the inverse func- 
tions.” Instead of regarding the elliptic integral 


ze ax 
= (Sara 


4s the primary object of investigation in which a is considered 
as a function a(x) of x, Abel reversed the problem and regarded 
vasa function, which he denoted by $(@), of a. This inversion 
of the integral was the essential first step which Abel’s pred- 
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ecessors had overlooked. Its ‘naturalness’ after it had been 
taken was obvious from the analogy with (x properly restricted) 


pa [i _@ 
Qs 
Abel’s first capital discovery™ concerning the new functions was 
their double periodicity: (x + p1) = (x), (x + p.) = o(x), 
where $1, p2 are constants whose ratio is not a real number. Thus 
the elliptic function (x) is doubly periodic. “A 
Impressed by the great wealth of new idcas that entered 
mathematics as a direct consequence of Abel’s gabfe remark, 
Jacobi some years after Abel’s death charactéf%ed inversion 
as the secret of progress in mathematics: ee must always 
invert.” If science or mathematics present; ith an awkward 
situation in which y is given as a funy of x, say y = f(s), 
we should examine the inverse situatida)y = f—(y), as Abel did 
when he inverted elliptic inepraip and discovered that the 
inverse functions—the ellipticzdrt’ doubly periodic. Jacobi, 
who balanced his enthusiasm Seatneniaces with a sense of 
the ridiculous and who kepnn s tongue in his cheek when he 
pontificated, did not integ@his prescription to be gulped down 
as a panacea. He was f the least professorial of professors 
who ever lectured to.ait*advanced class. p 
Jacobi’s classi Lundamenta nova theoriae functionum ellipti- 
carum, poblshet i 1829, the year of Abel’s death, exploited 
the consequences of inversion and double periodicity, and made 
the new Susie easily accessible to the mathematical public. 
Even if, ais now generally conceded, Abel’s was the priority 
in the. {ao basic discoveries, Jacobi made the theory his own 
and xbaitributed enough to entitle him to rank with Abel as one 
ofits’ creators. 
On n awarding priority to Abel at the expense of Gauss, we 
+®) ave followed the modern custom of dating ownership from first 
publication. But with the printing of Gauss’ posthumous papers 
and the scientific diary which he kept as a young man, ple 
known that Gauss was in possession of the double periodicity 
of the lemniscatic function in 1797. Early in 1800 he had dis- 
covered the general doubly periodic functions, anticipating 
Abel by a quarter of a century. His posthumous papers also 
contain numerous formulas relating to the elliptic theta com 
stants, rediscovered and brilliantly applied by Jacobi. But 
Gauss, possibly for lack of an opportunity to develop an 


= sin? x, sin 8 = x. 
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systematize his discoveries, published nothing on elliptic func- 
tions. Nor did he make any public claim* to have anticipated 
Abel and Jacobi. In estimating the place of Gauss in mathe- 
matics, it is customary to credit him with what he actually did. 
Thus non-Euclidean geometry and elliptic functions are two 
of the items which have counted in ranking Gauss with 
Archimedes and Newton, although he published nothing on 
either. 

Elliptic functions have been given more. space than thee 
position relative to modern analysis might justify in a ge: 
account, because they clearly mark the beginning of = 
epoch and were responsible for several major activiti th 
algebra, arithmetic, and analysis of the nineteen 
Double periodicity not only opened up Pounele’ ew terri- 
tories; it also marked the definite end of a Ne ich had been 
followed since Euler’s creation of analytic trigdfometry. Jacobi 
proved (1834) that, if a single-valued funétion of one variable 
is doubly periodic, the ratio of the petifds cannot be a real 
number; and that single-valued functigys of one variable having 
more than two periods are impossible.” 

Further technicalities woul e us too far off the main 
toad. However, three details dfAbel’s and Jacobi’s early work 
were to prove so prolific ew mathematics all through the 
nineteenth century tha ey must be mentioned in passing. 
The first is Abel’s diséovery of complex multiplication, most 
conveniently descri in terms of the Weierstrassian elliptic 
function p(u), lao; @2), with periods 2ox, 2ws, arising from 
the inversion certain standard elliptic integral involving 
the square ‘ot’ of a polynomial of degree three, The choice of 
p(u) imp! iesso restriction. If is a rational integer, p(nu) is 
expressiljle‘as a tational function of p(u). Seeking all other n’s 
for h a similar theorem holds, Abel found the following 
un cted® result. If ¢ is a complex number such that p(culerr, 
4) is rationally expressible in terms of pluto, w2), p(w) is said 
to admit a complex multiplication by ¢. In order that such ac 
may exist, it is necessary and sufficient that wi/we be a root of 
an irreducible algebraic equation of the second degree with 
tational integer coefficients. This should be enough to suggest 
that the theory of complex multiplication js intimately connected 
with the arithmetic of binary quadratic forms.*4 The develop- 
ment of this hint occupied scores of algebraists, beginning with 
Kronecker (1857) and Hermite (1859). 


c 
ss e 
entury. 
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The second item is Jacobi’s representation of his doubly 
periodic functions as quotients of what are now called elliptic 
theta functions.* The thetas are not doubly periodic; one of 


acobi’s four is 3(x|7) = g™ cos 2nex, where g =e 
q , 


nate 
+ = wa/in, |g] <1. The others are obtainable from this by 
simple linear transformations on x, for example, 

O3(% + Hr) = da(xlr). AS 

As the values of x for which the thetas vanish are r diy deter- 
mined, the analytic character of the elliptic ff ns is put 
in evidence, and from this the Fourier expansiens’are obtained. 
The corresponding theta constants (x = 0) been investi- 
gated by Euler in the 1750’s and by Ga: bout 1800. But it 
was only when Jacobi discovered thei¢ ohnection with elliptic 
functions that their symmetrical theory emerged. Apart from 
their own extensive theory, the etic theta functions proved 
of great importance as clues t re general theta functions, 
These will be noted when we e to functions of a complex 
variable. ° 

The third advance 1 pened up another vast expanse of 
nineteenth-century analysis also originated with Abel and 
Jacobi. It is req to exhibit the connections (algebraic 
relations) betwee; ptic functions, or between theta functions, 
whose respecti airs of periods are obtained from one another 
by linear hoffegeneous transformations with rational integer 
Sa d non-vanishing determinant. This, the trans- 
orm eory, includes as special cases the problem of real 
multi tion, as for p(nw) noted above, and that of division of 
thi ee ods by a rational integer. As will appear later, a single 
dant of this theory, that of the elliptic modular functions, 

Seanad in the late nineteenth century into an independent 
branch of mathematics. Its connection with the general quintic 
was noted in an earlier chapter. As might be anticipated from 
its formulation, the general problem draws heavily for its 
modern solution on the theory of linear groups. 

Even these meager hints, displayed against a background of 
unprecedented activity in all departments of mathematics, 
should suffice to suggest the extent and intricacy of the theories 
that evolved from Abel’s discovery of double periodicity- 
Each of half a dozen or more leaders elaborated the entire 
theory or some favored subdivision according to his person4l 
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conception of symmetry and grace. Fighty years of this rugged 
aestheticism endowed analysis with a welter of conflicting 
notations and trivial distinctions without much of a difference, 
through which even an expert picks his way with exasperation, 
Almost in spite of themselves, the leaders rapidly acquired hosts 
of partisan followers. Mathematicians of all capacities began 
swarming into the new territory within a decade of its discovery. 
Several were pupils of Jacobi, but others quickly found leaders 
with different ideals. <<“ 

The causes of this mass migration are not far to seek» 
Unlike the special functions devised primarily for the sol om 
of physical problems, such as the Bessel coefficients, t! €liiptic 
functions seemed to have been created to round out cogent 
the integral calculus as it had evolved since the d. ewton 
and Leibniz. With the applications to the theo: numbers by 
Kronecker and Hermite in the late 1850's, i med also as if 
Gauss must have elaborated his arithmeticaltheory of binary 
quadratic forms especially for these u en consequences of 
Abel’s and Jacobi’s early discoveries. Cotaprehensive syntheses 
to correlate these unexpected colgatdences were sought as the 
century aged, and were found ing alois theory of equations, 
the algebraic theory of fields, abi the arithmetic of quadratic 
number fields. 

Algebraic curves an Graces also absorbed enormous 
quantities of elliptic fuirictions. Applications to classical applied 
mathematics were a simultaneously, especially to rigid 
dynamics and Pp ohts in potential theory. But it must be 

_ admitted that of these practical applications have remained 
of greater ji st to pure mathematicians than to working 
scientists, rotation of a rigid body,” for example, yields 

legant exercises in the elliptic theta functions; but 


numerou, I 
few en fugers who must busy themselves with rotation have time 
for nt analysis. The like holds for the occurrence of elliptic 
functions in practical applications of conformal mapping. When 
faced with one of these enticing horrors, the experienced designer 
turns to his drafting board. Contrasted with the Bessel functions, 
the elliptic functions are incomparably more beautiful and less 
useful. Yet—or possibly on that account—they were preferred 
many to one by the leading mathematicians of the nineteenth 
century because, in a sense that any mathematician will un- 
derstand, they were closer to the ‘natural’ development of 
Mathematics. 


CHAPTER 19 


Differential and Difference 


Equations 
q Re 


mS 


\S 
Continuing with the mathemati Mirectly inspired by 
science, we shall indicate next fo the principal stages, 
not discussed in other connection, which differential equa- 


tions became a major discipli modern pure mathematics, 
In its later development, thi ee: episode is complementary 
to the evolution of the is theory of algebraic equations 
and the emergence of raic structure. Once more we shall 
see mere ingenuity being gradually displaced by coordinated 
attacks, and again weShall note the distinction between mathe- 
matics as practi in the recent period and nearly all that 
preceded the ni iSteenth century. . 
Discounae of ingenuity do not mean to disparage intuition 
and insig any assault on basically new problems, They 
merely €mphasize that the characteristic strategy of modern 
mat tics favors the mass attack, where feasible, rather than 
an mber of brilliantly executed raids. General methods, not 
i idual gains, are the order of the modern day in mathe- 
c®) atics. Ingenuity still has its function, even in a general offen- 
sive; but it is of a more comprehensive kind than any that 
sufficed in the past. The problems of modern mathematics are 
not isolated, and to overcome them coordinated efforts on 4 
wide front are increasingly necessary. 


Five stages 
The first stage in differential equations, opening with 
Leibniz in the 1690’s, closed about seventy years later. Roughly, 
what was accomplished in this period amounts to the first eight 
400 
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weeks’ work in the usual introductory college course. Remember- 
ing that mechanics, dynamical astronomy, and mathematical 
physics were intensively cultivated all through and after this 
period and that numerous problems of analysis originated thus, 
we must also bear in mind that there was no adequate discussion 
of differential equations before Cauchy in the 1820’s obtained 
the first existence theorems. This inaugurated the second stage. 
The third opened in the 1870’s-80’s with the application by 
M. S. Lie (1842-1899, Norwegian) of his theory of continuou: 

groups to differential equations, particularly those of Hamiltond 
Jacobi dynamics. The fourth stage, beginning in the 's 
with the work of E. Picard (1856-1941, French) develop - 
rally from the third. Here the aim was to construc! ar 
differential equations an analogue of the Galojyy 0: 


algebraic equations. <' 

Each stage after the first marked a defined and abrupt 
advance. The second paralleled the rigoriging of the calculus 
by Cauchy, and might have been anti rd from the general 
trend in analysis. The third, Lie’s, ev: retrospect, appears to 
have been unpredictable. Each of, periods has left a sub- 


stantial residue in living mat ics; the last three posed 
many problems which still e; e scores of specialists. What 
may be the beginning ofa h stage opened in the 1930's, 


paralleling the modern dévélopment of abstract algebra. We 
pass on to a brief indication of some of the outstanding acquisi- 
tions in each of thes Sees and the accompanying developments 
in finite differen Before the last three stages can be dis- 
cussed, the co of invariance must be described. This will 
be done in tahext chapter. 
& The reign of formalism 

B ft Newton and Leibniz in the seventeenth century solved 
ugg oninny differential equations of the first order. It 
seetfs to have been believed in this earliest stage that the fune- 
tions then known would suffice for the solution of the differential 
equations arising from problems of geometry and mechanics; 
and the aim was to find such explicit solutions, or to reduce the 
Solution to a finite number of quadratures. Even when a solution 
was exhibited as a quadrature, it does not seem to have Deen 
Suspected that the required integration might necessitate the 
invention of new transcendents. In fact, it was not until the 
1880’s—a stretch of two centuries—that definite knowledge 
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concerning the extreme rarity of differential equations integrable 
in this rudimentary sense was obtained, Very roughly, if a 
differential equation is written down at random, the odds against 
its being solvable in terms of known functions or their integrals 
are infinite. 

The first faint hint of generality was Newton’s (1671) clas. 
sification of ordinary differential equations of the first order 
into three types, and his method of solution by infinite series! 
The coefficients of the assumed power-series solution gere found 
as usual. There was no discussion of convergence. Without 
explicit statement of the assumption, it was a d that the 
existence of a physical problem guarantees the existence of a 
solution of the equivalent differential equ. ion. This seemingly 
reasonable supposition remained unquestiéned in applied mathe- 
matics from Newton to Riemann. 80 viciousness was first 
unmasked, as we saw in connection With Dirichlet’s principle, 
only in 1870. ey 

Another early forward step \wWas taken by Leibniz, who 
stumbled on the technique obparating variables. Nearly two 
centuries were to elapse before Lie’s theory showed when and 
why this familiar devi e\should succeed. Among other early 
advances, the homogeneous linear differential equation of the 
first order was reduced to quadratures by Leibniz (1692); and 
James Bernoulli ) solved the equation of the tautochrone 
by separatio: QfWariables. His brother John (1694) circum- 
vented dx/xpndt well understood at the time, by first applying 
an integ) factor. Incidentally, the discovery of integrating 
fect ged almost as troublesome as solving an equation. 
Ano int of more general tactics appeared in Leibniz’ (1696) 
she of the dependent variable. John Bernoulli also used this 


& e. By the end of the seventeenth century all the usual 
Si ementary and inadequate tricks for first-order equations were 
nown, 

In addition to problems of the differential calculus on tan- 
gents, normals, and curvature of the types common as exercises 
in textbooks, the calculus of variations also had stimulated ine 
genuity in solving differential equations. Thus James Bernoulli's 
(1696) isoperimetric Problem (noted in another connection) 
led to a differential equation of the third order which Joba 
reduced to one of the second, 

Before 1700, John also attacked the general linear homo- 
geneous differential equation with constant coefficients. To 
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dispose of this detail here, a complete discussion of such equa- 
tions was given in 1743 by Euler, who also (1741) devised the 
classical method for non-homogeneous linear equations, 

The name of Count Riccati? (1676-1754, Italian) is familiar 
to every student in a first course. What is usually called Riccati’s 
equation (1723) persistently defied solution in finite form. In 
accordance with the taste of the age, the ‘real’ problem was to 
impose sufficient restrictions on the variables to render the 
transformed equation finitely solvable by separation of variaz. 
bles, The Bernoullis claimed to have at Icast partial solutionay” 
and in 1725 Daniel noted that if m is of the form —4n/(2n =), 
where # is a positive integer, dy/dx + ay? = bx is sola in 
finite terms. By 1723 at latest, then, it was recognize 
an ordinary differential equation of the first or: 


necessarily have a solution finitely ase 8 terms of 


elementary functions. But anything approaching/a proof of the 
impossibility, in general, of such a solution ps ar in the future. 

Singular solutions were noted unexp. ly early, the first® 
instance being due to Taylor (of Tay$@R9 Series) in 1715. Clair- 
aut, whose name decorates a special type of equation in a first 
course, followed in 1734 with ler discussion of singular 
solutions, while Lagrange arly unsuccessfully attempted a 
general theory. Other notewotthy early contributions were 
Euler’s (1756, 1768), an gendre’s (1790), neither of con- 
Spicuous merit. This ,détail continued to interest analysts 
throughout the nineteenth century, a satisfactory treatment 
gradually emergi Grrough the labors of Boole (1859, 1865), G. 
Darboux (1870, ch), A. Cayley (1873, English), G. Chrystal 
(1896, Scotchypwnd many others. Perhaps the most important 
contributi. singular solutions to the general progress was 
their inti@ation that mathematicians had not grasped in the 
first staB® what was to be understood by ‘solution’ of an ordi- 


nach erential equation. 7 
. @ unsystematic beginnings of several other extensive 
divisions of ‘the modern theory can be traced to eighteenth- 
century attacks on problems in elementary infinitesimal geome- 
try, dynamics, mathematical physics, and celestial mechanics. 
he most influential for the future of analysis entered through 
Partial differential equations. As these will be considered in other 
connections, we continue with ordinary equations, noting only 
three of the more outstanding items as fair samples of the most 
Significant. 
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Prophetic of a deluge that was to come, Euler’s (1762) solu- 
tion by infinite series of a second-order equation substantially 
the same as Bessel’s almost reconciled the old masters to the 
introduction of new transcendents. Haphazard elementary 
devices began to give way to more systematic treatment in 
Euler’s invention (1739) of the method of variation of parame- 
ters,‘ elevated into a general procedure by Lagrange in 1774, 
The germ of the extensive modern theory of linear differential 
systems appears in d’Alembert’s work of 1748; while Lagrange 
(1762) introduced the fertile concept of the adjoint’egiation. 

The leaders in this period were Euler, Lagrangena Laplace, 
of whom Euler was the most inventive and Tapes the most 
mathematical, with Laplace occupying an ise ediate position, 
adapting the analysis of his contemporariés to his immediate 
needs in celestial mechanics, mathem: physics, and proba- 
bility. Laplace’s individual contributions were considerable, 
particularly to the development ecial functions arising in 
the boundary-value problems lewtonian potential theory. 
But the frequent awkwardn is analysis exemplifies the 
reverse of Einstein’s dictu@ that “elegance is for tailors.” 
Solvers of the universe, dfYeven of the relatively trivial solar 
system that absorbed BS major part of Laplace’s efforts, can 
get on well enough, if‘seems, without elegance or even common 
orderliness in thei calculations. Contrasted with Lagrange’s 
uniformly con general expositions, the analysis of his 
appears haphazard and opportunistic. It may 
‘ason that the analysis of Lagrange’s analytic 
mechani more vital in applied mathematics today than is 
rig hat his contemporaries created. It has been said that 

Qe 


Styl€4S the preservative of literature; and it is conceivable that a 
sligh egard for the elementary decencies of pure mathematics 
fx@ight go a long way toward retarding obsolescence in applicable 
Qranathematics. Lagrange’s consistent pursuit of generality is the 
clue to his mathematical survival, 


Difference equations 


The persistent scientific importance of differential equations 
may be credited to the mistaken assumption that “nature does 
not make jumps.” On this obsolete hypothesis, continuity i8 
the only permissible medium for constructing mathematica) 
models of the physical universe. All change is assumed to be 
continuous; ‘natural laws’ are expressible as equations between 
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rates of continuous change. Thus differential equations are the 
proper mathematics of physical science. But with the advent 
(1900) of quanta in radiation, and of genctics in biology, it was 
seen in the first decade of the twentieth century that not all 
natural phenomena are conveniently described in terms of con- 
tinuity. The old Greek conflict between the continuous and the 
discrete broke out anew, the extremists of one faction contend- 
ing that continuity in nature is an illusion, and that differential 
equations were about to be wiped from the slate to make way, 
for equations in finite differences. Should an advancing science > 
ever urgently demand an analysis of difference equati aS 
mathematicians will have their work laid out for a hundr ars 
or more. Such equations so far appear to be intrinsi¢2 less 
tractable than differential equations. < 
The differential and integral calculuses, 9 their cor~ 
responding differential, integral, integro-diffe, al, and func- 
tional equations, have provided science wi able methods of 
acile technique of 
8 still furnishes the 


calculation because they are based on. 
limits. The resulting continuous anal 

easiest means of approximating to, ‘ct numerical measures, 
even when the phenomena under investigation are known to vary 
discontinuously, This is the , for instance, in statistical 
mechanics where, if veigbees exact numerical results were 


sought, they would have t calculated by strict combinatorial 
analysis in which continuity is meaningless. Such calculations 
are at present wholly Beyond human capacity when the numbers 
involved are of th@erder of magnitude believed to obtain in 


science. It is th e necessary to compromise by adapting the 
analysis of finitédifferences—discontinuous, stepwise change— 
to that of inuity. 


In partic lar, solutions of difference equations are obtained 
by iis of the theory of analytic functions of a complex 
variable. The outcome is a region of analysis which attracts a 
few hardy compromisers, but which the majority of mathe- 
maticians seem to find singularly repulsive. ‘The functions pro- 
duced exist and do indeed satisfy the equations. But if this 
awkward forcing of the round pegs of classical continuous analy- 
sis into the square holes of essentially discrete patterns is the 
best mathematics can do, then something less cumbersome and 
closer to an intelligible language than mathematics in this 
instance has proved itself will likely be sought by our successors. 
There may be a limit to the scientific utility of mathematical 
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analysis. If there is, it seems to have been attained in some of 
the analytic solutions of linear difference equations hopefully 
offered to practical computers, who must produce reasonably 
accurate numerical results or lose their jobs. These defects of 
the now classic analytic theory of lincar difference equations 
do not, of course, detract from its purely mathematical interest, 
Nor are they a reflection on the skill and sagacity of the creators 
of the modern theory, among whom are counted some of the 
foremost analysts of the nineteenth and twentieth genturies, 
They are but one more hint that the neglected mathematics of 
the discrete is still looking for its Newton ah Leibniz. 
That neither has yet appeared may be becau. Sthe discrete is 
mathematical bedrock. But whether or not j Sire may antici- 
pate that significant progress will demai genius at least 
equal to that responsible for the math ics of continuity, 
As noted in an earlier chapter, théyealculus of finite differ- 
ences is usually said to have emer as a distinct division of 
mathematics with Taylor’s us of 1715-17. According 
to professional opinion, thee ee two periods in the entire 
evolution of the subject. first, covering almost exactly 
two centuries, extends fr ewton in the 1680’s to Poincaré 
in the 1880’s; the seco rom Poincaré on. There was no peer 
of Cauchy in me ’s to breathe new life into the dis- 


crete as there wag-into the continuous. The first period falls 
into two bie ‘d stages, the carlier ending in the 1820's. 
From then thé 1880's, finite differences stagnated, except 
for a riot Mhteriude of symbolic algorithms reaching its 
climax wi ete Publication of Boole’s treatise in 1860, These 
metho presented in the mid-nineteenth century, have long 
equate for an exact discussion in either the practical 
theoretical sense, 
he early development was intertwined with that of interpo- 
ion, beginning with Wallis’ quadrature of the circle in 1655, 
Continued some time before 1676 by Newton in his derivation of 
the binomial series, and Passing thence to the construction of 
usable interpolation formulas. Sometimes called the difference 
and sum calculus, the basic operations of the classical theory 
of finite differences are A and its inverse,* 3. These correspond 
respectively to differentiation and integration in the continuous 
calculus. The difference symbol A was used in 1706 by John 
Bernoulli with its Customary meaning; © was used, if not first 
introduced, by Euler in 1755, If the ‘step’ is #, Au(x) denotes 


or 
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u(t +h) — u(x), and there is usually no loss in generality in 
modifying the notation so that k = 1. 

The history of interpolation formulas’ is complicated and 
controversial, We are interested here only in the following 
jtems: such formulas were a potent stimulus in the seventeenth 
and eighteenth centuries to the independent evolution of the A, 

2 calculus; they were developed principally to facilitate numer- 
ical computation in astronomy, the construction of tables, and 
mechanical quadrature. Although dates and priorities may Ben 
controverted, those following give a sufficiently accurate scal& 
for the general progress: Newton’s formula, 1687; Bley 
usually called Lagrange’s, 1775, also attributed to Waring{ 779; 
Gauss’, 1812, oY’ 

The other principal source of the A, 2 calculu: 
natorial analysis and the theory of probabili 
in the eighteenth century, especially by Laplace’ Many prob- 
lems in probability beyond the types oi in elementary 
texts are best attacked by Pinay seve ion into difference 


combi- 
developed 


equations, which, however, may provi ractable. One detail 
originating in such work has attracted’ hundreds since James 
Bernoulli in 1713 first defined sigsnumbers and polynomials 
named after him. Euler follow8® in 1739 with his numbers; 
thenceforth the Bernoulli a uler numbers and polynomials 
occupied a central post the A, 2 calculus, especially in 
connection with the ely useful Euler (1730) and Mac- 
laurin (1742) sum f oy a. The history of these numbers and 
polynomials wit oe numerous generalizations would fill a 
sizable book. Y. ey are but one incident of many in the 
general deve ent. We need note here only that the first 
serious att, to investigate the remainder in the Euler- 
Maclaurig Grmula appears to have been Poisson’s of 1823. 
This Seytgard of what now seem the most rudimentary pre- 
cau demanded by scientific sense is typical of analysis 
beforé the Cauchy reformation of 1821. 

Little that would now be considered either practically ade- 
quate or mathematically rigorous has survived of the eighteenth- 
century work on difference equations. Suggestive analogies with 
differential equations were pursued, without much success. The 
outstanding exception is Lagrange’s complete algebraic theory 
(1759, 1775, 1792) of recurring series. Earlier discussions, such 
as de Moivre’s (1722, 1730, 1738), lacked generality. Laplace’s 
Tethod of ‘generating functions’ (1766, 1773-4-7, 1809), 
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invented primarily for use in mathematical probability, while 
yielding results of great utility, suffered from an almost total 
absence of anything that would have been called proof after 
Cauchy’s and Abel’s discussion of convergence in the 1820's. 
Some might insist that all this dead analysis was necessary 
fertilizer for a healthy crop, and they may be right; there is no 
way of telling. However, when at last a sound treatment of 
linear difference equations appeared, it sprang from a basically 
different soil that did not exist before 1825. Cauchy’s creation 
of the theory of functions of a complex variable in theQiyear 
made possible a satisfactory analysis of such equariep some 
sixty years later. x 

The modern theory opened with Poincaré’s oxn of 1885. 
The general linear difference equation is o 

\S 


Srtorue +9 = & 


in which the p,(x) and @(x) are sgutifonctions and u(x) is to 
be found. If $(x) = 0, the eq n is called homogeneous. 
The case of constant coeffici is the problem of recurring 
series solved by Lagrange. Tht'very special equation 


ulx +D) — ule) = 609), 


in which $(x) is a’ Ralytic function of x, already presents 4 
serious problem ix alysis. The special case of this in which 
jal had been completely discussed by eight 
fethods when C. Guichard (1861-1924, French) 
‘ered the equation for any analytic (x), thereby 
rst complete theory of a difference equation involv- 
ing alytic function. Poincaré’s revolutionary contribution 
CGD Fnitianed the theory of asymptotic solutions, in analogy 
the like for differential equations; and in 1909-13, H. Gal- 
run (French) continued in this direction with asymptouc 
solutions for large values of the variable. Such work is of practical 
utility. 

A later phase dates from 1911, when G. D. Birkhoff (1884- 
1944, U.S.A.) and R. D. Carmichael (1879-, U.S.A.) almost 
simultaneously published their investigations, the former 10 
systems of homogeneous linear difference equations, the Jatter in 
analytic solutions of linear difference equations. ‘As in his work 
(noted later) on systems of linear differential equations, Birkhoft 
made most effective use of matric algebra. This work was 
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definitive. Both continued their researches intermittently for 
about a decade. Carmichael’s branched out to generalizations of 
a type of factorial analysis that had occupied scores of mathe- 
maticians from Newton to Weierstrass. , 
Factorial series and expansions in terms of factorials, appear- 
ing initially in the problem of interpolation, raise more difficult 
questions of convergence than those presented by power series. 
One of Weierstrass’ earliest projects (1842, 1856) dealt with 
factorials; the first thoroughly satisfactory discussion is said 
to have been J. L. W. V. Jensen’s (1859-1925, Scandinaviaisw™ 
of 1884. Factorials have a high sentimental value in the histopy 
of mathematics, as it was through them that Crelle got ig fret 
glimpse of Abel’s genius. Without Crelle’s generous Apert it 
is probable that Abel would have gone to his carlygrave with 
his greatest work unachieved. Of moderns w! Ade notable 
contributions to this branch of analysis, S. Pincherle (1853- 
1936, Italian) was the most prolific. Mu HWwas done in the 


modern theory by Scandinavian analy: whom N. E. Nor- 
lund (1885-, Scandinavian) may be s ly mentioned. 
The calculus of finite differe with its unfashionable 


theory of difference equations, igQgeldom offered in American 
universities beyond the rudime fs sufficient for an elementary 
course in statistical methods. his seems rather unfortunate; 
for if the remarks at th&beginning of this section are even 
slightly justified, mu ains to be done, and the changing 
scientific scene of wentieth century may necessitate the 
creation of a verb mathemati of the discrete. If nothing 
better than whaDnow exists is possible, then that should be 
demonstra: egy ere talent is not likely to get very far in such 
a progra x 

We ‘ahrn to the easier but still sufficiently difficult field of 
differéittial equations. 


Existence and special problems 

Although we cannot discuss special problems in any detail, 
one, Pfaff’s,” may be noted here for three reasons: it is typical 
of the enormous expansion of mathematics by specialization 
throughout the: nineteenth century; Phaff’s problem played a 
central part in Lie’s theory of contact transformations, @ theory 
which revolutionized the treatment of the differential equator 
of dynamics and altered the aspect of geometry; it was first 
successfully investigated (1814) by J. F. Piatt (1765-1825, 
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German), the only noteworthy mathematician in the Germany 
of the late eighteenth century. Pfaff befriended young Gauss 
and recognized his ability, and Gauss reciprocated by appreciat- 
ing Pfaff’s high qualities of character and intellect. When Gauss’ 
work began to become known throughout all Europe, Laplace 
was asked, “Who is the foremost mathematician in Germany?” 
—*Pfaff.” “But what of Gauss?” “Oh,” Laplace replied, 
“Gauss is the first mathematician in Europe.” 

Pfaf’s problem” (1814) is concerned with the solution of a 
total differential equation in 2n or 2n — 1 variab’ ‘s for which 
not all the integrability conditions are satisfied’ ler (1770) 
found the necessary integrability condition for 


Pads + Ody + Raz = 


(P, Q, R functions of x, y, z), and beli that unless this con- 
dition obtains there is no solution, ‘use the equation then 
cannot be derived from a single pri e. G. Monge (1746-1818, 
French), exhibited (1784) two e ions as the equivalent of the 
single total equation. Pfaff o| ed that in general the total 
equation, under the conditiogig-stated, is equivalent to a system 
of 1 or fewer equationss his problem is to determine these 
equations; the modern tment discusses also the integration 
of this equivalent system. 

Inspection of thé Works*"” cited will show that in little more 
than a ee isolated detail of analysis as it was in the 

\3 


early ninete century had swelled prodigiously and in- 
tricately. Ser other details expanded even more im- 


pressively,Stintil by the end of the century a mastery of all 
math ical analysis was claimed by nobody, and seemed to 
be anently beyond human powers. Differential equations, 


cgatributing their huge share to this superabundance of wealth, 

cated to the rich confusion. Too often for comfort, mathematics 
©) the nineteenth century followed the same formula of glut 
without digestion as the rest of civilization in that heroic age 
of expansion at any cost. But, according to the abstractionists 
of 1940, the discarnate spirit of simplicity was then about to 
descend and bless all mathematics, and the more rococo master~ 
pieces of the nineteenth century were to be preserved only in 
museums frequented exclusively by historians. Sufficient prov- 
ocation for this wishful prophecy will appear as we proceed, 
if indeed it is not already evident. Seeing only the obstructive 
masses of details, many of them already in an advanced state 
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of obsolescence, the prophets of an abstract millennium have 
occasionally overlooked the greater syntheses, such as Lie’s 
theory of continuous groups, by which the nineteenth-century 
mathematicians themselves coordinated innumerable special 
results of their predecessors. 

We pass on to the fundamental question of existence, The 
first existence theorems for differential equations were de- 
veloped by Cauchy in his lectures" of 1820-30. It is proved that 
if f, = f(x, y), and @f/dy are real, uniform, continuous functi 
for all real x, y such that |x — xd < a, ly — yo $d, 
iflis bounded in this rectangle, then the real equation re) 


dy/dx = f(x, 9) <y 


has a unique solution y = F(x) satisfying a aft boundary 
condition yo = F(xe). The proof exhibits c retical means 


for constructing the solution to any desir: ree of accuracy. 
Cauchy extended his process to ” such fix der equations in » 
independent variables, equivalent equation of the nth 
order; and R. Lipschitz (1832-190: erman) improved the 
method (1876), possibly with a yiew' to making it less unprac- 
tical. Probably Cauchy himself{{‘and certainly many following 
his lead, extended the me ; with suitable modifications, 
to the complex domain. Eg Picard (1856-1941, French) in 1893 
perfected an existence ae based on the different method of 
successive approximatio) s, which is considered more practical 
than the Cauchy-Pipschitz. Modern machines in 1945 were 
said to offer si ope of a greater efficiency than any of 
the purely roman methods! for obtaining numerical 
solutions. 

Numendal solutions received a strong impetus in the world 
war of~b914-18, when modernized German artillery, having 
the Belgian forts to bits, rendered the older ballistic 
partly obsolete. It was remarked at the time that the 
improved methods for the solution of differential equations 
in the mechanics of the heavens effectively did their bit in 
creating a terrestrial hell. This, and equally curious arguments, 
were strongly urged in the United States of 1917-19 as sufficient 
grounds for government subsidy of pure mathematics, With the 
alleged return to normalcy, ballistics receded from the fore- 
ground of academic propaganda, and the applications of mathe- 
Matics to genetics, agriculture, intelligence tests, usury, and 
other peaceful pursuits were yociferously advertised. Though 
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it is only remotely connected’ with differential equations, the 
use of Latin squares“ in the design of experiments® in crop 
improvement and elsewhere may be cited as a striking instance 
of the seemingly most useless mathematics harboring unsus- 
pected germs of profit. But even such appealing applications 
as this were no more successful than differential equations in 
coaxing bounty from the politicians, and mathematics con- 
tinued on its beggarly way, ostentatiously proud of its incor- 
tuptible purity. 7S 
Thus far only linear equations have been not Wien non- 
linear equations of order higher than the first, ne Penner 
appear: solutions may have movable singularities dependent 
on the initial values. The study of such e hes by M. Ham- 
burger (German) in 1877, L. Fuchs in 1 , and others was 
continued by Picard in the 1880’s and\hy P. Painlevé's (1863- 
1933, French) in the 1890’s. To the late t are due (1893) certain 
remarkable equations not integrablé§n terms of clliptic functions 
or any of their degenerate casi hese equations, of which the 
simplest is d?w/dz? = 6w* Meine new transcendents. A 
somewhat similar type of abalysis appears in the scientifically 
more useful linear hor neous differential equations whose 
coefficients are fanctidys of the independent variable with 
known singularities\The classic instances are the hyper- 
geometric equatigh) first competently investigated by Gauss 
Soe general equation (1857) for Riemann’s 
he extensive class of equations called Fuchsian 


in 1812, th 
P-function, os 
in sap ‘uchs (1833-1902, German). These developments 


had a old significance in the growth of analysis: many of 
the imiptrtant ordinary differential equations of mathematical 
phySits are special cases of those mentioned, and the properties 
eir solutions were unified in the general theory; the re- 
Gearches of Fuchs and his school aided in preparing the way for 
.e) Poincaré’s creation of automorphic functions. This allusion must 
suffice here; the relevant details will be noted in later chapters. 
The useful method of solution due to G. Frobenius (1849- 
1917, German), frequently explained in texts, belongs to this 
period (1873). In this work, as in his contributions to the theory 
of groups, hypercomplex number systems, and other parts of 
algebra, Frobenius proved himself one of the master technicians 
of the nineteenth century. The quality of his mathematics, also 
the detailed type of problem that interested him, afford an 
illuminating contrast to the more philosophical and abstract 
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approach of his contemporaries Kronecker and Dedekind. 
Anyone wishing to form a firsthand estimate of the distinction 
between the high-average mathematics of the late nineteenth 
century and that of the twentieth might compare certain of 
Frobenius’ classic memoirs on given topics with corresponding 
work dated after 1920 by competent mathematicians of the 
younger generation. 


Symbolic comedy in three acts 


Accompanying the theory of existence, the somewhat y 
episode of symbolic methods attracted considerable a 


especially in England. Despite their utility, the ea: 
cations of these devices were scarcely reputable ae ematics, 
because no explicit formulation of the conditio$Ginder which 
they give correct results accompanied their’¥g& They have a 
long and rather listless history, beginnings ith Leibniz and 
ending in the twentieth century with sk actory theories of 


linear, distributive operators. A f ighlights must suffice 
here. The point of general interest@Q>”be noted is this: if an 
empirical formalism produces alafost invariably consistent and 
useful results, some underlyiagsmathematical justification is 
indicated; and instead of cen§uring the toilers of formalism for 
living and laboring in a ematical slum, purists might more 
profitably expend thei ents in making the slum sanitary. 
Whatever these unasguining workers may lack, it certainly is 
not imagination. use of divergent series in astronomy will 
furnish a striking/example when we come to real variables; 
0, Heaviside’s\01850-1925, English) extremely useful opera- 
tional cal » noted presently, is a classic instance of the final 
triumph givieative insight over academic pedantry. ra 
Leibaiiz (1695) noted that the symbol d of differentiation, 
now in the symbolic method, has some of the properties of 
ofdigary algebraic ‘quantities,’ for example, the rules for 
positive integer exponents. The total separation of operative 
symbols from their operands was accomplished in the early 
1800s, All but achieved by L. F. A. Arbogast (1759-1803, 
Alsatian) in 1800, it was consummated by B. Brisson (French) in 
1808, M. J. F. Francais (French) in 1811, and F. J. Servois 
(French) in 1812. From 1836 to 1860 the British schoo! exploited 
the symbolic method in the differential and integral calculuses, 
the calculus of finite differences, and both differential and differ- 
ence equations, Some of this work survives in elementary texts. 
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Among the most energetic proponents of the method, Boole” 
and D. F. Gregory (1813-1844, Scotch) made outstanding con. 
tributions. A little-known application was Boole’s proof (1857) 
of Abel’s prolific theorem (1826, described in a later chapter) in 
the integral calculus. 

The last notable advance in the symbolic method was Heavi- 
side’s operational analysis (1887-98) of certain differential 
equations in electromagnetics, important also in electrical 
engineering and elsewhcre.* “A 

Heaviside’s struggle for recognition from the o * censors 
of mathematical morals illustrates once more a Neate that 
the way of the transgressor is hard. The congéuital ly obedient 
will see in Heaviside’s defeat a merited reb fo contumacious 
intelligence; born rebels against the sort,6frespectability that 
protects itself behind an ype ~°d ront may read his 
transgression as a challenge to Ree rovided the rebel can 


consolidate his revolt, he may achjevg’the same sort of retarded 
tolerance that failed to swee ie bitterness of Heaviside’s 
wretched old age. Otherwise may be remembered only 
with the circle squarers, ws 

Heaviside’s assault onthi bastions of orthodoxy was repulsed 
with heavy losses. Outraged by the innovator’s lack of mathe- 
matical rigor, the Reyal Society of London refused to publish 
Heaviside’s paper, Qithough he was a member of the Society. 
The 1890's ang ’s enjoyed quite an acrimonious debate 
on the meri: the new operational calculus. The official 
verdict p nced the novelty too disreputable for notice by 
seli-respet$ng mathematicians, Handsome amends were made, 
howey, ve years after Heaviside’s death, when it had been 
di ed that the new calculus was quite moral after all. 
‘ollowing estimate (1930) by a recognized British analyst™ 
Y perhaps err on the side of generosity, a pardonable fault 
.®) nder the circumstances, 


Looking back on the controversy after thirty years, we should now place 
the Operational Calculus with Poincaré’s discovery of automorphic functions 
and Ricci’s discovery of the Tensor Calculus as the three most important 
mathematical advances of the last quarter of the ninetcenth century. Appli- 
cations, extensions and justifications of it constitute a considerable part of the 
mathematical activity today [1930]—I am thinking of the recent work of H. 
Jefiteys, Norbert Wiener, Bromwich, Carson, Murnaghan, March and others- 


The cream of the jest, however, did not rise till 1937. This 
may be particularly commended to inexperienced students 
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looking forward to a mathematical career, these innocents often 
believing that the pursuit of mathematics elevates the human 
mind to cold, glittering heights far above the foibles of man- 
kind. Following the trite pattern, the Heaviside tragi-comedy 
degenerated in three acts into broad farce: the Heaviside 
method was utter nonsense; it was right, and could be readily 
justified; everybody had known all about it long before Heavi- 
side used it, and it was in fact almost a trivial commonplace of 
classical analysis. The supple yet somewhat hoity-toity a 
bats” in the third act have been too busy balancing their di, s 
against the slip in the first act to notice what their gy: He 
prove, \ 
American engineers began using Heaviside’s m: ods about 
1910, and the demonstrated utility of the oper: al calculus 
at length attracted professional analysts. 26 a belated 
baptism of engincering’s dubious offspring. conferred on it 


all the rights and privileges of mathemati egitimacy. Among 
“ 


ics 


Heaviside’s unsolicited mathematic: ilitators, T. J. PA. 
Bromwich (1875-1929, English) in 19: evy (1886-, French) 
in 1926, and H. Jeffreys (1891-, Beelish) were the most active. 
If there is any moral implicit, is episode, it may be that 
suggested by Heaviside’s satitical gibe at the purists: “This 
series is divergent; there! we may be able to do something 
useful with it.’ Howevei lest Heaviside’s belated triumph be 
taken as an incitemént, © unintelligent rebellion for rebellion’s 
sake, it may be reqdxdéd that prior to his revolt, the pioneers in 
integral equati ‘were already developing the analysis which 
‘aviside’s calculus while definitely prescribing 
itations. A curious application of this calculus 
by B. van der Pol (Dutch) to the theory of primes, 
illustr: at Jeast the heuristic value of the method. By 1930, 
Hades calculus was part of the routine training of electrical 
el 


eers in the more progressive technical schools. 


Systems; Cauchy's problem 

Systems of ordinary differential equations appeared early in 
dynamical astronomy, specifically in the Newtonian problem of 
three bodies, Attempts throughout the eighteenth and nine- 
teenth centuries to find solutions in special cases, also to discover 
further integrals (beyond those given by the fundamental 
Principles of dynamics) in the general case, seem to have been 
largely responsible for the elaborate theory of simultaneous 
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systems. The analysis of » simultaneous linear differential equa- 
tions of the first order, with coefficients analytic ina Parameter, 
was notably advanced by Poincaré in his new methods (1892-9) 
of celestial mechanics. Euler in his development of the lunar 
theory, about 1750, had obtained solutions of such systems as 
power series in the parameter; but it remained for Cauchy to 
justify the analysis. With the first satisfactory marine chronom- 
eters (J. Harrison’s, 1765), the moon was no longer the naviga- 
tor’s one reliable clock, and the importance of the lunan theory 
in determining longitude at sea diminished almost to thewanish- 
ing point. But in its purely mathematical aspects thé problem of 
three bodies continued to dominate one major @epartment of 
differential equations. The theory of perturbations, with all its 
cumbersome analysis, can be traced back as i to describe 


the motion of the moon. \ 
Of much notable modern work o: ‘ultaneous systems of 
the first order, that of G. D. Birkho: 84-1944, U.S.A.) insti 


gated further progress. An a: detail of the twenticth- 


century developments of this t! is the incidental use of the 
algebra of matrices. In the ea ’s, the connection with inte- 
gral equations and the taxa ounday problems was developed 
by Hilbert, Birkhof, ason (1877~, U.S.A.), and many 
others. The scientific intportance of this connection will appear 
in a later chapter. allel with these developments, another 
rapidly forged ing&prominence. Beginning in 1881, Poincaré 
initiated a ra ically new philosophy in both the theory and 
practice of differential equations. The primary objective here 
was a qu ive or topologic study of all the solutions of a 
system the relations between them before the consideration 
of quaftitative aspects. From this the vast theory of recurrent 
motiens, periodic orbits, and dynamical stability developed. 
more the origin is in the dynamical astronomy of the 
hteenth century, particularly in Laplace’s attempt to estab- 
ish the stability of the solar system. Among other causes which 
rendered Laplace’s efforts obsolete were the unprecedented 
increase of accurate astronomical knowledge all through the 
nineteenth century, and relativity. But although the over- 
simplified Laplacian synthesis has been modified out of recognl- 
tion, the problems which it posed, many times refined and 
generalized, remain as suggestive as they were in 1827 when 
Laplace died. The twentieth-century revision of classical 
celestial mechanics, as in the qualitative dynamics of Poincaré, 
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Birkhoff, and many others, induced an expansion of topology, 
which in turn reacted on qualitative dynamics. It is of interest 
to recall that Poincaré began one of his notable advances (1892) 
by proceeding from the methods invented (1877) by G. W. Hill 
for analyzing the motion of the moon’s perigee, in which infinite 
determinants appeared for the first time. ‘To Hill’s work also 
can be traced the modern theory of differential equations with 
periodic coefficients, to which many Americans, including F. R. 
Moulton (1872-) and W. D. MacMillan (1871-), made note-¢\ 
worthy contributions. Both singly and doubly periodic coe! Ss 
cients were admitted in this work of the twentieth centu RSS 
Partial differential equations will be noted when ni ry 
in relevant contexts. However, two episodes of * than 
incidental significance may be remarked here, as er enters 
conveniently in subsequent discussions. Thexfist was the 
attempt to define the ‘general’ and ‘comple’ 2 Nolutions of a 
partial differential equation of order hi than the first. 
Jacobi in the 1830’s (published, 1862) had\given a satisfactory 
method of formal integration for syst of partial differential 
equations of the first order in one dependent variable. But for 
equations of the second order principles are demanded, 
and there are several possibilities. Laplace in 1777, A. M. 
Ampére (1775-1836, Frengiin 1815-20, Boole in 1863, and 
Darboux in 1870 proposed ethods for defining and obtaining 
integrals, none of whidhSa’ late as 1908 was regarded as wholly 
satisfactory. Such derail ed progress as has been made relates 
almost entirely ta@ingle equations of the second order in not 
more than thr dependent variables. The most important 
equations AG ical mathematica! physics fall in this category, 
which —<— $ for the intricate theory that has grown up round 
It. 


€3econd item to be noted here, 
maybe regarded as a natural outgrowth ] 
in mathematical physics as it was in the early nineteenth 
century. It is closely related to the first item, but with a dis- 
Unction of cardinal significance. Although it sounds reasonable, 
the problem of finding the general solution of a partial differen 
tial equation of the second order may be i properly posed. If 
several distinct solutions, each with some desirable qualities 
but none with all, are feasible, the seemingly reasonable problem 
may be too general to be useful. Accordingly, it becomes : 
meaningful project to isolate from all the possibilities one whic! 


Cauchy’s problem of 1842, 
of boundary problems 


10) 
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shall, in general, eventuate in a unique solution, and to investi- 
gate the exceptional cases where there is not a unique solu- 
tion. This is the problem of interest in mathematical physics, 
Cauchy’s problem is of this type; its special cases include many 
that appear in classical physics. The gencral problem concerns a 
second-order linear partial differential equation in one depend- 
ent and » independent variables; and it is required to determine 
a solution such that it, and its first partial derivative with 
respect to one of the independent variables, eviigsved for 
the value zero of that variable, shall be given funétions of the 
remaining » — 1 variables. The exceptional copie the 
problem has not a unique solution are aleqnte e determined 
and analyzed. Among those who discussedthis problem after 
Cauchy, Sonja Kowalewski (1850— Russian) in 1874, 
and Darboux (1875) may be ment’ from the nineteenth 
century; in the twentieth, Hadam ddend others of the French 
analytic school developed the ge eat theory. By consulting the 
work cited,** some conceptioi ry be gained of the extent to 
which this specialty had expanded in cighty years. 

One famous name has, been explicitly mentioned in con- 
nection with differenti, uations, because it has been taken 
for granted. The specifte contributions of Weierstrass were less 

ig 


significant, possib, han the overwhelming influence of his 
fundamental « ation of analysis, including differential 
equations, 


a) Toward systematization 


0: handful of specimens from a multitude have been 
exh in the preceding sample. Items were sclected with 
t nds in view: to suggest that by the 1870’s the chaotic 

sses of analysis miscalled a theory of differential equations 

ere ripe for a systematic attempt at coordination; to offer some 
moral justification, if nothing more substantial, for the feeling 
of oppression which drove many of the younger analysts after 
1900 to seek relief in general analysis and complete abstraction. 
The second of these motivations will be amplified as we procee*. 
For the moment we note a significant step toward a gener’ 
analysis: equations in a denumerable infinity of variables were 
considered as early as 1908 by E. H. Moore. Thereafter several 
mathematicians of the American school® discussed differend™ 
equations of infinite order. With the accompanying generaliza- 
tions of the concept of a variable in the calculus of variations 
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and the theory of functionals, the progression toward some type 
of general analysis seems to have been inevitable. Concurrently 
with this movement another, beginning in the 1880's, reached 
its objective earlier, in the first structural theory for differential 
equations. This joint evolution is naturally quite complicated, 
involving developments in algebra, geometry, and analysis. 
For reasons to be noted presently, we shall follow its main 
lines along the paths indicated by applied mathematics, 


The impulse from science is plain in differential equ: s, 
and needs no further emphasis. As we proceed, th uence 
‘tions 


of applied mathematics on the evolution of theories we 
will become increasingly obvious. With algebra ae ever, the 
orderly progression from applications to aber tions was 
reversed: abstractions preceded applicatighx”in the most 
important contribution yet made to scien by algebra, the 
concept of invariance, 

In geometry, the constant int between pure and 
applied mathematics continued hrough the nineteenth 
century. Cartography and geodes\,¥or example, are assignable 
to either division; their outgéwths in differential geometry 
also are either pure or ap; mathematics according as the 
emphasis is on geometry If or on its interpretation in cos- 
mology and the high aaa But it is immaterial by what 
label a particular a ce be designated; the point of interest 
is the continual iteraction between the geometry created for 
Practical or sciestific ends and that developed for its own sake, 


It is not ‘atory, of course, to follow applied mathematics 
as a clue igh the intricate maze. Several other approaches 
will oc: anyone who has done a little exploring. Geometry, 


for instance, also threads the labyrinth. But what is geometry ? 
Attempts to obtain a usable description were partly responsible 

«the choice here of applied mathematics. The best definition 

far offered is due to a distinguished American geometer:* 
“Geometry is what geometers do.” If it be asked what geometers 
do, the reply is equally satisfying: “Geometers do geometry. 
These definitions were not intended facetiously. They were a 
frank acknowledgment that to a majority of those who call 
themselves geometers, all things are geometry. But with 
applications there is no difficulty. Anyone believes he under- 
Stands what is meant by applied mathematics, especially if, 
4s must be asserted by consistent Marxians, no good mathe- 
matics is pure. 


fi 
Ry 


CHAPTER 20 


Invariance 
cy 


First seriously considered in ene riance had become 


one of the dominating concepts of matical thought only 
thirty years later, A short prospec; f certain features of the 
general development, before description of some, may 
serve to indicate the basic im nce of invariance in algebra, 
geometry, analysis, and they? ical physics. Topologic invari- 
ance, not mentioned in prospectus, is described later by 


itself, ws 
& General features 


A comprehfve formal definition of invariance might be 
difficult to f. te and unilluminating once it was constructed. 


The foll “informal description? gives the gist of the matter 
more inh ly. “Invariance is changelessness in the midst of 
chan, ermanence in a world of flux, the persistence of con- 
ions that remain the same despite the swirl and stress of 
less hosts of curious transformations.” 

n immediate example is the conservation of energy 48 con” 
ceived in nineteenth-century physics; another, the constancy of 
the cross ratio of four collinear points under projection; another, 
the permanence of the order of the points on any line of a coordi- 
nate mesh on an elastic map as the map is stretched in any 
manner without tearing. An instance from elementary algebra 
goes back to 1773 and to the unsuspected germ of the entire 
theory of invariance with all its ramifications throughout moder, 
mathematics. In the course of his arithmetical investigation © 
binary quadratic forms, Lagrange noted incidentally that ifx be 
replaced by x + dy, and y by y, in ax? + 2bxy -f cy?, so that the 
420 
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form becomes 4x? + 2Bxy + Cy? where 4 = a, B= ad +), 
C= ad?+2b\ +, the discriminants 6? — ac, B? — AC are 
equal. 

Lagrange’s discovery is a special case of the (historically) 
first general theorem in algebraic invariants: a linear homo- 
geneous transformation of the variables in a quadratic form 
converts the form into another, whose discriminant is equal to 
that of the original form multiplied by a factor® depending only 
on the coefficients of the transformation. This theorem, to 
Boole in 1841, is usually considered the origin of the t BN of 
algebraic invariants. Gauss (1801, Disquisitiones oleate) 
had used the special cases for quadratic forms in twoy id three 
variables; but neither he nor Lagrange noticed the) suggestive 
clue to an undiscovered continent of algebra. 

A form in algebra is as already define) he arithmetical 
theory, except that the coefficients are not restricted to 
integer values, but are arbitrary consta: oole (1842) followed. 
up his success with the discovery ole functions of both the 
coefficients and the variables of fo: aving the same property 
of invariance with respect to litédr transformation. To distin- 
guish these from the first s involving only the coefficients 
of the forms, they were latéPcalled covariants.* 

When it is rememb: that Boole was one of the principal 
founders of nite he has a strong claim to the sour 
honor of having be e most greatly underrated mathematician 
of the nineteen kee Seli-taught, Boole lacked the alleged 
advantages orthodox training in the mathematics of his 
time. His capa was so aggressive that it might have over- 
come evef)the thorough education which he regretted having 
misseg@¢htough poverty. In any event, he became a most unaca~ 
een, ‘to the lasting benefit of mathematics and 

sophy. 

Cayley immediately recognized the significance of Boole’s 
discoveries, and in 1845 began the systematic development of a 
theory of algebraic forms and their covariants and invariants 
with respect to linear homogeneous transformations, briefly 
designated as the theory of algebraic javariants, or of algebraic 
forms, or the algebra of quantics.* For about half a century 
alter Boole’s initial discoveries (1941), ‘modern higher algebra 
was practically synonymous with the theory of algebraic forme. 
Simultaneously, projective geometry was used as a or have jess 
mould in a praiseworthy but futile attempt to squeeze shapel 
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masses of the new algebra into a semblance of intuitiveness. 
Increasingly complicated formulas were tortured into ever more 
intricate theorems, until the one conceivable justification for 
such exercises evaporated. It was impossible, by geometry or 
any other human mathematics, to make formulas of inordinate 
length interesting. The golden age of aimless calculation in 
algebra quietly expired in the early 1890’s under the accumula- 
tions of its own gold. Its legacy to the modern abstract algebra 
of the twentieth century was Hilbert’s (1890) basis theorem: a 
polynomial! ideal has a finite basis. N 

While the algebraists were reveling in their gnégrminable 
calculations, the physicists pursued a more clusiyéjnanifestation 
of invariance through the hypotheses of congekvation of mass 
and energy. Like the formal algebraists, fey deluded them- 
selves into believing that they had Bveiled imperishable 
absolute truths for the guidance of uture generations. It 
was not until 1915-16 that the de, significance of physical 
invariance was explicitly form tape i Einstein’s principle of 
covariance.’ What had been mistaken for eternal necessity was 
seen to be a platitude of m thematical language: one coordinate 
system is as good as a If the differential equations of 
mathematical physics to reflect this indifference to any 
particular fanorguons of reference, they must be invariant 


under all transforgrations of the space-time coordinates. Before 
the principle of riance in mathematical physics was enunci- 
ated, critical losophers had objected to the restricted rela- 
tivity of 1905 because it still favored one very special system’ 
of space coordinates. But to remedy the defect, more than 
acute icism was necessary. A complete mastery of a somewhat 
ne; d field of differential geometry was demanded. ; 
fh addition to algebra and physics, a third activity of nine 
@enth-century mathematics influenced the development of 
Olivariance profoundly, Riemann’s investigation (1854) of the 
hypotheses underlying geometry and his analysis (186!) of @ 
problem in heat conduction suggested a new type of invariances 
in which general analytic transformations and (quadratic) 
differential forms replace the linear transformations and alge- 
braic forms of algebraic invariance. From this, modern differen 
tial geometry and the geometrized physics of relativity 
developed. ‘The Riemann-Christoffel tensor, basic in relativistic 
cosmology and gravitation, made its first appearance in Rie 
mann’s® posthumously published notes on heat conduction. 
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The 1870's contributed the final major impulse to the evolu- 
tion of invariance in the extraordinarily rapid development of 
Lie’s theory of transformation groups. In passing, it may be 
noted that Lie was one of the extremely rare great mathemati- 
cians who showed neither interest nor talent in mathematics in 
their youth. He was impressed, but not roused to activity, at 
the age of twenty-one by Sylow’s lectures on the Galois theory of 
equations. When Lie finally succumbed to geometry at twenty- 
six, he accomplished in weeks the normal work of years. Associa 
tion (1869) with the enthusiastic Klein for some month: Sut 
a year after he had found himself, converted Lie to gr 
invariance. The history here is enlivened by more th; 
of human interest. The early cordial friendship en these 
two outstanding nineteenth-century smathemsgget cooled as 
Lie gradually became morose and suspicio! Sy is later years. 
While Klein was doing his energetic best to. ie’s ideas to the 
mathematical public, Lie imagined < s trying to appro- 


priate some of the retarded kudos tl crued from the inven- 
tion of transformation groups. Th ge was set for another 
bitter wrangle over priority, Klein adroitly withdrew 
behind the curtain, leaving Li face the claque alone. 
Academic squabbles between sensitive mathematicians sel- 
dom end so tamely, Witk\eminent men not averse to dueling® 
in public, it is scarcel e wondered at that humbler mathe- 
maticians dissipate fe of their time and energy in backbiting 


and futile envy heir intellectual betters. This very human 
trait was characéésized by R. Baire (1874-1932, French), himself 
a subtle an. ‘and one of the more neurotic mathematicians 


of the tw. century, as “the agglomeration of mediocrity.” 
These ctpervation are not offered in any spirit of derogation, 
but mete! ly as a plain statement of academic fact, for the con- 
si ion of young idealists about to seek refuge from humanity 
ik) life dedicated to mathematical research. . 

Lie’s theories and methods had a far-reaching influence on 
mathematics during the last third of the nineteenth century. 
Thus Klein’s famous program" of 1872 for a unification of the 
principal geometries then existing was partly suggested by Lie : 
theory of transformation groups. Invariance certainly is one o} 
the dominant ideas in much of Lie’s work. And as will appear 
later, the concepts of group and javariance are complementary 
in Klein’s synthesis. After relativity, the group concept in 
geometry retained its suggestiveness, but sank to 2 minor post 
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tion with the invention of numerous geometries beyond those 
unified by Klein’s program. Again, the classical theory of alge- 
braic (projective) invariants found its final resting place as a 
subordinate detail in Lie’s theory, which also contributed directly 
to mathematical physics in its applications to differential equa- 
tions. The method of contact transformations, for example, 
rendered much of the classical Hamilton-Jacobi treatment of 
the dynamical equations of mere historical interest. In pure 
mathematics, Lie’s methods reacted on the theories Kdifferen- 
tial and integral invariants." The latter, in Poin ey hands, 
(1891-), became a.most effective too! in celes jab inechanics 
Integral invariants passed thence in the 1920’ ay the type of 
mathematical physics associated with genéfal relativity and 
conservation laws. Both differential an tegral invariants 
played dominant parts in the revigeed geometry of the 
twentieth century which, according tOysome critics,!? advanced 
far beyond the bounds set by Kleit program. 

By 1915, Lagrange’s ‘mus ‘ed’ of 1773 had grown intoa 
forest overshadowing vast r 's of mathematics, and it was 
still sending up new shoots§When general relativity emerged, 
invariance was Eemly.<eblshed as a seemingly permanent 
addition to mathemati@@l thought. With the popularization of 
relativity, invarian ttracted the attention of philosophers. 
Lagrange’s unconSidered trifle thereupon assumed an impor 
tance in the ry of philosophic thought that would have 
astonished tBae mild skeptic of all philosophies, including his 
own, 

if 'y were capable of performing any useful function, it 
ig! expected to induce the present to learn something from 
the(past, instead of merely remembering it in mutually contra- 

ory epics garbled according to taste and prejudice. In the 
resent connection, we recal! that others besides Lagrange failed 
to recognize the germ of something great when they saw an 
handled it in passing. Gauss missed it completely; Boole half 
recognized it; Eisenstein let it slip through his fingers; and 
it remained for Cayley to seize and develop the opportunity 
thrust at all algebraists of his generation. Although the algebraic 
theory initiated by Cayley in the 1840’s had sunk to a minor 
status by the 1$80’s, the emergence of invariance as a new waify- 
ing principle, to be deliberately sought and followed in mathe- 
matics, dates from the era of excessive and somewhat futile 
calculation in the algebra of forms. 
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The wider scientific significance of invariance was overlooked 
by one who, in retrospect, might have been expected to recognize 
it instantly. Riemann’s cosmic imagination foresaw the partial 
geometrization of mathematical physics as early as 1854, only 
to miss the deeper generalization hinted in his own work on heat 
conduction seven years later. The full mathematical, scientific, 
and philosophical import of invariance was perceived only when 
general relativity displayed it for all to see, an historical fact 
that must be recorded despite the hostility of absoluti 
ideologies to any form of relativism. Looking back on what 
appears as an unnecessary delay in the emergence of this domi- 
nating concept of modern scientific thought, we may Wonder 
whether busy young mathematicians of the twenti ANgentury 
are not overlooking tremendous trifles like Lagrang which, a 
century hence, will be cultivated to the neal of what now 
seems to overshadow the mathematical heaven % 


Algebraic invaria ek 

Algebraic invariants were first called” hyperdeterminants by 
Cayley in his initial paper of 18455 ‘as he then regarded the 
phenomenon of algebraic invariaice as a generalization of the 
tule for multiplying determidgnts. It is remarkable that this 
early work introduced and(used the symbolic method, already 
implicit in Grassmann’s) gebras of 1844, which was later 
simplified, expressed Gi\"A more suggestive notation, and em- 
ployed with amazifg skill and effectiveness by the German 
algebraists. We may recall here in passing the principal stages in 

the evolution pfeterinans 5 
Possibly @y arly as 1100 3.c., the Chinese™ solved two linear 
equation: two unknowns by a rule equivalent to the usual 
metho: determinants; and there is a legend that Seki Kowa 
(1642EY; 8, Japanese), Newton’s equal if not superior, "® did 
abou? the same in 1683. Seki, by the way, is almost credited with 
the invention of what is alleged to be a form of the integral 
calculus, “ although we have no positive knowledge that he ever 
Wrote on the subject.’ As for the invention (the yenri) itself, 
only the most generous of historians might detect in it anything 
less crude than the earliest Greek steps toward the method of 
exhaustion, Shortly after Seki’s hypothetical anticipation of 
terminants, Leibniz (1693) gave a rule for simultaneous linear 
equations equivalent to that of the Chinese. This rule was 
amplified (1750) by G. Cramer (1704-1752, Swiss) and simplified 
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(1764) by E. Bézout (1730-1783, French). But in spite of their 
antiquarian appeal, it is difficult to see that any of these ex. 
tremely interesting developments had anything whatever to do 
with determinants. 

The next contributions have a more valid claim. A. T. Van- 
dermonde (1735-1796, France) improved the notation, isolated 
(1771) as objects for independent study what were subsequently 
seen to be determinants, and gave a systematic account of the 
little then known. Lagrange (1773) discovered useful j entities, 
much later recognized as very special cases of the chafatteristic 
property of reciprocal determinants; and Laplace 2) gave a 
clumsy statement of his rule for the expansion o ‘terminant, 
The German combinatorialists of the late gixhteenth century 
easily smothered several useful results voi thick notation; 
and Wronski discussed (1811) several s; forms, but still ina 
singularly uncouth disguise. Gauss ( made incidental use 
of identities of the same type as L: ge’s. 

A long step forward was ta 1812) by J. P. M. Binet 
(1786-1856, French) in the aN multiplication which, under 
suitable hypotheses, suffices t-define determinants. The same 
year, the subject was finallyVaunched by Cauchy, who used the 
S+ notation and gave peneral proofs of the basic theorems. 
Thereafter determinafts were part of the equipment of all 
working atheros, but still a perspicuous notation was 
lacking. The y Lis a landmark in the subject: summing up 


his researche: everal years, Jacobi gave a masterly presenta- 
tion of the fundamental, including his own functional deter 
minants bians); Cayley invented the alluring notation of a 
square diay between vertical bars, and used it effectively. 
ley’s notation, one of the happiest in nineteenth-century 
mathematics, was to prove almost too suggestive. It conjured up 
tms of special determinants, a few useful, the majority merely 
‘urious. By 1920, T. Muir (1844-1934, Scotch) had found it 
necessary to use five volumes totalling approximately 2,500 
pages for a mere history of determinants. In the same year the 
subject was absorbed as a minor detail and greatly simplified in 
tensor algebra, a reduction due directly to the popularity at the 
time of relativity. The more useful identities, such as Kro- 
necker’s, were then obtained with ease, and likewise for the 
expansion theorems. The classical algebra of quantics cap be 
similarly absorbed. Determinants as cultivated in the nineteenth 
century will doubtless long remain the monumental example of 
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elaboration for no apparent purpose. When mathematics de- 
scends to the level of nineteen-twentieths of the work in deter- 
minants it is no longer even a reputable game, 

Cayley soon dropped the designation ‘hyperdeterminant’ 
in favor of ‘algebra of quantics,’ and set himself the following 
comprehensive problem, which he pursued in all its ramifications 
through numerous papers and a famous series (1854-78) of ten 
memoirs on quantics, An m-ary n-ic, once more, is a homoge- 
neous polynomial, with arbitrary constant coeflicients, of degre 
n in m independent variables; such polynomials Cayley calléds 
quantics. The variables in any given quantic are subjecte: @®a 
nonsingular linear homogeneous transformation, and th ns- 
formed quantic is then reduced to a quantic in the ne ee 
If the original is an m-ary n-ic, so is the ceansforemd uantic. 
It is required to find all those polynomials fal integral 
algebraic invariants and covariants) in the nts alone, 
or in the coefficients and the variables, of inal quantic 


that differ only by a factor,” which is a of the determinant 


of the transformation, from the si ly constructed poly- 
nomials in the coefficients alone, or\id’the coefficients and the 
variables, of the transformed qu 4 

Early experience soon sug: As two further problems, each 
of cardinal significance for ‘the subsequent development of 
modern algebra and its némérous applications, for example to 
algebraic geometry. Tye concerns the existence of a so-called 
fundamental systemy to ‘determine whether there exists a set of 
invariants for a gi quantic such that any invariant of the 
quantic is expr ¢ as a polynomial in members of the set; 
the like for ‘lants, the quantic itself being counted among 


its aN This problem is immediately generalized to the 


correspo: ig one for any finite set of quantics, of any degrees 
in anySHumbers of variables. The second problem, that of 
sy! in Sylvester’s planetary language, is to find all inde- 
pendént irreducible algebraic relations among the invariants of 
any finite set of quantics, and likewise for covariants. These 
descriptions of the two capital problems of the algebraic theory 
of forms must suffice here; for detailed statements we refer as 
usual to any standard text. os 7 : 
Not to prejudge the issue, a crucial possibility was ignored in 
the description of each problem: does there exist a finite funda- 
mental system; is there a finite number of independent syzygies 
from which ali are deducible by rational operations? By one of 
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the most fortunate slips in the history of mathematics, Cayley 
(1856) convinced himself, in the special case of binary (two- 
variable) quantics of degree higher than the sixth, that the 
answer to both questions is negative: there is not a fundamental 
system consisting of only a finite number of members; nor are 
there only a finite number of syzygies from which all are ration- 
ally derivable. Cayley was deceived, the correct answer in both 
cases being affirmative. Falling foul of arithmetic, he had 
assumed a certain system of linear diophantine equations to be 
independent when they were not. * & 
Cayley’s numerous successes, quickly followe those of 
the prolific Sylvester, unleashed one of the mo: less cam- 
paigns of totalitarian calculation in math ical history. 
From 1846 to 1867 the British school of ey, G. Salmon 
(1819-1904, Ireland), and J. J. Sylvestere(18 4-1897, English), 
with Hermite cooperating in France, an enthusiastic army 
of algebraists and projective geo: rs through the fertile 
territory of binary quantics o: degrees, quadratic and 
bilinear forms in any number rae and ternary cubics. 
Proceeding entirely on foot, allshunned the powerful symbolic 


mechanism Ban fie hyperdeterminants by the 


German divisions of S. ronhold (1819-1884), who founded 
the modern symbolieMhethod about 1850", P, Gordan, its 
complete master, AG. F. A, Clebsch (1833-1872), who sys- 
tematized ase vigorously applied the German symbolism 
to geometry. in) assic treatises® today but seldom opened. 
Headed by the resolute F. Brioschi (1824-1897), a corps of 
Italian PElaliots joined the triumphal march, calculating 
furiouslyas they stormed into the lush meadows. The backward 
US soentaine its neutrality till 1876. : 
e surfeit of easy victories might have bogged the march in 
1883; but it surged far beyond, into the 1890's, by its sheer 
omentum. Sylvester in 1876 hastened from his native London 
to the laggard United States, where he served ably as mathe- 
matical ambassador till he was recalled at his own request 1) 
1883. His unflagging zeal swelled the army of algebraists with 
a band of raw recruits who mistook the united kingdom of binary 
quantics, symmetric functions, and eliminants for the wider 
democracy of mathematics. The American Journal of Mathe- 
matics, founded by Sylvester in 1878, began storing up sheaves 
of calculations against an imminent famine that has yet © 
arrive, 
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Such misdirected foresight was not peculiar to the algebra of 
quantics in mathematics since 1850. In the accompanying 
theory of groups, for example, especially permutation groups, 
there was a similar panic.?? Once the means for raising unlimited 
supplies of a certain crop are available, it would seem to be an 
excess of caution to keep on producing it till the storehouses 
burst, unless, of course, the crop is to be consumed by somebody, 
There have been but few consumers for the calculations men- 
tioned, and none for any but the most easily digested. of 

Nevertheless, the campaign of calculation for the sa \ 
apparently, of mere calculation did at least hint at undisco’ 
provinces in algebra, geometry, and analysis that were tofetain 
their freshness for decades after the modern higher al; of the 
1870’s had been relegated to the dustier classics. Onlyfour need 
be noted here. \ 

Profiting by Cayley’s oversight of ae 


rdan in 1868 


proved the existence of finite fundamental ‘ms of invariants 
and covariants for any binary quantic, 1870 did the same 
for systems of such forms. Gordan’s , using the symbolic 
calculus of Aronhold and Clebsch, wes*constructive: by a suffi- 
cient expenditure of brute force thiefundamental systems could 
actually be dragged out and ibited. For this memorable 
victory over the barbaric h of algebraic formulas, Gordan 
was crowned “King of Invariants” by his romantic German 
admirers. He occupiogs throne exactly twenty-two years, 
until Hilbert, a merasthipling of twenty-eight, in 1890 snatched 
the crown from lan’s ageing head and rammed it firmly 


down on his ows) : 
Reducin; ‘ulation to a minimum, Hilbert proved the 
ms for the fundamental system and the syzygies 


finiteness ” 

of any & quantics. Great as this achievement was, it was 
comp overshadowed by the principal implement of proof. 
Hi Bey s basis theorem has passed into the very foundations of 
algeBta. It marked an advance of the first order, not only in 
algebra but also in modern arithmetic and algebraic geometry. 
It is fundamental in Kronecker’s modular systems and the 
classic theory of algebraic fields, two of the three main sources 
of modern abstract algebra, the third being the Galois theory 
of equations. It was Hilbert’s reliance on general reasoning and 
existence proofs rather than calculation in this matter that 
exasperated Gordan to cry out, “This is not mathematics; it is 
theology ?? 
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Gordan’s distress was prophetic. Theologians are not noted 
for their tolerance of one another’s creeds, as was demonstrated 
once more in the half-century of mathematics following Hilbert’s 
proof of his basis theorem. The two most aggressive factions of 
mathematical theologians—in Gordan’s sense—of the 1930's, 
the abstract-algebraists and the topologists, found much to 
dispute. According to an expert observer® bulletining from the 
front in 1939, “In these days the angel of topology and the devil 
of abstract algebra fight for the soul of each individual mathe- 
matical domain.” Overlooking the possible transposi in the 
mythology of this amazing brawl over something that may not 
exist, we merely note that it was precipitated in iS) ‘st instance 
by Lagrange’s legacy to Boole and Cayley aie ingle mustard 
seed. May the better angel win, if anythin, be won. 

The second great domain to profit moke*6r less indirectly by 
the labors of the algebraists was ge OS. There can be but 
little doubt that the rehabilitation Ohalytic projective geom- 
etry by Cayley, Mébius, Phickerg lebsch, L. O. Hesse (1811- 
1874, German), and many other§,28 a partial concomitant of the 
work in algebraic invari. as the determining factor in 
Klein’s synthesis of 18 The algebraists and projective 
geometers missed the sep the matter. Klein® saw it when 
he recognized that certain manifestations of invariance are 
accompanied by propriate group: the operations of the 
relevant group ¢{éave unchanged the invariants concerned; 
conversely, a, ee operations leaving certain objects unchanged 
form a gr spot The foregoing is only a very rough description, 
subject itations and exceptions.®) Here at last was 4 
compreheiisive outlook on the weltcr of special theories consti- 
tuti eometry as it was in the early 1870’s, when Lic’s trans- 
foi ion groups provided the means for unifying all under 

program. This will be our concern in a later section. 

.®) ¢ have already noted that other epochal advance due directly 

to the algebra of quantics, Cayley’s reduction (1859) of metric 

Beometry to projective by the adjunction of suitable invariant 
OCl, 

The third province to benefit by the devices of calculation 
introduced in the algebra of quantics was the theory of linear 
differential operators, especially as developed in Lie’s groups 
Here the suggestion offered by algebra to analysis was not very 
explicit, and may have had no influence at all. But the reaction 
in the opposite direction of Lie’s analysis on algebraic invariants 
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was decisive, in that it forced the algebraic theory into a sub- 
ordinate place as a detail in the vastly more comprehensive 
theory of invariance under transformation groups. The link 
here, connecting Boole and Lie, spans nearly forty years. Boole 
used linear differential operators as a means for the successive 
generation of invariants and covariants; Cayley (1846) and 
Sylvester (1851-2) did likewise more systematically, while 
Aronhold (1851, in lectures) and Cayley characterized covariants 
and invariants of binary quantics as the polynomial solutions <\. 
of certain linear partial differential equations. The last, in 
Sylvester’s warlike phrase, is equivalent to annihilatin, 
polynomials concerned by the corresponding differential\oper- 
ators, called annihilators. Sylvester (1878) gener: aed the 
method of differential operators to any quanti ~ Study 
(1862-1922, German) and A. Hurwitz (1859=) , Swiss) in 
1889 and 1894 respectively extended and sim the method. 
The final outcome of this operational appr, to the algebraic 
theory of forms showed that invari. nd covariants are 
particular functions invariant under OF infinitesimal trans- 
formations of a certain Lie group. s, as noted by Lie in the 
grand summary (1893) of his life 5° the nineteenth century’s 
greatest effort in formal algebras distinguished from the more 
abstract, structural algebraCariginating with Galois—was ab- 
sorbed in analysis. We = eae to this presently. ; 
The fourth and lastu ‘come of the calculations in quantics 
to be noted here, t enzene comedy, is not yet (1945) com 
parable in signifi ‘to any of the other three, although it may 


3 


outlast them al istoric interest should atomic physics turn 
away from classical analysis to imitate modern algebra more 
closely. Thé\entire episode is curiously like some in medicine, 


where olives? brews and folk-messes such as a few of the 
Chi, prescriptions have been justified on modern scientific 
grodage, although the primitive science accompanying the 
temedies no longer makes sense. So it was with the “chemico- 
algebraical theory” (1878), the offspring of Sylvester’s fecund 
Imagination as, according to his own account, he lay tossing 
about unable to sleep. “That sublime invention of Kekulé, ‘the 
theory of chemical valence, accompanied by the benzene ring, 
burst upon the insomniac’s vision in the revelation that chem- 
ical combination “is tantamount to the construction of an 
invariant (or in Professor Gordan’s language, the final ‘Ueber- 
schiebung’) of a quantic, or of the derivee of a quantic, or set of 
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quantics, with itself.” Clifford saw that it follows almost immedi- 
ately that to the simplest of all organic compounds, marsh gas 
or methane, CH,, “corresponds” an invariant of a binary quan- 
tic and four linear forms. 

As late as 1900, Gordan was taking seriously Sylvester’s 
superficial analogies between graphical formulas in chemistry 
and the algebra of quantics, and was writing papers on the sub- 
ject. But it had yet to be shown that chemistry or any other 
science will yield up all its secrets to middle-aged, Algebraists, 
who have seldom been inside a laboratory, tossin: Bout in bed. 
Sylvester was not the only pure mathematic ho has at+ 
tempted to solve the universe in his head; nerwas his the only 
vision that facts have quickly dissipated. <y 

The classical algebra of quantics foun interpretation” in 
atomic physics in 1930-1, but forgi¥@) reason even remotely 
resembling the speculations of 187: 0. The algebra of quan- 
tics appeared in the modern tum theory as an epiphe- 
nomenon of the calculations. emains to be scen whether 4 
majority of physicists we) oY eht in their estimate of this 
curious guantom-quani@t nothing more profound than a 
mathematical pun. 

The classical theo’ of quantics was reworked incidentally 
(1939) in its br outlines by H. Weyl (1885-, Germany, 
U.S.A.) in The. ical groups, their invariants and representa- 
tions. The gréUps considered are on n variables, and are the 
group and its subgroup of all non-singular or all 
unimod linear transformations, the orthogonal group, and 
s having as invariant a non-singular antisymmetric 
form. The first two are those of interest for the classical 

y. The field of the coefficients and coordinates is an ab- 

‘act infinite field, as in the theory of linear groups elaborated 
oe” L. E. Dickson (1874, U.S.A.) in the early 1900’s. The ren 
tion consists principally in fitting the theory into the gener 
scheme of modern abstract algebra, including the theories © 
semi-simple algebras and group representations. The last 4 
inaugurated in 1896-1903 by G. Frobenius (1849-1917, German) 
for finite groups, and developed thereafter by him and many 
others. By means of the commutator algebra of a completely 
reducible matric algebra, the representation theory of one 
finite groups is applicable to the infinite groups analyzed by 
Weyl. For the analysis of tensors by means of symmetry opera- 
tors, permutation groups serve to separate the tensor representa” 


bili 
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tions of the general linear groups into their irreducible com- 
ponents. A generalization of the older methods makes the 
invariants depend on quantities transforming under an arbitrary 
irreducible representation. The ‘quantities’ are vectors apper- 
taining to a specific representation of the group. The com- 
mutator algebra (in Weyl’s terminology) of a given algebra is 
the algebra of all matrices commuting with every matrix of 
the given algebra; it is useful in the representation theory of 
semi-simple algebras. Re 
In the calculation of group characters, analytical rar 
tions offer an alternative to the purely algebraic methods the 
finite summations of the latter being replaced by integrations 
over the group manifold, the invariant element of NY Ine of a 
compact group having been suitably defined. ROR be seen 
shortly that F. Klein (1849-1925, German), inn’ mprehensive 
‘Erlanger Programm’ of 1872 for the codifica’ of geometry as 
it existed at the time, essentially redi Sy geometry to the 
study of equivalence under certain of transformations. 
In the modernized presentation of Kl project, groups appear 
as groups of automorphisms and erred coordinate systems 
of the base space. The automorphisms leave invariant the char- 
acteristic relations of the (particular geometry concerned. 
These automorphisms ii transformations on the vector 
subspaces of the bas . As in the development of Klein’s 
geometry as an application of groups, the group here has a dual 
aspect. Weyl’s sy. sis also includes parts of the topology of 
the groups dis ‘4. In its application of a wide variety of 
methods to Yen situation, whether of algebra or geometry, 
it is remi, igcent of Klein’s universality in both of these fields 
as they eS in his day. 
Q) : 
S The synthesis by transformation groups 

<i) the following rough description of transformation groups, 
it is assumed that all conditions necessary and sufficient to 
insure the existence of all the transformations described are 
satisfied.2® The functions fi, .- +» fn are such that the » 
equations 


, Pua 
GQ) xh = file... Map Qty ee 7@),t ely. soot 
are solvable for the independent variables m1, . - - >%» 3S 
functions of xi, .. «5 %,3 and 41, ++ + > & are 7 parameters; 


both the variables and the parameters may vary continuously. 
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The » equations (1) define a transformation of the variables 
%1, 4...) % to new variables x, ..., x/; solution of the 
equations gives the inverse transformation defining the variables 
Hi, 5». ) ¥, as functions of a, .. . , x4. All this is fora speci- 
fied choice of parameters a;,..., a,. If for another choice, 
b ... ,b,, the x1, . . . , x, are transformed to new variables 
x,... 4%, by a transformation of the same sort (that is, by 
the same functions f,, . . . , f,) as before, so that 


Q =f... iby... bial... 


, 
the variables x, .. . , x1, may be eliminated fro ) by sub- 
stitution of their values from (1). It will not ally happen 
that the outcome of the elimination is expressipld in the form (1), 


Say as fy 
” \ 
(3) ow! = filly... taste ee »QF=1, sate 9 hy 


where 1, ..., ¢ are functions ofp Peer Se Seem er 
alone. But should such be the ca; eXthre transformations (I) then 
have one of the cardinal propery of a group:** the set of all 
such transformations is clos. der successive performance of 
transformations, as in pas from (1) through (2) to (3). The 
theory of transforma oups is concerned solely with sets 
of transformations h Seine property of closure. But more is 
now customarily deftanded, as will be noted presently. When 
sufficient furth uirements to make the closed set a group 
are imposed, SSacltig group is called an r-parameter trans- 
formation .*° Because fi, . . . , f, are continuous functions 
of the va: es and parameters, the group is said to be con- 
tinuous;“@nd if the number r of parameters is finite, the group 18 
Fite continuous r-parameter group. There are also 
continuous groups, in which the number of parameters 1s 
ite. These have been less extensively investigated, and will 
t be further mentioned here. Discontinuous r-parameter 
groups are similarly defined when the parameters are restricted 
to range over a set of discrete numbers. The rest of the descrip- 
tion, given only for one-parameter groups, is readily extended to 
r-parameter groups; it illustrates the essential points. As cus 
tomary in the classic treatment, we shall use the ancient lan- 
guage*! of infinitesimals, 62, 5x, dx2, whose squares are to be 
discarded; ali this can be readily rephrased® in terms of neighbor- 
hoods of points, etc, If desired, it can also be abstracted an! 
generalized up to a certain stage. The one-parameter set of all 
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= filer, #23 4), = falerry 2; a) 


is assumed to have the closure property as described above for 
r-parameter sets. 

It is now assumed® that for some value ao of the parameter @ 
the resulting transformation is the identity, so that 


(4) Fils, #25 Go) = Xiy Salon, #25 a) = 225 Rw 


F bar te ‘\ 
that is, for a = a the transformation is #1 = 21, %) = ¥. Ges 
the set, by assumption, contains the identical transfor i 


With the same a, and a an infinitesimal jncremene the 
transformation ON 

a = file, 3 a0 + 6a), 2 = Salty ah + 6a), 
on expansion by Taylor’s theorem, gives > 
(6) a = filer, %25 40) + & 6a, 

amas 

higher powers of 4a being negl , with a similar expression 
for x; having fs in place of fi artial derivative in the above, 
evaluated at @ = ao, conta 's variables only %1, ¥2, Since 4 1s 


fixed; say this evaluated ative is E(21, #2). By the assumed 
continuity of f,, fe Ha) give 
dey x — om = Ela, wa) ba; 
and in the same way, 
OY baa a= n(x1, %2)0a, 


in whi SG %2) = (2) . Unless &, 7 vanish identically, or 
nie 


either becomes infinite, the above define an infinitesimal 
traisformation. The possible exceptions may be ignored, since 
Lie proved that a one-parameter group always contains an 
infinitesimal transformation and indeed essentially only one. 
For simplicity, it is assumed. that every transformation in the 
set has a unique inverse. Conversely to the above, Lie showed 
that every infinitesimal transformation determines a one- 
parameter group. He also proved that any such group ne a 
invariant, say I(x;, #2), such that, for all transformations ee he 
group, T(x), a4) = I(x, x2). Such an invariant 1s said to admit 
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the one-parameter group of transformations. In particular, the 
invariant admits the infinitesimal transformations of the group. 

We indicate first the connection with differential equations, 
In the sense just described, a differential equation may admit 
infinitesimal transformations. For the historically important 
case when the variables are separable, and hence when the 
equation is solvable by quadratures, Lie gave a method for 
constructing the infinitesimal transformations leaving the equa- 
tion invariant; the construction indicates the steps to be taken 
to reach the solution. The advantage of Lie’s method\ever its 
predecessors is the obvious one of uniformity angQgpnerality 
over haphazard ingenuity. It is applicable both to” ordinary 
differential equations of any order and to Raival differential 
equations. oY 

It is interesting to recall that Galoi, <yiho was Lie’s idol, 
indirectly inspired the application of cons groups to differ- 
ential equations. In a letter of 1874 Mayer, Lie*! observes 
that “In the theory of algebrai fations before Galois only 
these questions were EE an equation solvable by 
radicals, and how is it to be d? Since Galois, among other 
questions proposed is this: Hew is an equation to be solved by 
radicals in the simplest possible? I believe the time is come 
to make a similar re in differential equations.” 


Although Lie hisiself did not construct an analogue of the 
Galois theory f ‘erential equations, his methods were the 
point of depa ‘ ‘or Picard’s initial success (1883, 1887), from 
which E, Vs t proceeded to his own complete structural 
theory (1 of linear differential equations. Vessiot (1892) 
fundamental theorem as follows: To every linear 
al equation of order ” corresponds a finite continuous 
dip of linear homogeneous transformations on x variables, 
th has properties similar to those of the group of permuta- 
9 ions for an algebraic equation. It is shown, among other things, 

that the integration of a given equation by means of auxiliary 
equations is thus related to the progressive reduction of the 
group of transformations for the equation. Further, if the 
auxiliary equations are restricted to certain types suggested by 
about two centuries of experience, the method of solution indi- 
cated by the group is the only one possible. 

One objective of any structural theory is to determine what 
operations are necessary and sufficient, also what mathematical 
objects must be invented, to provide a solution for a problem 
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of a prescribed kind. For example, in the Galois theory of 
algebraic equations, the intrinsic structure of the group of per- 
mutations of the roots of an equation, as determined by the 
composition series of the group concerned, fixes the nature of 
the algebraic irrationalities to be adjoined to the field of the 
coefficients so that the equation may have roots equal in num- 
ber to its degree. In the analogous structural theory for differen- 
tial equations, it is required to determine the nature of the 
operations necessary to furnish a general integral for a system 
of differential equations. AS 

Just as the algebraic theory characterizes the nature oe 
irrationalities required for the solution of a given algeby: 
equation, so does the structural theory of differential ions 
characterize and classify the functions defined by agovtem of 
differential equations. As noted, the initial impulse for a struc- 
tural theory came from Lie’s transformation gtetups. In spite of 
Picard’s** deprecatory estimate of his own ¢ Apibution, which, 
historically, inaugurated the project, as < ly a very natural 
extension to an analytic problem of th emely fruitful ideas 
introduced into algebra by Galois,” the problem of devising a 
structural theory for differential egnal ions was no facile exercise 
in principles already classic. 8 

Departing from Lie’s philosophy of groups, but first using 
his methods, J. Drach (1 , French) in 1893 took another 
direction.** This led in age ‘and later to a structural theory of a 
different type, in whi IN e concepts of reducibility*” and group 
of rationality for ystem of ordinary differential equations 
are defined and. jorated. The resulting theory might be 
termed algebrai@in that it proceeds directly from the differential 
equations and.tan be developed entirely independently of Lie’s 
theory, Cohversely, the theory of Lie groups is recoverable from 
Drach sqilasi-algebraic structural theory. Among many appli- 
exon the differential equations of geometry and mechanics, 
one ty particular harmonized exquisitely with the spirit of 1945: 
all those laws of air-resistance which render the equations of 
exterior ballistics integrable by quadratures are determined. 

Although all these structural theories of a major division of 
analysis originated in the late nineteenth century, they are 
More in the spirit of the general analysis of the twentieth. Their 
Primary objectives are to discover what can be done rather 
than to do it, and to give criteria for what cannot be done. For 
example, Picard showed that the general linear differential 
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equation of order is not integrable by quadratures. It is there- 
fore futile to seek such a solution. This might have been guessed; 
but, as in Abel’s proof that the general quintic is not solvable 
by radicals, a demonstration of impossibility definitely disposed 
of what might seem a reasonable problem. Once more the 
methodology of Abel and Galois made an outstanding contribu- 
tion to the development of mathematics. In this connection it is 
interesting to recall Lie’s opinion that the pattern of nineteenth- 
century mathematics was laid out by four men, Gauss, Cauchy, 
Abel, and Galois. 

It was remarked in an earlier chapter that t 30's saw 
the beginning of what may be a distinct phase id the theory of 
differential equations, in which the concepts odern algebra 
(since 1910) are carried over, to a certain , to the theory 
of systems of differential equations alaghyaie in the variables 
and their derivatives. The direction hei ‘ot determined by the 
theory of groups, diverges widely, m previous structural 
theories of differential equations JRE type of result obtained is 
correspondingly different; thug\tHere is an analogue, for an 
infinite system of differential ¥ s, of Hilbert’s basis theorem 
for algebraic forms. For futther details we refer to the mono- 
graph® by J, F. Ritt dees U.S.A.), who has been chiefly re- 
sponsible for this th > Another,** with still a different aim, is 
that of J. M. Thomé@s.{1898-, U.S.A.). 

Continuing ayitD the direct outgrowths of Lie’s theory of 
transformati SS ups, we note its immediate application to 
algebrai nts. We cannot give details; but the following 
is a bare of the strategy. The variables x, ..., %, ina 
given syStem of forms are transformed by a group of lincar homo- 
gel transformations having determinant 1. This group may 

be rated by its infinitesimal transformations. Any one of 

e, applied to the given system, induces an infinitesimal trans- 

.®) rmation in the coefficients of the forms. Hence also there is 
induced an increment in any function of these coefficients, in 
particular, in any invariant of the system. By the definition of 

an invariant, this increment must vanish. This condition yields 

a partial differential equation which the invariant must satisfy- 

Similarly, each of the infinitesimal transformations of the group 

leads to a partial differential equation satisfied by the invariant. 

The resulting simultaneous equations can be solved system- 

atically to produce all the invariants of the given system. The 

method amounts to Sylvester’s (1852, 1878); Lie systematized 
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and fitted the differential operators of the algebraists into the 
more comprehensive frame of transformation groups, thereby 
revealing their necessity and sufficiency. The actual calculations 
for forms of higher degree or in many variables may be very 
prolix. But we have seen that such calculations serve no rational 
purpose until they are needed for something other than filler for 
mathematical periodicals, 

For a comprehensive abstract of what Lie’s synthesis accom~ 
plished, we must refer to the account*® (about 12,000 words) 
by Lie himself. Writing in 1893, Lie gave reasons for claimir 
that his “theory of invariants of all continuous groups ombaatse 
all theories of invariants hitherto noted.” Among nu: 
other items of the highest interest, we shall cite onl: ree, 
“The principles of [Newtonian] mechanics,” as Lig over 
by an application of his theory to the differeasle equations 
of that science, “originate in the theory of [cot itin ous] groups. 
... Kinematics and its theorems are pay subsumed as 
very special cases in my general theorems.(My researches on 
geodesics and the general problem of eqifivalence in differential 
equations, show by what principles mechanics can be success~ 
fully handled,” Part of this work passed into the standard 
modern treatment of analytics hanics. The appropriate 
analysis is that of contact tramtstormations, so called because if 
two curves or surfaces tough before transformation, they also 
touch after. 

The application t matics was closely related to a great 
project in the foun, ns of geometry. In Euclidean space, a 
rigid body retain! shape and size*® as it is moved about; all 
possible motion@pot the body generate a continuous group. 
Aye. 1870) all subgroups of the groups of Euclidean 

ean motions in space of three dimensions, thereby 
g the corresponding geometries. This classic con- 
to the foundations of geometry clarified and made 
he ingenious but somewhat vague attempt (1868) 
of L. von Helmholtz (1821-1894, German) to describe Euclidean 
Space kinematically. 
: The third item is that of differential invariants, basic in 
infinitesimal geometry and in geometrized physics. Sylvester, 
in his theory of reciprocants (1885), had rediscovered several 
such invariants by his habitually ingenious methods; but he 
ha been anticipated in the more systematic attack of G. H. 
Halphen (1844-1889, French). A close enough description of the 
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subject is Poincaré’s remark that “the theory of differential 
invariants bears the same relation to the theory of curvature 
that projective geometry bears to elementary geometry,” 
Of Lie’s predecessors, we need recall only Gauss, Riemann, 
Beltrami, Laguerre, and Halphen, all of whom, either in their 
work on infinitesimal geometry or in that on differential equa- 
tions, encountered differential invariants. Lie justly claimed 
that his earlier general theory included and extended all those 
of his predecessors and contemporaries. Seventeen years after 
Lie’s death, differential invariants assumed an impartetice in 
geometry and physics that he could hardly have foré3eén. 

One analytic device is perhaps the secret of th 
theory and its applicability to classical physi 
tion to linearity, Within the very mild r 
what some analysts called civilized functi 
functions from which the theory pro 
iterations of even so elementary fi ons as polynomials of 
degree higher than the first, as WOuld be demanded if the 
transforming-functions fy, . . ape were such, lead to prohibi- 
tive complexities in both al, and analysis. Operating in 
the continuous domain, Liggsa that the proper mathematical 
tools are the crresrondigg ninitenmel transformations, which 
are linear in the infinjt@simal increments da, . . . , da, of the 
parameters @:, . . . ¢‘ain an r-parameter group. Thus linearity, 
the basic simplif assumption in much of both pure and 
applied math en 8, Was preserved. 


; the transforming- 
are arbitrary. But 


Dying i 9, Lie had lived long enough to see his most 
prolific su jor, the French geometer E. Cartan, well started 
on a pri le road which returned many times to continuous 


artan’s Paris thesis (1894) was so exhaustive in its 

a of certain outstanding problems that it practically 
agalisied interest in finite continuous groups for many years. 
c?: ere remained the continuous groups with an infinity of 
parameters. Interest in Lie’s theories and methods revived 
about 1920, after general relativity had given differential 
geometry a new direction.‘! In line with verbal geometrizations 

of analysis, the newer work generated geometries of group- 
manifolds and the like with astounding abandon. These severely 
technical developments are beyond description here; we note 
only that their very abundance was but one more contributing 
cause of the flight to complete abstraction. ‘. 
Returning to Lie himself for a moment, we observe in his 
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highly individualistic career a distinction between general work- 
ing conditions before and after the 1830’s that must be taken 
{nto account in any appraisal of mathematical development 
during the recent period. In his later years, Lie acquired en- 
thusiastic disciples and extremely able collaborators, notably 
F, Engel (1861—) and G. W. Sheffers (1866-), both German, 
But like some other masterpieces of nineteenth-century mathe 
matics, Lie’s theory was essentially a solo performance. It may 
be too early to judge whether the twentieth-century mania 
for cooperation in everything, with its monotonous mass produg<\ 
tion of a merely high-grade output, is deadening enoug BS 
blight a talent of the first order. But it is quite general ah 
that, of the most active performers in the 1930’s, there was no 
soloist in Lie’s class.** 

Three explanations to account for the lack of Sbtstanding 
innovators and great synthesizers have been: pyoposed. Some 
think the innovators are still with us but toy Close for recog~ 
nition, Staunch believers in the virtues ofGbganization and the 
omnipotence of administrative machi fervently hope that 
the age of unpredictable originali roa forever with the 
nineteenth century; fifty competes laborers regimented in a 
common task can accomplish s and do it quicker, than the 
most brilliant improviser. Shafing the optimism of the first 
apologists, while admitting<that the second may be right, the 
third see the dearth of ‘(aank mathematicians*® as the natural 
outcome of a move! een in the 1830’s by Jacobi. That 
irrepressible innov: cep believed the infallible method to advance 
mathematics w + domineering professors in the leading 
universities to their own ideas, and as little else as possible, 


into as ma Fvanced students as could be induced to scribble 
lecture n » In short, Jacobi anticipated the Fihrer Prinzip. 
The su of Jacobi’s personal venture incited other would-be 
lea acquire their own droves of obedient followers. When 


‘der is a Jacobi, the desired end may be attained. But when 
the leader himself is a man of second-rate intellect, with no 
very clear notions of where he is going or how to get there, the 
faithful procession may find itself following its guide into the 
barren wildernesses of a dead past. 
Lie’s opulent originality flourished a decade or more too 
late to be left in unorganized peace. The massive, slow-moving 
Orwegian Lic had nothing systematic about him; the friend 
of his early manhood, the mercurial Prussian Klein, was the 
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dynamic personification of system. From 1869 to 1884, Lie 
developed his theory in his own disorderly way. Anything 
so novel and so extensive was naturally not appreciated at its 
full value immediately. Convinced that his untidy friend lacked 
systematization as well as recognition, Klein decided to organize 
him, detailing the meticulous Engel to supervise the gigantic 
task. 

For five laborious years (1888-93), Lie degenerated into a 
monotonously productive factory. Three colossal yolumes, 
Theorie der Transformationsgruppen, stand as an impenshable 
monument to disciplined labor. Had this universally( aimed 
but seldom read masterpiece been Lie’s sole legacy(to posterity, 
his fame might well have been retarded for ‘ed after his 
death. Even in 1893, when the final onars fared, life was 


too short for the thorough assimilation sitting of 2,000 
large pages of pure mathematics. The actic but clear and 
suggestive presentations in many of s original papers were 
now smothered under systemati: asses of details designed 
to make transformation erupt punable to weanlings and 
easily digestible by surfeited 3 hematicians. But the age of 
three-decker masterpieces was long past by the 1890’s. In the 
yet faster tempo of thee esticeh century, a mathematical 
paper over fifty pages 7 length must be of extraordinary 
quality if it is ever read seriously by anyone but its author 
and the unfortu: eferee who must certify its correctness. 

Engel’s tip h in organizing Lie seems to have been a 
mistake. B rat ‘as not fatal. Not three hundred leaden volumes 
could hay washed and buried a talent like Lie’s. His ideas 
had do; cir enduring work long before all the freshness and 
ere systematized out of them. As for Klein’s part in 
medy of well-intentioned errors, it is only fair to record 

he was actuated by the least inexcusable of all excuses for 
eddling with another man’s life: the sincere and unselfish 
desire to make a friend do something distasteful for his owa 
supposed good. 


Codification of geometry by invariance 
Anything in recent mathematics that retains its freshness for 
half a century is an extreme rarity. A single decade since 1850 
may span profounder changes in the general outlook on 4 
particular division of mathematics than did the entire eighteenth 
century. As the year 1900 is passed, the like holds for ever 
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briefer periods and any preceding fifty years. Perhaps the most 
conspicuous illustration of these facts is Klein’s ‘Erlanger 
Programm’ (1872) for the codification of geometry, For about 
fifty years it persisted unmodified; about two years of the new 
geometries that followed general relativity (1916) rendered 
Klein’s synthesis inadequate. 

The best account of the Erlanger Programm is still Klein’s 
own. As this is readily accessible in both German and English, 
we shall merely state its central concept as rephrased in 19, 
by an American geometer.** In addition to the bara = 
the date of this quotation is to be noted, as another fpdnt“the 
same expert exactly ten years later illustrates thi idity 
with which modern mathematics progresses. o 


A geometry is defined as the system of definitions aatititorems invariant 
under a given group of transformations. . . . Two arabe f transformations 
are to be considered in connection with any geomet relation: a group by 
means of which the relation may be defined; a gi inder which the relation 
is left invariant. The more restricted the groupstk@ynore figures will be distinct 
relatively to it, and the more theorems pear in the geometry. The 
extreme case is the group corresponding e identity [the transformation 
leaving everything considered invariant], the geometry of which is too large 
to be of consequence. s 


The second quotation from the same geometer™ ten years 
later (1928) summarizes(the radical change in outlook that had 


occurred in less than &decade: 
This [Klein’s} regi was the dominant one for the first half century 


after it was enuneia’ . It was a helpful guide in actual study and 
Tesearch. Geometers felt that it was a correct general formulation of what 
they were trying to do. For they were all thinking of space as a locus in which 
figures wer, d about and compared [as was implied earlier in connection 
with Lie’ n of Helmholtz’ kinematic geometry]. The nature of this 
s what distinguished between geometrics. 

the advent of Relativity we became conscious that space need not be 
at only as a “locus in which,” but that it may have a structure, a field- 
theory, of its own. This brought to attention precisely those Ricmannian 
Seometries about which the Erlanger Programm said nothing, namely those 
Whose group is the identity. In such spaces there is essentially only one figure, 
tamely the space structure as a whole. It became clear that in some respects 
the point of view of Riemann [1854] was more fundamental than that of Klein. 


Before describing the basic distinction between the two points 
of view, we shall quote another informed opinion‘* on the 
chameleon-like change that overtook geometry when exposed 
to general relativity in the decade following 1916. In the two 
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quotations above, it is interesting to compare the status of 
“the group corresponding to the identity” in Klein’s program, 
with that of “geometries . . . whose group is the identity” in 
the revised conception of geometry. It may be a misreading of 
the evidence, but it would seem that the trivial stone rejected 
by the master builder in 1872 was recovered and given a place 
of honor by his successors in the 1920’s. However that may be, 
it is reassuring to learn that the new cornerstone was still 
supporting a massive buttress of modern geometry asdlate as 
1945. Again we quote an expert. » 
“What may be called the Euclid-Klein concept, of geometry, 
that is the study of equivalence under a given p of trans- 
formations, was replaced by the idea that spag@“has an intrinsic 
structure, consisting of a sct of relations wj may be, but in 
general are not, defined in terms of a tr; rmation group.” 
The basic difference between the tword ceptions of geometry 
exemplifies a logical platitude. If ast one postulate of a 
mathematical (hypothetico-dedj e) system be suppressed, 
the system developed from thé todified set of postulates is 
less restricted than the origial. In this sense, the modified 
system is more fundamentafand more general than the original 
system, Specifically, if age or more of the postulates of a group 
of te enfonac@h tne and if invariance with respect 


to the transformatieas defined by the curtailed set of postulates 
be taken as th erion for a “geometric object,’"* the new 
geometry will Be more general than that developed for invariance 
with reapest@y ‘a transformation group. Thus in the new geom- 
etries th, cept of invariance will survive, while that of a 
grou ma! but in general will not. This is the essential difference 
bet the new geometry and the old; it may be outmoded 
b fe time this is printed, 
©*Klein’s synthesis of geometry was an outstanding landmark 
Oh the mathematics of the nineteenth century. As in numerous 
other instances where an historical monument has been far 
surpassed, it does not follow that Klein’s synthesis was abolished. 
It retained its usefulness in the limited domains it was designed 
to unify; and its technical methods, although superseded, 
undoubtedly suggested many things to be done in the revised 
geometry. In fact, so close is the formal resemblance between 
the old and certain earlier parts of the new that hostile critics 
characterized the latter as conspicuous examples of the facile 
sort of generalization which is beneath the notice of reputable 
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geometers. But even if this had been justified, there remained a 
substantial residue of new geometry, some of it useful in the 
physical sciences, which Klein’s methodology from its very 
nature could never have produced. For these and many other 
reasons, the revised program in geometry has a chance of being 
remembered as one of the capital achievements of mathematics 
in the twentieth century. Some supplementary remarks are 
therefore in order. 

Returning to the Erlanger Programm itself, we note some of 
the things it accomplished or inspired. It unified, from the stands\ 
point of groups, Euclidean geometry, the classic Sa 8) 
geometries, projective geometry, and the conformal Beany ti 
growing out of Steiner’s inversive transformation.” Riga nian 
geometry was included only trivially. By seeking thee etries 
corresponding to subgroups of the groups defini: se Tespec- 
tive geometries, Klein’s approach revealed the\interconnections 
between various geometries and suggested ny interesting 
things to be done in both geometry and aN eory of groups. 


Regarding the last, it can hardly b ed that the outcome 
was wholly fortunate for mathem: The great vogue of 
groups that persisted well into the Wwentieth century was due 
partly to the popularity of the Edanger Programm. The abler 
specialists in groups, men lik jow, Jordan, Frobenius, Holder, 
W. Burnside, E. H. Moo ickson, and Klein himself, were 
expert in a great deal eh tashematie besides the theory of 
groups or one of its matrow subdivisions, such as permutation 
groups. Their inom for what constitutes mathematics as 
Opposed to mei culation, which no amount of technical 
difficulty can giPre above triviality, is evident in the generality 
of classic ge lems associated with their names. But it was 


possible f, dustrious laborers little advanced beyond mathe- 
Matica, teracy to obtain almost any finite number of per- 
mu 


groups by obstinate grubbing, and to find by the 
same Wull means all the finite abstract groups in certain narrow 
categories which they themselves had defined, apparently with 
the express purpose of dignifying their calculations with an air 
of pseudo generality. In permutation groups, for example, 
the first week of school algebra will give the prospective cal- 
culator all the manipulative ski!l he needs. But it will not give 
him the sense to distinguish between what is living and what is 
dead in mathematics. The intellectual maturity which is fre- 
quently cited as a prerequisite to a successful career in finite 
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groups can be ignored by the mere collector of specimens. 
It is rather humiliating to American mathematicians to have 
to record that the greatest excesses in this troglodytic sort of 
activity occurred in the United States, beginning in the 1890’s. 
Fortunately for the progress of mathematics in America, nearly 
all those who continued active abandoned groups, or at least 
gave up calculation, after they had satisfied the requirements 
for a Ph.D. 

The success of the Erlanger Programm was alsowpartly 
responsible for another tendency that did mathentatics no 
particular good. When it was shown that a certain ry satis- 
fied the postulates of group, it seems to have beer assumed as a 
matter of course that the theory was the significantly 
advanced. To cite a trivial instance, when it j ely announced 
that all the rational integers form a.grgup with respect to 
addition, common sense will not mands n mouthed in dumb 
admiration, but will demand, ‘Wha ce 

Groups, like Klein’s progra: Love not disappeared from 
mathematics; nor is there any ihood that they will in the 
immediate future. But with the-Yapid development of geometry 
and algebra in the twentigtli*century, groups took their place 
as but one of several unjfying concepts of recent mathematics. 
One of these, the pseWdo-group, is crucial here, It occupies 
the same position with reference to the geometry that surpassed 
Klein’s progra the group concept occupied with respect 

» ESamark. A pseudo-group*® is a set of trans- 


to that classi 
fvmatn eo that, if the result of performing any two trans- 


formation: the set successively exists, or is defined, it is in 

the set contains the inverse of each transformation 
. An invariant with respect to a pseudo-group is called 
metric object, and geometry is then identified with the 
ly of pseudo-groups and their invariants. Klein’s synthesis 
lentified geometry with the study of transformation groups 
and their invariants. . 

It was remarked in one of the quotations above that ‘space 
used to be regarded as a ‘locus in which.’ In relativity (1916), 
space-time itself became the object of investigation, for the 
revolutionary reason that matter, of which material bodies are 
composed, appeared as an aspect of space-time itself. Instead 0 
asserting that matter is present in a given region of space-time, 
it proved more fruitful to say that the region has a certalt 
curvature, the measure of curvature varying from point t° 
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point in a manner corresponding—in the discarded terminology 
—to the amount of matter present. In the absence of matter, 
space-time is flat. This apparently mysterious way of restating 
and generalizing familiar hypotheses of the physical sciences 
was not done to bewilder common sense, but to furnish a work 
able mathematical imagery for certain parts of physics, notably 
the observable phenomena of gravitation. It justified itself in 
the prediction of new phenomena, later observed, and in pre- 
dicting correct numerical measures where the Newtonian thea, 
of gravitation predicted measures that disagreed with observ®® 
tion. There is no need to repeat the familiar story her Oe 
present interest is in seeing that physical science gave the new 
geometries of the 1920’s—30’s their strongest impet ‘here is 
an obverse to this: however abstract and arti the new 
geometries may appear at first sight, they not be wholly 
useless scientifically, for they include as a ve Special instance 
the geometry of space-time. The ErlangeryProgramm included 
Euclid’s geometry and Newton’s spac of which retained 
their utility in the science for which were invented, But 
geometry did not end with Eucli r physical science with 
Newton, and the older frame proyed ee nerrow for the expanded 
world picture of mathematicgyéi ice 1826 and physical science 
since 1916, “A 

As we saw in an earlieX@hapter that geometry descended in 
the late nineteenth c from its celestial status of eternal, 
necessary truth, it dll‘ be interesting to see what became of 
Space in the as: eptvof geometry to ever rarer abstractions. 
Neither the philé3 phical nor the scientific answers to ‘What is 


space?” are ‘ant here. We are concerned only with what 
space becante ‘or geometers. First, there is not one space, but 
any nu . There is nothing startlingly novel in this; it was 


alread. ming into view in 1826 when Lobachewsky constructed 
theirs non-Euclidean geometry. Second, the progressive 
abstraction of mathematics by the postulationalists, from the 
algebraists of the 1830’s to the geometers of the 1890's, gradually 
Convinced mathematicians that their space, too, was a by~ 
Product of their own mathematics. By the 1920's, the conception 
of space as an arbitrary creation of geometers had become a 
commonplace: “a space is a set of objects with a definite system. 
°t properties, called the structure of the space.’4¢ An example, 
to which we shall recur, is a flock of browsing sheep completely 
Surrounding a few alert goats. Another of a somewhat similar 
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kind is any finite number of points enclosed by a sphere of 
constant radius. Neither of these spaces need be metric, although 
a distance function for either is easily definable in numerous 
ways. 

With this highly abstract definition of a space in mind, we 
return once more to Klein’s program and its successors. It is 
interesting to observe the abstract identity between the follow- 
ing description of spacial structure and structure as described 
jn connection with modern algebra, and further to note once 
more that the basic concepts originated with Galois. T SE 
are called equivalent or (simply) isomorphic if th a one- 
one correspondence between the objects in the(paces which 
establishes a one-one correspondence between all, the properties 
constituting the structures of the respecti aces. When this 
is applied to two spaces which are Ww me, there is thus 
defined what is called an automorphis the space. It follows 
easily from these definitions that sipohe automorphisms of a 
given space form a group. — is group is the identity, 


Klein’s program says nothing rding the geometry of the 
corresponding space. But the\identity is as valid a group of 
automorphisms as any othe and once more the necessity for a 
revised conception of etry as a mathematical system is 
evident. For furtheraparticulars, with references to notable 
attempts in the 1 to salvage the Erlanger Programm, we 
refer to Ber ositions. 

The part ed by physical science in this explosive out- 
burst of ‘try has been remarked several times already, 
but the rd is not yet complete in its major aspects. The 
geom ramework of general relativity is Riemannian geome~ 
try y need to include this geometry in any comprehensive 
concept of geometry necessitated the advance beyond Klein’s 
GYirthesis. By 1918, Riemannian geometry in its turn appeared 
to be inadequate for a capital project in physics. The two 
main field theories, Einstein’s (1915-16) of the gravitational 
field, and Maxwell’s (1859-60) of the electromagnetic field, 
posed the obvious problem of constructing a field theory which 
would yield both on suitable specialization. Weyl (1918) con- 
structed the first non-Riemannian geometry in an effort to 
produce the required unified field theory. Several later attempts 
by Einstein and others were no more successful than Weyl’s 
in satisfying all the scientific demands. Although there was 1° 
accepted unified field theory as late as 1945, Weyl’s attempt #6 
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of the first importance historically for the new direction it 
gave mathematics in the construction and investigation of 
non-Riemannian geometries. It was the first outgrowth of 
relativity that contributed anything basically new to mathe- 
matics. All the elaborate mathematical machinery of general 
relativity was in existence for about twenty to fifty years before 
relativity was invented. Einstein’s prologomenon (1944) to a 
unified field theory of gravitation and electromagnetism intro- 
duced the new device of bivectors. 

Physics, however, cannot be credited with everything th’ “ 
happened in geometry after relativity. One of the most ica 
ideas introduced into geometry since Lobachewsky wage I~ 
Civita’s (1917) parallel displacement, a generalization Of the 
notion of parallelism. This in turn was genera: Weyt 
and others. The matter is too technical for éription here, 
but it may be mentioned that the parallel cement of a 
vector, say in Riemannian space, has so) f the cardinal 
properties of parallelism in roe try. For example, 


as a relation with respect to displace: along a fixed curve, 
this parallelism is symmetric and tive. But a vector dis- 
placed parallel to itself round a curve will not in general 
return to its initial value, as ise ‘case for vectors in Euclidean 
space. This anomaly may seém absurd, but a familiar fact of 
geography offers a very si < example.‘* If a ship sails a tri- 
angular course along ar of great circles, so that the ship 
remains parallel to its initial direction as long as it sails on the 
same arc, the s pe all the angles measuring the changes in 
course is the s jee excess of the triangle, and hence is zero 
only if the e: is flat. 

In con: ity with the spirit of twentieth-century mathe~ 


matics, it\was inevitable that Levi-Civita’s parallel displace- 
ment Id be generalized. The language, at least, of geometry 
wi served in the generalization to the displacement of a 


vectdr in the tangent space of the original Riemannian manifold. 
There seems to have been some as yet unjustified optimism that 
this and further generalizations of Riemannian geometry in the 
1920°s would provide a geometric framework for the unified 
field theory (to include the phenomena of gravitation and elec- 
tromagnetism) desired by the theoretical physicists of the time. 
None did, and Einstein’s geometry of bivectors (1944) was 
still on probation in 1945. General relativity had included some 
physical principles, in particular the principle of equivalence, 
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in addition to its geometry. This, according to the physicists, was 
the source of its successes. According to the same authorities, 
the failure up to 1945 of the attempts at a unified theory might 
have been anticipated: each attempt was geometry and nothing 
more. The truism that, to get something empirically verifiable 
out of mathematics, something empirically known must be put 
into mathematics, appeared to have been overlooked, It must 
be mentioned, however, that not all theoretical physicists of the 
1940’s accepted this triusm. To some it was not even tiie; it 
was definitely false. Eddington, for example, until ase t the 


week of his death in 1944, continued to defend his creed 
that “all the laws of nature that are usually classéd as funda- 
mental can be foreseen wholly from epistemologiéal considera- 


tions.” Although the epistemology generated’ by Linstein’s 
general relativity (1916) and Weyl’s gau invariance theory of 
electromagnetism (1918) failed to predi SSy fundamental law 
of nature or to provide a gan uae field theory, the 
geometry originally inspired by kor persisted through the 
1920’s-1940’s as the prolific soi redof one generalization after 
another of ‘space,’ ‘displace ” and ‘geodesic.’ 

The illustration of the sailing along the arc of a great 


circle, so that it remains llel to its initial direction, suggests 
a generalization of pai | displacement extensively developed 
in the 1920’s-1930’ssby the American school of differential 
geometers. This Seometry of paths,’ begun in 1922 by 0. 
Veblen (1880-) aud L. P. Eisenhart (1876-), is concerned with 
‘paths,’ or 


of constant direction, and is a generalization 
geodesics in Riemannian geometry. Analytically, 
is an image of the properties of the integral curves 
al system of n linear homogeneous ordinary differential 
ns of the second order. In a suitably restricted region 
<e ystem has a solution: through every point of the region, 
d in each of the directions at the point, an integral curve 
passes; there is one integral curve through two points. Hence, 
the solution defines a system of «27? geodesics; these are the 
paths. Briefly, the theory is concerned largely with projective 
transformations of displacements and the accompanying pro- 
jective invariants. Conformal transformations and invariants 
also are discussed for Riemannian manifolds. The geometry of 
paths was extensively developed by Veblen, Eisenhart, and T. Y. 
Thomas (1899-, U.S.A.) in the 1920’s-1930’s. Almost simul- 
taneously a further generalization of displacement, introduced 
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in 1922 by E. Cartan (1869-, French), mapped the space at a 
point of an a-dimensional manifold on a point in its neighbor- 
hood (in the usual sense of anaiysis), 

These and other successive generalizations may have been 
suggested by geometric intuition, or by the analysis and algebra 
of transformation groups, or by the efforts of the physicists to 
approach their problem of the unified field by means of distant 
parallelism. Whatever their ultimate source, generalizations 
continued, and a significant break with linearity of connectig 
at last seemed imminent. If the laws of physics are bas 
non-linear, as Einstein has asserted they must be, the g Spiny 
of non-linear connections may prove as useful in Ea as 
physics has proved in geometry—although some of ‘eometers 
might be reluctant to acknowledge any obli . The last 
generalization which need be mentioned in small sample 
trom the 1920’s-1940’s, Veblen’s geometry inors, seems to 
have issued directly from Dirac’s algebr: e quantum theory. 

As we are interested in the wig ects of mathematics 

fe 


in relation to civilization as a whol note in passing what 
part European culture played ia\these epochal advances in 
geometry. The Germany we and Weyl did much 
of their finest work cxpreseegy appreciation of their efforts 
by robbing one of his perggnal property and driving both into 
exile, The United States received them. Returning to the 
intellectual ideals ofa s Caesar, the virile descendants of the 
ancient Romans r swatded Levi-Civita by depriving him of his 
professorship i ony declining years before so effectively per- 
secuting him he suffered a collapse. These are but three 
of the mor spicuous cases among many of the same kind. 
Some se his reversion to the Dark Ages only the transient 
shado’ a few survivors from the glamorous past as they strut- 
ted @fystumbled their way across the stage of human stupidity. 

ts, looking more critically, observe that the farce would 
close in a week were it not supported by the will of the majority.” 
And while almost any civilized human being will sympathize 
with the victims, it is a fact that neither mathematicians nor 
Scientists are a particularly homogeneous set. It will be remem- 
bered that mathematics has often been likened to music; but 
there, usually, the flattering comparison stops. It is closer to 
the facts to compare mathematicians with musicians, who, 
of all artists, are probably the most deeply imbued with the 
Vvenemous hatreds distilled from professional jealousy. Anyone 
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with an extensive acquaintance among mathematicians, unless 
he is so fortunate as to be a naive simpleton, must admit that 
only the clubbed fist of the law prevents some rival mathe- 
maticians from doing to one another privately what the state 
has done publicly to those whom the authorities dislike. This 
condition of course is by no means universal, But then, neither 
was the official persecution of mathematicians. 

Before taking leave of geometers and their unstable con- 
ceptions of space and geometry, we note what at least. e of 
them imagined the nature of their activities to be ina 930’s, 

3, 


Precise definitions of geometry serve no useful and 
attempts to formulate them savor too strong! scholastic 
pedantry to suit the taste of the twentieth century. If we ask 
one who calls himself a geometer what geo 'y is, we may be 


would probably include the whole AR The 


fobbed off with the bland assurance that. bjective definition 
possibility of including metamathe: eo geometry appeared 
to have been overlooked as ] so 1945; but possibly the 
omission was intentional, as 1! hclusion might have caused 
acute internal discomfort. Eietor in the classic routines of 
postulate systems, geome: ad been but little concerned up 
to 1945 with any of the'gharper logical analysis that rendered 
the trite routines pagixe solete. In fact, anything approaching 
a searching analysi the foundations of geometry, including 
topology, in a Bes 1930 spirit seemed to be nonexistent, But 
the almost fimous professional opinion regarding the 
pinay eas of such an analysis, should it ever be 
attemptey as that geometry would survive the ordeal prac- 
tically gaffaaimed. Here again we have an instance of the 
aS immortality of mathematics, as in Euclid’s I, 47. 
Sonie hing recognizably like the mathematically or scientifically 
@Gelul theorems will stand, although their successive proofs 
Qnay be shot from under them. And so, following some of the 
geometers of the twentieth century, we find ourselves once 
more in the mystic presence of Plato’s Eternal Geometer- 
But no edict compels us to remove either our hats or our shoes. 
Being denied an objective description of geometry, we either 
abandon the quest for enlightenment or accept the subjective 
alternative,®*! that “what a sufficient number of competent 
people have thought fit, on traditional or emotional grounds,” 
to call a gcometry is indeed a geometry. To those who lack either 
competence or the orthodox emotions, it is always like witnessing 
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a miracle to see a geometer decide without a moment’s hesitation 
that a certain piece of mathematics, which the uninitiated might 
mistake for analysis, is in fact geometry. If only all the compe- 
tent people who cali themselves geometers reached a unanimous 
decision in each instance, the miracle would carry conviction. 

Finally, looking back on the progress of geometry from 
600 z.c. to 1945, we note that large flocks of competent people 
all down mathematical history have been stampeded on several 
occasions by unorthodox goats who refused to be circumscri 
by any number of competent people. There is no reaso: 
suppose that the like will not happen again, not once but 
times. Some Descartes or Lobachewsky or Riemann o 
the future will disrupt the contented circle and Ye from 
academic respectability; the rest will follow. In fad®»Something 
not altogether orthodox began happening abou’ 1912 in the 
very center of the flock. By 1939, the disturb; seemed on the 
point of resolving itself into the battle ved by Weyl. 
With locked horns, the devil of abstra ra and the angel of 
topology were doing their utmost to S F each other out of the 
circle. Which, if either, geometry isto follow, was not clear in 
1945. But there was no doubt t! ‘Opology then was one of the 
most aggressive of all the g ric or mathematical sciences. 
Accordingly, we note next some of the principal stages by which 
topology attained its maturity. 


< 


sic spacial invariance 


eg 
With the ext: finarily rapid development of topology, or 
analysis situs, insite twentieth century, the concept of invariance 


penetrated deeply than ever before into both geometry and 
analysis. érts in topology claim that their methods render 
compli situations in analysis spacially intuitive; and to 


judge by the results they obtain with apparent ease in some of 
tho lost intricate problems of modern dynamics, they must 
be right. But to less gifted mathematicians, by nature con~ 
demned to trudge through every step of a logical argument in 
order to credit its conclusion, topology must remain an un- 
traveled highway, even though it may be the royal road to 
mathematics that Menaechmus assured Alexander the Great 
did not exist. One thing seems certain: to think topologically, 
the thinker must begin young. The cradle with its enchained 
teething rings may be a little too early; but the education ofa 
Prospective topologist should not in any case be deferred beyond 
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the third year. Chinese and Japanese puzzles of the more ex- 
asperating kind, also the most devilish meshes of intertwisted 
wires to be taken apart without a single false move, should 
be the only toys allowed after the young topologist has learned 
to walk. With this apology for what follows, we proceed to one 
of several definitions®* of topology before noting some of the 
problems to which it refers. The central idea is invariance with 
respect to a biuniform, bicontinuous transformation between 
two spaces. The following description is intended to egnvey 
only a rough idea of what the subject is about; as always we 
refer to readily accessible technical expositions ok n exact 
account, 8 

Topology is concerned with certain qualitative properties 
of a space as already defined, namely as a f objects with a 
definite system of properties. The obj are usually called 
points; but the crude intuitive notion Point is not the only 


one to which the topology of a gi or abstract space is 
applicable. Of the properties assi le to a space, that of a 
neighborhood is central here. ighborhood, like point, or 


object, is undefined except for, few seemingly trivial require- 

ments to be stated presently‘An instance of neighborhoods is 

the traditional one as nalysis and geometry, where the 

neighborhood of a point*is specified by means of a distance 

relation or, intuitiv, by a sufficiently small circle surrounding 

the point. Similgd for the notions of region and boundary; 
ie 


but once more situations included in the abstract definitions 
are not restri to these familiar examples. However, having 


them in mi ay suggest one origin of the general formulation 
and m: cem less mysterious. We shall first state a modern 
defi: of topology and then break it down into its con- 
i its in terms of objects, sets (classes), and neighborhoods. 
‘opology is the study of those properties of spaces that are 
< ariant under homeomorphic transformations,®* 

First, as to spaces. A space here is a set of objects together 
with an aggregate (set) of subsets, called neighborhoods, such 
that to each object correspond one or more neighborhoods, and 
every neighborhood of an object contains that object. Let s 
denote such a space, and let 4 be any subset of S. An object 
is called an inner object of 4 whenever there is a neighborhood 
of the object that is contained in 4. The set remaining when 
all the objects of 4 are removed from S is denoted by S ~ 4. 
An object is called a boundary object of 4 if every neighborhood 
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of the object includes objects of both 4 and S — 4; the boundary 
of A is the set of the boundary objects of 4; and A is said to be 
open when its boundary is contained in S$ — 4, closed when its 
boundary is contained in 4. 

Second, as to transformations. A transformation of one 
space S into another S’ is the assignment of a correspondence 
between the objects in S, S’ such that to every object in S 
there corresponds at least one object in S’ (as in mapping, say); 
the transformation of a subset 4 of S is the set of all corre- 
spondents, under the transformation, of all objects in 4. Th WS 
transformation is said to be single valued, or uniform, whe Cr 
it assigns a unique correspondent to every object in §; it, ine 
to be one-one whenever it also assigns a unique c 
to every object in S’; it is said to be continuous w er the 
transform of every open set 4 of S is an open f S’; and 
finally the transformation is said to be homeom« ic when it is 
one-one and continuous both ways. Combini ese definitions, 
we have the definition of topology given abéve.°* 

As remarked, the intuitive origins E topology are evident 
from familiar geometry and analysis.Reughly, topology is con- 
cerned with those intrinsic quaetive properties of spacial 
configurations which are ind lent of size, location, and 
shape. Thus, space being as ribed in the preceding section, 
and returning to the ChingSe puzzles of our childhood and the 
more complicated wir es of our adolescence, we note that 
although the former may ¢ squashed out of recognition they are 
still the same puz: ‘and that the latter are still interlinked 
in the same wa cater crumpling, stretching, and other trans- 
formations th; teak no wire and introduce no new linkings. 
Similarly fo ina what Tait called the knottiness, beknotted- 
ness, an eine of a knot are qualitatively unaffected 
@3 of transformations that alter the appearance of 
as a body in common solid geometry. In fact one of the 
classi€al and more difficult if as yet less useful problems of 
topology is that of characterizing and enumerating all possible 
knots. Gauss§> considered (1794, 1823-7, 1844, 1849) the 
Problem of knots but did not publish his notes; J. B. Listing 
(1808-1882, German) discussed the subject in his Vortsudien zur 
Topologie (1847); Tait (1876-7) attacked it with his customary 
vigor in the ardent faith that the quickly abandoned theory 
of vortex atoms of W. Thomson (Lord Kelvin) was about to 
“nravel all the spectra of all the chemical elements. T. P. Kirk- 


dent 
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man (1806-1895, English) applied (1884) his rare combinatorial 
talent to the problem of enumeration; M. Dehn (1910) defined 
the group of a knot, an approach successfully followed by F, 
Reidemeister in 1926; and finally, J. W. Alexander (1888-, 
U.S.A), reformulating the problem in modern language, made 
remarkable progress (1927-8) in defining definite, calculable 
invariants for distinguishing one type of knot from another, 
All this is for knots in space of three dimensions. Klein showed 
that knots are impossible in a space of four dimensions (and 
in 22 dimensions, 2 > 2). \ 

Lest the whole project of analyzing knots » trivial 
to the uninitiated, we recall that Gauss* (1833) was\ittracted to 
such topics partly by an important problem jnelectrostatics, 
whose solution is obtainable only by topologial considerations 
of the kind demanded in the exact characterization of both 
unlinked and interlinked networks, a lem to which the 
German physicist G. R. Kirchhoff ( 1887) made outstand- 
ing contributions (1847) of cagahi g@ practical importance. 
Chemists and physicists who gr: t the mathematics required 
in modern spectroscopy shouldxather “thank with brief thanks- 
giving whatever gods may bar that the abandonment of vortex 
atoms relieved them of necessity of mastering topology. 
But since numerous useful problems in electromagnetism lead to 
many-valued functio&§; topology in some guise is essential for 
an intuitive unde nding of the accompanying analysis situs 


of Riemann supfaces. 
There i ever, one problem of some chemical interest 


which de s topological considerations of another kind for 
its sree solution: given any number of atoms with assigned 
valence: how many distinct compounds can be made from 
them) 6n the assumption that any graphical formula satisfying 
alence conditions is admitted? The combinatorial machin- 
ony for obtaining the required chemical graphs was devised by 
Cayley (1875) in what he called the theory of trees; it was 
rescued from oblivion and amplified in the 1930’s by chemists 
when the question again became of scientific interest. Closely 
related to this problem is another: given any configuration 
consisting of line segments joining points, to determine whether 
all the lines of the configuration can be traced successively 
without traversing any line more than once. One of the his- 
torically first problems in all topology was of this type; Euler 
(1736) showed that such a traverse was impossible for the seve 
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bridges of Kénigsberg. He then generalized the problem and 
also discussed the knight’s path in chess. Another early theorem 
gave the numerical invariant No — Ni + Ns, = 2 of Descartes®* 
and Euler (1752) connecting the numbers No, Ni, Nz of vertices, 
edges, faces respectively of a simply connected polyhedron. Thus 
No — Ni + N2 is an example of a topological invariant in space 
of three dimensions. Euler’s formula was generalized (1852) 
by L. Schiafi (Swiss) to space of dimensions. This brings 
us to a brief description’? of the combinatorial approach, a 
topology. N 

The basic ideas are those of simplexes, complexes ¢€ Ya 
technical sense differing from Pliicker’s in line geomerty) etc.) 
boundary, cell, and, as before, continuous one-one = 6 orma~ 
tion, A &-simplex is the k-dimensional analogue o ahedral 
region; a Q-simplex is a point, a 1-simplex wih segment, a 
2-simplex a triangular plane region, and so he boundary 
of a k-simplex is composed of simplexe; dimensionalities 
0,1,...,% — 1, and consists of k + ites (called vertices), 
3k(k + 1) L-faces (called edges), . . & d 


a+ pe 
G+ UK )! 


ifaces,..., the numbers, +1,... being the binomial 
coefficients in (1 + x)*t4.§AY4-simplex is completely determined 
by its vertices, say ‘ 1, . ++» Vs, and this simplex itself 
may be denoted b V1... Vi, called the symbol of the 
simplex, 

A complex, Oiny finite set of simplexes such that no two 
cmp of set have a common point, and every face of a 


simplex ofth€ set is itself a simplex of the set. The &-simplexes 
(k = 0,438...) of a complex are called the cells of the complex; 
O-ce I¢ghd I-cells are called vertices and edges respectively. 
plex is completely determined by those of its cells not on 

the boundaries of other cells. 
If the complex consists entirely of n-cells and the cells 

on their boundaries, the complex is called an n-complex. A 
complex is representable schematically by the combined symbols 
of its determining cells, and hence ultimately in terms of the 
symbols of its vertices. In the work cited, Alexander showed that 
al I operations on complexes may be arranged so that the opera~ 
tons are finally expressible as combinatorial operations on the 
symbols associated with the vertices of the given complexes and 
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of complexes obtained from these by subdivision. Last, two com- 
plexes are said as before to be homeomorphic provided there is a 
one-one continuous correspondence between the points of one 
and those of the other. 

For obvious reasons, the topology developed from these con- 
cepts is called combinatorial. One famous unresolved crux that 
has been attacked®* by the methods of combinatorial topology 
js the four-color problem, said by De Morgan to have been first 
noticed®* by practical map makers: four colors suffice fora map 
any two of whose regions with a common boundary ‘ateto be 
colored differently, provided a boundary does ngypnsist of 
jsolated points but is a segment of a line. It is eagyyto construct 
a map for which four colors are necessary, * 

A few further examples of topological the 
tions may suggest the two main directi the combinatorial 
and the Cantorian, or analytic, whic logy followed in the 
twentieth century. The famous th stated next suggests 
Cantor’s point sets rather cn cells described above: a 


s and defini- 


simple plane closed curve (top: cally equivalent to a circle) 
separates the plane into exagtly”two regions, and the curve is 
their common boundary. ait seems childishly obvious that 
it is impossible to pass frGm the inside of a circle to the outside 
by a path in the plane ofthe circle without crossing the circum- 
ference, and similaglyYor a cube and its surface in space of three 
dimensions, th er may state the corresponding theorem 
for a sphere in space of four dimensions. These things may be 
obvious, bao Rey require proof. It is also evident but difficult 
to prove st two coordinate spaces of different dimensionalities, 
say 1 rtesian spaces of two and three dimensions, cannot 
be ma) ped on each other by a one-one transformation con- 
us both ways. As a last example, we recall the ancient 
yptian rule for the volume of a truncated square pyramid, 
9 Whose proof depends ultimately on the theorem that triangular 
pyramids with equal altitudes and bases equal in area have 
equal volumes. This is not provable without continuity. 

In the definition of topology given earlier, a space S was 
described in terms of sets and neighborhoods, To what was stated 
there, we now add three equally ‘natural’ postulates concerning 
neighborhoods; the system so defined is the topologie space of F. 
Hausdorff (1914). First, two neighborhoods of the same object 
have a common subset which is a neighborhood of that object. 
Second, if an object y belongs to a neighborhood of an object 
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then there is a neighborhood of y which is a subset of the neigh- 
borhood of x. Third, for any two different objects there are two 
neighborhoods having no point in common. 

Dots surrounded by expanding and contracting circles make 
all this immediately reasonable; and it seems like a miracle that 
anything but trivialities could issue from such a set of postulates. 
But it will be noticed that these postulates for a topological 
space clarify our almost subconscious intuitions concerning the 
‘space’ of everyday life, and that little more if anything c. 
be said about the intuited space of banal experience that wi e 
command as ready assent. So it may not be miraculo Ber 
all that the mathematical system developed from tl obo vlati- 
tudinous postulates goes to the very heart of qualit : spacial 
relations, An example of a topologic situation fargh intuitive 
is the theorem conjectured (1912) by Poi and proved 
(1913) by G. D. Birkhoff. It is given that a inuous one-one 
transformation takes the ring bounde: two concentric 
circles into itself in such a way as to nice the points of the 
outer circle positively and those of inner negatively, and 
at the same time to prescrve areaseIt is required to prove that 
there are at least two points invatiant under this transformation. 
Again it may scem to the casuxhonlooker inspecting this curious 
theorem that mathematicians have a positive genius for wasting 
their time on puzzles ofm conceivable utility. But such is not 
the case, at least in Shh instance. Poincaré encountered the 
puzzle in his work ‘the restricted problem of three bodies, 
and was unable S2proceed with his dynamics because it baffled 

im complete! & solution was one origin of the twentieth- 
century qualitative dynamics, in which the problems attacked 
and solv wre unapproachable by the classical methods of 
Lagrange\ind Hamilton. The problem has been generalized in an 
extendve literature, much of it American. ; 

: conclude this sketch with a bare indication of the prin- 
cipal epochs in the development of the topology which has been 
described, and a very tentative forecast of its future. Experts 
agree that the year 1895, when Poincaré published his Analysis 
‘ius, marks the end of the dark ages in the subject and the 

awn of topologic enlightenment. Poincaré followed his first 
effort (123 pages) with supplements in 1899, 1900, and 1904, and 
with applications to algebraic geometry. His greatest achieve- 
ment, possibly, was the inauguration of a rigorous combinatorial 
topology for space of any finite number of dimensions. In dis- 
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missing the contributions of Poincaré’s predecessors as relics of 
a benighted past, topologists do not deny the interest and 
importance of earlier work, such as Euler’s on polyhedra; they 
merely insist that before 1895 there was no systematic attempt 
to develop topology as an independent mathematical discipline 
on its own merits. Proofs of such results as were obtained in the 
dark ages were seldom if ever sound, and basic revisions of 
principle and method were necessary before much resembling 
mathematics was possible. But the methods and inadequately 
proved theorems of many before Poincaré appear to Ye deter- 
mined the future course of the subject. In adios those 
already mentioned, we note the three following. 

A complete characterization of closed surfge $ by means of 
topologic invariants was achieved by 1890 gh the labors of 


several writers (Mobius, 1863; Jorda: 6; Schlafli, 1872; 
Dyck, 1888); the invariants were oe 


ion and non-orienta- 
tion, and the genus corresponding te er’s number 
No — WNP: 


for polyhedra. The next two inems are of far greater significance, 
both historically and mathematically. 
When we trace the deye lopment of the theory of functions of 
a complex variable, hall see that the researches of Lagrange, 
Laplace, Clairaut, others in the eighteenth century on the 
Newtonian potential suggested to Riemann (1851) his personal 
version of the theory. So whatever issued from Riemann’s semi- 
intuitive apptoach to functions of a complex variable and its 
outgrow; the theory of algebraic functions can be credited 
partl physics. Riemann thought deliberately in physical 
ima, For his investigations (1857) in algebraic functions, 
Rieitann made brilliant use of the many-sheeted surfaces he had 
iBvented, shown by Clifford (1877) to be topologically equivalent 
Ore a box with p holes, where p is the genus of the surface con- 
cerned. The box in its turn is equivalent, as shown by Klein, 
to a sphere with p handles or, as Hadamard once expressed it, 
a pot with pierced ears. More will be said about these matters 
when we come to Riemann’s theory; it suffices here to note 
that as early as 1857 topological considerations were being freely 
used in analysis. 
One of the earliest definite analytic applications of topology 
(specifically, linked and nonlinked circuits) was the work © 
Gauss (1833) on electromagnetism already noted. Riemann was 4 
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pupil of Gauss, and may have had his attention directed to the 
possibilities of topology by his master. Gauss predicted that 
topology would become one of the most influential methods of 
mathematics, as it did about sixty years after his death. But it 
was the intensive study of Riemann surfaces that made scores of 
analysts and geometers familiar with the basic significance of 
topology in analysis. A few intuitive theorems concerning the 
topology of a Riemann surface devised to exhibit the proper- 
ties of certain functions are more easily apprehended than ther 
equivalents in pages of detailed analysis. . 
The second major impulse to topology of the perodthaore 
Poincaré’s work of 1895 was Cantor’s theory (1879-84)%of point 
sets (Mengenlehre). With the encyclopaedic repor 8) of A. 
Schoenflies (1853-1928, German) on Cantor’s 8 and its 
developments, point sets were firmly establi. RO s the ground- 
work of analysis. By 1920 Mengenlehre hag e ome so popular, 
especially with the Polish school, that ao y new periodical, 
Fundamenta mathematicae, was foun arsaw to celebrate 


the recently acquired freedom of nd—lost nineteen years 
later to the anti-Cantorians—andXo develop Cantor’s theory 
in all of its ramifications. included much topology, 


mostly from the analytic®* an@Sabstract points of view. 

One of Cantor’s most Quggestive innovations was his con- 
ception of any geome: ‘configuration as a set of points in 
Euclidean space. F oft is, especially as generalized to abstract 
spaces by Fréchet od his prolific school beginning in 1906, the 
analytic meth m topology developed with disconcerting 
rapidity. We 4 return to this when we consider theories of 
functions..Bayit may be remarked here that the general defini- 
tion of logy given earlier is relevant for Fréchet’s theory, 
in whigh neighborhoods, continuous mapping, distance, and 
convérkence are defined for any set of objects by abstracting 
t miliar properties of these concepts as they occur in classical 
analysis; neighboring elements (or objects) are mapped (or 
transformed) into elements which, in the map, are neighboring. 
With this work of Fréchet’s and that of Hausdorff already 
mentioned, topology passed in the second decade of the twen- 
tieth century into the postulational or completely abstract 
phase, But earlier approaches were by no means abandoned. 

Still in the analytic tradition of point sets, L. E. J. Brouwer 
(1882, Dutch) in 1911 opened what some experts consider 
@ new era in topology, with his proof that the dimensionality of 
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a Cartesian space (n-dimensional number-manifold) is a 
topologic invariant. With Cantor and Poincaré, Brouwer is 
regarded as one of the founders of modern topology. His work 
in point sets also is considered by many the most penetrating 
since Cantor’s. It was Brouwer whom we had in mind while 
observing the struggle of geometry to escape from the circle 
of competence; possibly the escape may be effected by a topolo- 
gic transformation in higher space rendering penetration of the 
circumference unnecessary. . 

After a short, tentative start in the analyti aWection, 
Poincaré followed the combinatorial method alrea, escribed, 
and set himself the capital problem of deter inipg whether a 
given property of a complex is a topologic inva? nt (unchanged 
under homeomorphic transformations). eenisc rescued the 
integer characteristics known as Bet sO umbers (E. Betti, 
1823-1892, Italian) from temporary oan jon and showed their 
basic importance in topology. Whe e have no intention of 
giving a directory of the hundr ingenious workers who in 
less than forty years elevated logy from little more than a 
bag of tricks to a major division of mathematics, we may state 
that, in the opinion of rs than Americans, the American 
mathematicians J. W. dgitander, G. D. Birkhoff, $. Lefschetz, 
R. L. Moore, and Q¢Veblen were responsible for much of the 
finest work. They their numerous students, some of whom 
in 1945 stood as r chance of equaling their masters, made 
one of the nogaplé American contributions to twentieth-century 
ic@ Perhaps the other most active school of the 1920’s- 
Polish; the Russians also excelled. 

fains to exhibit a small sample of the specific things 

tone has done for the rest of mathematics. The impact of 
pology on analysis has been remarked, and will be observed 
mplicitly in connection with theories of functions. Kronecker’s 
©) (1869, 1873, 1878) theorems on the zeros common to a system of 
real functions, when rephrased in the geometry of space of ™ 
dimensions, are seen to be ‘intuitive’ theorems in topology- 

From the work of Brouwer, the modern theory of dimensionality 

(to be noted in connection with analysis) developed; homeo- 

morphic mapping in Euclidean space furnished information, 

not easily obtainable otherwise, regarding the solutions of 
differential and other functional equations; and a similar tech- 
nique inaugurated a new era in dynamics, beginning with 

Poincaré’s (1893-) methods in celestial mechanics. In classical 
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geometry, Poncelet’s principle of continuity, which boldly 
included imaginary elements as if they were real in questions 
of enumeration, also the “similar recklessness’”*! of H. Schubert 
(1848-1911, German) in his so-called enumerative geometry 
(1879) for determining the number of those points, lines, planes, 
etc., of a given configuration which satisfy certain conditions, 
were stripped (1929) of vagueness and mystery and decently 
clothed in mathematics. Finally, Lie’s groups were generalized 
to a new species, topologic groups, themselves an incident in, a 
rapidly expanding algebra of topologic fields, rings, etc. This 
encourages us to hope that our successors may yet wae 
lasting peace by mutual absorption between the devil of logy 
and the angel of abstract algebra.*> . 

On what in the middle 1940’s was rather Sinlstically 


described as the undergraduate level of math cs, topology 


made notable contributions to precision and y- Not that 
the contributions in question were beyond. nderstanding of 
any normal intelligence enterprising to master a few 


rudimentary abstractions, such as thee ‘described above, and 
sufficiently cautious to ignore seductiveand misleading intuitions 
in favor of precisely defined congep ’s. Far otherwise: stubborn 
objection to exact definitions urves, surfaces, lengths, areas, 
and volumes in the 1940’s more frequent from jaded geom- 
eters of the older traditj than it was from unsophisticated 
beginners, A frequen natural question from intelligent 
neophytes in the c, a was “How do you know that this 


integral gives fd length of an arc of a continuous curve 


>» 


On being told it is all a matter of definition, the enquirer 
may have by skeptical though still courteous. In this he 
differed fy some of his elders, who contumaciously pro- 
Pagandi: heir obsolete creed that curves, surfaces, lengths, 
areas, @hd volumes are not defined by mortal mathematicians, 
bu er are given ‘naturally’ to man or are merely imper- 
fectly perceived intimations of an Eternal Curve, an Eternal 
Surface, an Eternal Length, an Eternal Area, and an Eternal 

olume, respectively, laid up once for all in the Heaven of 
Eternal Ideas, and therefore forever inaccessible and invisible 
to a purblind humanity. Not even the most etherealized of 
abstractionists claimed that his conceptions of neighborhood, 
transformation, and the like were generated wholly without 
benefit of gross sensory experience; but this was not the same as 
insisting that only the crude pleasures of such experience, which 
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may have thrilled the great mathematicians in Euclid’s Greece 
or in the ever-glorious eighteenth century of Euler and Lagrange, 
should continue to be the sole source of satisfactions in the 
mathematics of the twentieth century. Something of the 
luxurious freedom and naive license of the heroic past may have 
been curtailed by the close analysis of thoughtlessly inherited 
intuitions of space and number. The critical inventiveness of 
twentieth-century geometry and analysis was content with 
less than its predecessors demanded, insisting on dyebility 
rather than magnificent display. Possibly it was harde although 
to those who had never tried it seemed easier, eOMiscover 
reasonably sound theorems by painstaking el Bokation of a 
set of postulates than it had been to infer peetedy more 
spectacular consequences, true ‘in general,’ f astily sketched 
diagrams and the hidden connotations of, So inexplicit assump- 
tions. In bringing these assumptions t By surface, where they 
could be seen by anybody, the abstr Shists and the topologists 
did not uproot intuition, to let i er like a noxious weed on 
the rubbish heap of the past, bes Tourished and strengthened 
it-—‘in general.’ If curves a: rfaces became somewhat more 
complicated than the geo: rs and analysts of the nineteenth 
century had imagined the, ‘the new definitions did not preclude 
what was consistent inthe old; they merely attempted to clarify 
it and make it expligit. The revised definitions of curves and 
surfaces exposed ‘tuch that was unsuspected but perhaps partly 
implicit in théSintuitive concepts abstracted originally from 
sensory ex, nce, In short, a deeper intuition broadened and 
deepene aliower. It justified itself as mathematics which 
its praétitioners and others found even more interesting than 
“< the classical geometry and analysis of the past. 


revised definition of a curve involves several of the con- 

ts already noted. One in particular is of historical interest: 
he separation of a set of elements into classes by means of an 
equivalence relation. We have seen that this device first ap- 
peared (1801) in the Gaussian theory of congruences, the special 
equivalence relation of congruence with respect to an integer 
modulus being used to separate the countably infinite totality 
of rational integers into a finite number of mutually exclusive 
classes. The totalities of interest in geometry and analysis are 
usually uncountably infinite. Only an indication of the manner 
in which equivalence entered the revised definitions of curves 
and surfaces need be given here. For further information the 
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reader may consult the paper Curves and surfaces, 1944, by J. W. 
T, Youngs (1910-, U.S.A.), on which the following account is 
based. 


If Aisa metric space, f(a) = b denotes a continuous transformation from 4 
into another metric space. If Bis the image of 4 under f, we say that fis a map 
from 4 onto B, and write this (4) = B.A transformation T(4,) = dzis topo- 
logical if it is bicontinuous and biunique, these terms being as previously 
defined, A specific equivalence relation, ~, is defined as follows: fi(41) ~ falda) 
if and only if there is a topological transformation 7(41) = 42 such that 
fula;) = fa T(a1)) for every a1 in Az. The notation for the equivalence a 
generated by f; is [fi]. A definition of equivalence suited to 2 generalizati 
‘distance,’ is Fréchet’s (1924): fi(41) ~ fa( 4s) if and only if, for every: , 
there is a topological transformation 7,(4i) = Az such that p{fi(a), fA 7ta))} 
<e for every a in 4, where p denotes the distance from  to,4.\From this 
definition it follows that if the maps fi(d1), fa(A:) are in thestgme Fréchet 
equivalence class [f], then the base spaces are topologically ei jame, so that 
equivalence classes may be classified in terms of the t ical character of 
the base space. A class [f] is called a curve or a surface-depending on the base 
space 4. If A, topologically, is a closed segment, [f] igpalled a curve of the type 
of a closed segment. If 4 is the circumference “ stl, [f] is called a curve of 


the type of a circle. If, topologically, 4 is a cl uuare, [/] is called a surface 
of the type of a closed square; if 4 is a sphere, {fis called a surface of the type 
of a sphere. ‘ 

The classical problems of defining, and area have been reformulated 
for curves and surfaces as just defimed. This is the analytic problem; the 
topological problem is concerncdwith the structure of Fréchet equivalence 
classes of maps. Both have been quite extensively developed, but we shall not 
attempt to follow the theory,farher. A surprising feature is that the curve and 
surface types of equivalence Glasses, whose definitions differ co slightly, should 
lead to widely divergestyresuls. The definition of distance p{[/l, [fel} for 
equivalence classes Portant in the analytic development, and as some of 
the concepts inv tn this definition have already been noticed in other 
connections, w conclude with it. 

For any piyeh a inf there is the Euclidean distance |/(a) — fx(a)] from 
file) to faa where f(A), fal 4) are maps. The deviation d(f;, f:) of fr from 
Si over fined as max [fi(e) — fa(a)), the maximum being taken over all 
sin is d(/;, fx) is a non-negative, symmetric function of two maps which 
Ms only if the maps are the same; it also satisfies the triangle inequality. 
Tt thérefore satisfies the postulates for a distance function. Each member of 
(Alhas a deviation from each member of [fis pf{fil [fall is defined to be the 
infimum of df, f) taken overall fin [fi] and ally in [fs} There is thus defined 
a metric over the set of equivalence classes [fl 


This small sample of unintuitive geometry and analysis 
May suffice to suggest that some things which formerly seemed 
obvious are no longer so, or not even true, and that other things, 
unsuspected in the older development, are truc, sometimes 
quite disconcertingly. To maintain an equable balance between 
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the intuitive and the unintuitive, we quote the opinion of a 
proponent of the former on the latter. The American geometer 
Jj. L. Coolidge (1873-), writing in 1940, compared the two 


approaches: 


It is evident that in all of this [the geometry and analysis of abstract space] 
we are skating around the outskirts of abstract geometry, abstract algebra, 
point-set theory, large disciplines that have been pushed far in the second and 
succeeding decades of the twentieth century. We drift in this fashion far 
indeed from anything suggestive of space intuition. Moreover, a certain class of 
mathematicians . . . finds it hard to maintain interest in any ematical 
theory which docs not secm to connect with any concrete probleih, or anything 
related to our world of sensible objects. If lines in S, [spa dimensions] 
mean circles in our space; If potts of a Pianeaa our lineeg Sam convey tome: 
thing natural to the mind. But a theory of cares that covers 300 
pages! The dimensions that really count can be bou; leaper. 

So much for the maintenance of b agee. 

Topology has been given what may em more than its just 
allotment of space in a general ac for a reason of the very 
first importance. Many feel th topology has added a new di- 
mension to mathematical thowight. The classical quantitative, 
metric, and arithmetic appfDaches appear to be incapable of 
leading to anything eithetSvaluable or comprehensible in the 
qualitative aspects of ematics. Certainly topologic thinking 
is unlike any other 4Quathematice, and it requires either a type 
of mind distinct the ordinary good mathematical intelli- 
gence, or a tréiing radically different from that fostered by 
conservatisme if it is to be applied effectively. The kind of think- 
ing dema: in modern abstract algebra may appear somewhat 
similar j in its closer adherence to precise logical analysis and 
eng total disregard of spacial intuition, it is basically of 

10; 


another character. Galois, for instance, had nothing of the 

gist about him; Riemann, in no sense an algebraist, was 

@ "born topologist. Of scientists, M. Faraday (1791-1867, 

OD English) was a pure topologist, and a great one, in his visual 

thinking about electromagnetism. Maxwell also had a marked 
tendency to topologize. 

It seems not altogether fantastic to imagine that a few cen- 
turies hence the qualitative habit of thought will have super 
seded the quantitative in the growing parts of mathematics. 
Certain indications in science,** and many in mathematics, 
point to the analysis of structure as the mathematics of the 
future. Stated roughly, it is not things that matter, but the 
relations between them; and if topology with its spacial visuali- 
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zations of intricate relations between abstract ‘objects’ has 
made possible a rudimentary but still difficult analysis of rela- 
tions, it may be the germ of the mathematics of the future, 
In any event, topology is so unlike previous mathematics that 
it hints of a major transition. 

Abcut a century and a half elapsed between Lagrange’s 
disregarded discovery of a simple algebraic invariant and the 
emergence of invariance as a dominating concept in topology. 
At the beginning of the period, topology was little more than a 
heterogencous collection of a few amusing puzzles. In the 1820's; ey 
the first adumbrations of qualitative spacial thinking appeared: 
in the revived projective geometry of Poncelet and othersy 
but it was not till the 1850’s, when Riemann demonitrated 
the power of topologic thinking in analysis, that top egan 
developing as a new mode of thought cpl io ore than 


geometry. Riemann himself noted topologic i ance in his 
(unpublished) theorems on the genus of hi faces and his 
anticipation of the Betti numbers. Thus 9} Drore we observe 
the enduring quality of invariance as oie of thought, and 
note that a single bold innovator may do more than hundreds 
of the merely competent to defiectmathematics into a new 
channel, Ye 

Of all the more daring ,ofiginators who created modern 
topology, one is of peculiar, piificance for the novel quality of 
his thought. Brouwer’s ¢ritidal revaluations of all mathematical 
Teasoning appear to Sw in kind. Should his criticisms be 
sustained, he may b embered as the Zeno of the twentieth 
century. As will @séen in another connection, much of Brou- 
wer’s criticism, lestructive. Curiously enough, this as yet 
(1945) unan: d criticism and its outgrowths destroy most of 
wy Se , with it, a large part of classical analysis and 


analy ti ology. One task of the future will be to provide 
anal opology with a consistent foundation. Brouwer and 
others have constructed postulational bases for point sets which 
Some find satisfactory but which others eye with suspicion. 
Tn this connection we refer again to what was said in the Pro- 
Spectus regarding proofs of Euclid’s I, 47. 

Another cloud, at present no bigger than a giant’s hand, 
May presage a storm that will overwhelm tu sology avi its new 
mode of thought before its creators have ceased thinking tope- 
logically. The first volume (1935) of a masterly treatise"? on 
topology, which when completed will extend to three volumes. 
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contains over 600 pages of close reasoning; the total presumably 
will be about 2,000 pages, the same bulk that came within an ace 
of crushing Lie and smothering his theory. In the meantime, 
topology keeps on ramifying, and already there are as many 
different methods for developing the subject as there were in the 
classic, all but stationary theory of algebraic functions and 
their integrals. As in so much of recent mathematics, vital 
things may be buried and forgotten under mountainous de- 
posits of esoteric details comprehensible only to the néTrowest 


specialists. y 

But who is to judge what should be salva; Qa what 
allowed to perish? It is a fair guess that any. petent jury 
trying to settle this question for differenti, Cece, in the 
1890's would have voted to discard Ricci’€ ¢énsor calculus. In 
fact, more than one competent marg¥eliticen stigmatized 
the Ricci calculus as a sterile formalism. Yet it helped in the 
1920’s to revolutionize differential ometry and to render 
much that was prized in the 1 of only historical interest. 
Possibly such problems solv: emselves as in the case of 
algebraic invariants, by evapQtating when decades of grueling 
labor suddenly terminat some simple generalization that 
abolishes the problem, 


CHAPTER 21 


Certain Major Theories of 


Functions 
cS 


= 


\ 

Over a thousand? special functions hav Yetn deemed? of 
sufficient interest to merit more or less ed investigation 
since the beginning of the eighteenth centt Many are all but 
forgotten; some, such as the multip’ eriodic functions and 
those invented for use in mathematica physics, have generated 
vast theories, each cultivated with ‘ardor at various times by 
its band of devotees. In seve stances, the mere history of 
one kind of functions woul ‘a large book. No one theory is 
sufficiently comprehensiy: embrace all the special functions. 
The need for general gglthiods to derive properties common to 

ral 


functions in each of ge classes should have been obvious by 
1800; but it io pfeen to have been appreciated until about 


1825, when Ca began his systematic creation of the theory 
of functions e complex variable. 

To be 1, a theory of functions must not be so general 
that it s only trivialities common to all the functions it 
ica er, as elsewhere in modern mathematics, the maxim 
of that the greater the extension the less the intension 
has een observed, probably subconsciously, by the creators of 
the three major theories. In the historical order of development 
these are the theory of functions of one complex variable, the 
theory of functions of real variables, and general (or abstract) 
analysis. There is also a much less highly developed theory of 
‘unctions of several complex variables, of use in the theory of 
algebraic functions. All evolved with apparent inevitability 
ftom the existing analysis of their respective epochs; none was 
4n arbitrary creation out of nothing. 

469 
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Mathematically, the theory of functions of real variables 
48 prior to the others; but historically it emerged as an inde- 
endent discipline only in the last third of the nineteenth 
century, when the theory of functions of a complex variable was 
far advanced. As we have seen, the need for such a theory ta 
justify the calculus was acute even in the seventeenth century. 
In the eighteenth century, the encounter with trigonometric 
series in the problem of the vibrating string pointed in the 
same direction; and after 1822, when Fourier’s physicalapplica- 
tions of such series became widely known, the necess}ty for a 
rigorous theory of functions of real variables “generally 
admitted. It began to arrive in its valid form onl}pin’the 1870’s 
with the revision of the real number system. a\° 
Meanwhile, the complex theory had bec. ne of the major 
activities of the nineteenth century. ! Official birthday of 
this theory is usually fixed in 1825, Cauchy’s memoir on 
complex integration. But it seem: sonable to regard the 
theory of functions of one co Oranisble as a natural out- 
growth of Lagrange’s iedudlp in 1773 of the potential in 
Newtonian gravitation. The théories of Cauchy and Riemann, 
as will be seen, arise natu in this connection. 4 
The final stage in the@evelopment of theories of functions is 
the counterpart in igs’ n domain of the general arithmetics, 
abstract algebras, aQs abstract spaces of the twentieth century. 
Here again we NS e the continual progression toward a more 
abstract mat & tics, and once more for the same reason: 
ecessity for unifying by means of underlying 
iples those aspects of numerous theories that 
be of more than transitory interest. In the next 
we shall see a clear origin of this modern analysis in the 
we f V. Volterra (1860-1940, Italian), who in 1887 began his 
nsive researches on what were subsequently called func- 
onals. General analysis finally emerged as a distinct division 
of mathematics in the first decade of the twentieth century, 
with the work of M. Fréchet (1878-) in France and that of 
E. H. Moore (1862-1932) in the United States. We shall retrace 
some of the principal steps by which analysis kept abreast of 
the rest of modern mathematics. 


Real variables 


The theory of functions of one or more real variables has peer 
less concerned than the complex theory with the investigation © 
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functions principally useful in applications. Nevertheless, this 
theory is readily traced to the dynamical astronomy of the 
seventeenth and eighteenth centuries, and to the mathematical 
physics of the eighteenth and nineteenth centuries. The initial 
impulse was approximative calculation of numerical results from 
solutions of astronomical and physical problems expressed as 
infinite series or other non-terminating algorithms, such as 
infinite products and infinite continued fractions. Infinite series 
have greatly outweighed all other infinite processes in both 
practical and mathematical importance. * 

Although the real theory may have been less useful th. 
complex in obtaining properties of special functions, it; = 
cance for the development of mathematics as a whol is) been. 
incomparably greater. It was in the real variable mage neces- 
sity for a rigorous theory of the number system, 3 nalysis was 
first recognized. As we have already remareg  reconstruc~ 
tion of the real number system by Weiergtrass in the, 1860’s 
and by Dedekind and Cantor in the 1879*ged in the last three 
decades of the nineteenth century to ayé¥aluation of all analysis 
and thence, in the twentieth centu: 3 ‘'a profound reconsidera- 
tion of the nature of all mathe ‘al reasoning. This in turn 
initiated some of the most sea: g examinations of all deduc- 
tive reasoning since the days(éf Aristotle. Thus the theory of 
functions of a real variable since the 1870’s has increasingly 
acquired more than 4 miérely local interest: its problems, solved 
and unsolved, are sightficant in fields far distant from technical 
mathematics, 
_ Regarding tictly mathematical theory, expert opinion 
1s practical jmous that before the reconstruction of the 
real numbef system there was nothing that could be called a 
theory offinctions of a real variable. Thus it is asserted ina 
popula®text! on infinite series that “No lecture or treatise 
dealing with the fundamental parts of higher analysis can claim 
validity unless it takes the refined concept of the real number 
as its starting point... . For a theory of infinite series ..- 
would be up in the clouds throughout, if it were not firmly based 
On the system of real numbers, the only possible foundation. 
If this is correct, to ignore the modern theory of the real number 
System in a course on analysis is to enter upon a carefree excur- 
Sion to the nebulosities of Cloudcuckooland. 

The theory of functions of a real variable is of such vast 
extent that only some of the main landmarks can be noted here. 
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There appear to have been three principal stages in the evolu- 
tion, the first two of which were preparatory. The earliest 
extends from the seventeenth century to 1821; the next from 
there to the 1870’s; and the last from the 1880's to the 1940’s, 
The earliest period, that of Newton, Leibniz, the Bernoullis, 
d’Alembert, Euler, and Lagrange, set the problem. Lagrange’s 
abortive attempt to rigorize the calculus has already been noted. 
The great master in this period was Euler, whose unsurpassed 
inventiveness endowed analysis with a wealth of algorithms 
which fixed the formal pattern of analysis for well over century. 
Many of his techniques in infinite processes hayes semaned 


as vital as they ever were. \ 

It is seldom possible in the history of maubhietic to fix 
the end of an epoch with the precision impl: the date 1821, 
marking Cauchy’s lectures® at the Ecole Polytechnique on what 
he called algebraic analysis—infinite série’, limits, continuity, 
the calculus. The chasm between gol and the new that 
opened up in 1821 is plainly visibl comparing two classics; 
Cauchy’s just cited, and the edition, 1819, of Lacroix’ 
Traité du calcul différentiel et duSealcul intégral. If the later work 
was mathematics, the earlier Was not. 

An equally abrupt transition marks the passage from analysis 
as it was before the reconstruction of the real number system to 
what it became aft rd. It need hardly be emphasized that 
in neither transitién’ were the gains of the preceding periods 
discarded as wy less. By far the greater part of what had been 
sistent results was retained. But most of it 
ransformed. The like holds for the third period, 
1886 with the reconsideration by Poincaré and T. J. 
856-1894, Dutch) of divergent series. . 
ike the earlier transitions, the passage to the third period 

less a revision of basic concepts than an extension of 
SI ablished mathematics. As such, it was partly responsible for 

the general analysis of the twentieth century. The late 1890's 

and early 1900’s saw the creation of a usable theory of divergent 

series; and in 1902, H. Lebesgue (1875-1941, French) revolu- 
tionized the theory of integration. It is generally agreed that the 
work of four French analysts of this period, Poincaré, R. Baire 

(1871-1932), E. Borel (1871-), and Lebesgue, opened a new ¢r@ 

in real analysis comparable to that inaugurated by Cauchy and 

Abel about sixty years earlier. Attending only to certain critica 

points in the course of these developments, we shalt consider 
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first the transition from empiricism to mathematics in the use of 
infinite series. 

Although the distinction between convergence and diver- 
gence was recognized’ by Leibniz as early as 1673, it does not 
seem to have occurred to the analysts of the late seventeenth 
and early eighteenth centuries that an investigation of infinite 
series on their own merits might be of value even in numerical 
computation. In their quadrature of the hyperbola in 1668, 
revised by Newton the following year, N. Mercator and W.a. 
Brouncker had encountered the special logarithmic “i 

m1 


y (~1)"""/n. Leibniz observed that the companion harm 
T 


series 1/n is divergent; and in 1705 he stated a suffici mb condi- 
tion for the convergence of an alternating series. T! rnoullis, 
James (16541705) and John (1667-1748) Griny ‘ognized the 
divergence of the harmonic series in 1689; a ames (1696) 
noted “the not-inelegant paradox” th, /Q -«*) when 
expanded as 1+ a+ 27+ ° + ° gives +1-—--+-+:+ =¢ 
forx = —1, a revelation which Leibniztayt others attempted to 
justify by the theory of probability” but which the devout 
Euler humbly accepted. Less emipent mathematicians applied 
similar considerations to theolggy. Thus, by rearranging the 
terms of a divergent series,(it was readily proved that 0 = 1, 
and hence that God hadcepedted the universe out of nothing. 
Even Leibniz, in a philégep! ical mood, drew similar conclusions 
from the binary scal notation. 

More remark; still, some of the series in dynamical 
astronomy weresdivergent and yet furnished correct numerical 
results on taking only the first few terms. Stirling’s divergent 
series (173Q)¥or n! similarly gave correct approximations for 
large val of the positive integer n; and Euler’s summation 
for (published 1738, rediscovered by Maclaurin, 1742) 
also\proved extremely useful without benefit of convergence. 
These dubious successes failed to convince d'Alembert, who 
declared (1768) that all divergent series are open to suspicion. 

ut as nothing was understood of convergence at the time, these 
Most astonishing miracles were generally accepted as natural 
Phenomena. In a sense they were, as appeared when Poincaré 
in 1886 dispelled their mystery in his theory of asymptotic 
€xpansions. 

All this raised the question of what might be meant by the 
sum of an infinite series. Euler almost attained the accepted 
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philosophy in this matter and in fact in all infinite processes. 
‘There is no compulsion to define the ‘sum’ in any particular way; 
the definition is prescribed at will and is conditioned only by the 
uses, if any, to be made of infinite series and their ‘sums,’ It 
is universally demanded, however, that the definition shall not 
invariably lead to nonsense. 

The customary desiderata for sums have been stated by 
Borel? substantially as follows: To establish a correspondence 
between series and numbers such that when the num! Ore 
responding to a particular series is substituted fo series 
in the usual calculations where the series occurs, results 
shall always, or nearly always, be obtained. The ‘nearly always’ 
is to be made precise by specifying those c: Sn which the 
correspondence is invalid. Usually practi DP this, Euler ail 
but stated an equivalent. But neither hs 0) nyone else before 
Cauchy (1821) and Abel (1826) made any’systematic application 
with valid general proofs. The pionee: work of Gauss (1812) 
on the hypergeometric series hax @lready been mentioned; 
but it is commonly agreed that, chy and Abel founded the 
theory of convergence, an egs@ntial step toward a theory of 
functions of real variables. 

Divergent series were n§t abandoned without regret and mis- 
givings. Apologizing f hat he was about to do, Cauchy said, 
“T have been force admit certain propositions which may 
appear rather rastic; for example, a divergent series has no 
sum.” Abel (18 stigmatized divergent series as works of the 
devil, but peArresistibly attracted by them. Confessing his 
bewilderment’that such series frequently give correct results, 


Cleats his intention of finding the reason. But he died 


(1829Xbefore he had time to carry out this part of his program, 
an, ¢ first success in this direction was Cauchy’s. Seeking the 
nale of Stirling’s approximation to m!, Cauchy in 1843 
eated a satisfactory theory applicable to a wide class of diver- 
gent series. This fine work was forgotten. Klein has remarked 
that Cauchy’s prodigious output resembles a jungle. But ever 
jungles occasionally repay exploration; and another buried 
treasure in Cauchy’s wilderness was the ‘root test” (1821) 
rediscovered in 1892 by Hadamard. q 
Among the obvious demands for a useful theory of infinite 
series are these: If s, 51, 52 are the respective sums of the series 
S, Si, Sa, and ¢, cy, ¢2 are constants, then to cS, c:81 + ¢2S2, 08:5: 
shall correspond respectively cs, ¢:51 + ¢252, 5152, ‘nearly always- 
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Without explicitly formulating the problem thus, Cauchy and 
Abel solved it in its fundamentals. The outcome was the classical 
theory of convergence as usually presented in elementary texts. 
All that was lacking in this first systematic attack on infinite 
processes to make it thoroughly rigorous in the modern sense 
was a consistent theory of the real number system. With this 
supplied, the work of Cauchy and Abel has passed into the 
standard expositions of analysis practically unchanged. 

One classic in particular of this period may be mentioned, 
Abel’s investigation (1826) of the gencral binomial series. The 
importance of this series in the evolution of the Newt 
calculus was noted in an earlier chapter. Newton, it a 7 
inferred the formal expansion in 1676 or earlier from spéyestions 
in Wallis’ work on interpolation. A proof of the binomial theorem 
for positive integral exponents was given by Jar ernoulli® in 
1713; and in 1774 Euler devised an ingeniog t incomplete 
proof for any rational exponent. Abel’s 3 ¢ first general 
proof that has stood. Thus, a century and @ half after its first 


use in the calculus to obtain the deriv: of x” for any real 1, 
the binomial theorem was finally proved. 
This earliest work on the the! convergence generated a 


major industry of ninetcenth-cefitury analysis. Once the impor- 
tance of convergence was recognized, scores of analysts sought 
criteria for the convergen€e of both real and complex series. 
Of the tests usually a on jn textbooks on series are that of 
Gauss (1812), Cau ratio test (1821), his integral test? 
(1837), and the igen tests of Abel (1827), Kummer 
(1835), and De@Morgan (1842). In 1873, du Bois-Reymond 
attempted a ral theory of convergence tests, but was only 
moderately, cessful. With the completer and in part illusory 
synthesis Of A. Pringsheim (1850-1941 German) in the 1890's, 
wey such questions dwindled for a season, until it suddenly 
fia again in the first decade of the twentieth century. 
The British, German, and Polish schools, partly impelled by 
difficult problems in the analytic theory of numbers, began 
manufacturing delicate tests for convergence, until by 1945 
the theory of series had gone the way of all recent mathematics 
by developing into an independent field with its own corps of 
expert cultivators.. The theory of Dirichlet series” alone has 
become a separate division of analysis. Modern work in this field 
dates from J. L. W. V. Jensen’s (1859-1925, Scandinavian) proof 


(1884) that such a series has an abscissa of convergence. 
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We digress here to note briefly the parallel development of 
two other infinite processes, products and continued fractions.1! 
The theory of infinite products is so intimately connected with 
that of infinite series that we shall pass it. Infinite continued 
fractions, on the other hand, afford a basically different mode of 
approximative calculation, and lead to more difficult questions of 
convergence. They are of special historical interest in the theory 
of functions of a real variable, as it was while investigating them 
that Stieltjes in the 1890’s invented the species of tegral 
since named after him. ‘ 

The first systematic discussion of continued jons was 
Euler’s of 1737. Apart from sporadic appearances*in the arith- 
metic of the Greeks, the Hindus, and the Mog eat that can now 
be interpreted as results in continued f > ons, the general 
algorithm was not isolated till P. A. Carat 548-1626, Italian) 
discussed it in 1613. Prior to Cataldi’s uge of continued fractions, 
R. Bombelli in 1572 had approxima © square roots by means 
of them; and after Cataldi, B ‘ker (1658) expanded 4/r 
in an infinite continued fractibe. Lagrange in 1767 applied 
continued fractions to bs Sapa solution of algebraic 


equations, inventing a od of successive approximations 
which, he justly claimed eft nothing to be desired from the 
standpoint of complepéhess and rigor. But as it left nearly every- 
thing to be desired dip the way of practicability, it rapidly lapsed 
into desuetud range’s experience with continued fractions 
is typical. Of igh theoretical interest, as in proving the irra- 
tionality o in numbers, continued fractions are too cumber- 
some an ithm to be of much practical use.1# Generalizations 
of continwed fractions through simultaneous difference equations 
wert estigated by Jacobi in 1850(?), and by E, Furstenau 

an) in 1872. These are of considerable arithmetical 


portance, but their theory is still in embryo. . 

Common continued fractions began to become significant 
for the theory of functions when E, Laguerre (1834-1886, 
French) in 1879 converted a divergent power series into 4 
convergent continued fraction. The modern analysis of con- 
tinued fractions originated in the subsequent work of Stieltjes 
and in that of H. Padé (1863-, French) who showed (1892) 
among other things that Euler’s problem of expanding 2 function 
in a continued fraction is improperly posed. Different expansions 
are obtainable, conditioned by the choice, from an available 
infinity of approximating rational fractions, of a particular 
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sequence suitable for the successive convergents to the continued 
fraction. Padé’s problem was to reduce this apparent chaos 
to a semblance of order, in which he had a partial success. In 
Laguerre’s direction, Stieltjes (1894) established a correspond- 
ence between divergent series and convergent continued frac- 
tions, by which he was enabled to define integration for the 
series. For analysis as a whole, the significant gains partly due 
to continued fractions were Stieltjes’ integrals and his version 
of the theory of asymptotic series, quickly superseded Re 


Poincaré’s. 

Continuing with series, we shall note only certain abdile 
of the general development which stimulated the theéry of 
functions of real variables. The commonplace of moe analysis 


that processes valid for finite algorithms may to have a 
meaning on passing to the infinite was long it béing generally 
appreciated. In the eighteenth century, Stirli 730) and Euler 


gement of terms 
that Cauchy showed 
mvergent series by re- 
ent sums. Dirichlet (1837) 
rangement of the terms in an 


(1755) freely transformed series by re: 
without a qualm; and it was only in 
by an example that a conditional] 
arrangement of its terms yields di 
proved the basic theorem that 
absolutely convergent series dts not affect the sum. 

Differentiation and ration of infinite series deceived 
some of the greatest maticians in history, as also did the 
interchange of limitinf\processes. Cauchy’s lapse in the matter of 
uniform converge was noted in an earlier chapter. Even 
Gauss (1812) g. n incorrect proof of the theorem which he 
stated and useti-how universally called Abel’s, that if 


& er 
\ = - 
3s Ja) = Zant 
hag 3a ius of convergence 1, and if Zan = 5, then iin, f(a) = 5. 


Abel proved this extremely useful result; Gauss interchanged 
two limiting processes without, apparently, suspecting that 
Justification was necessary. Again, as will be seen in a later 
chapter, Fourier series were freely used for many years before 
Dirichlet in 1829 first validated their use under certain restric- 
tions, Even the keenest intuition was misled by the vagaries of 
such series. 

_ We have already emphasized the central part played by 
trigonometric series in the evolution of rigor. To what has been 
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said, we may add a few typical specimens of the unforeseen, to 
indicate once more the necessity for a clearer understanding of 
functions, limits, and continuity than was possible before the 
modern theory of the real number system. The Fourier series 
generated by a given function f(x) may not converge in the whole 
interval for which it is obtained, or even at any point of the 
interval; and if the series does converge, its sum need not be 
f(x). Again, du Bois-Reymond (1873) showed by an example 
that a continuous function is not necessarily representable by 
its Fourier series; while Weierstrass (1875) proved ‘that con- 
tinuity and differentiability together are more t ‘is neces- 
sary. All this and much more of a similarly u ected kind 
stimulated Cantor to create his theory of poiptisets. 

To conclude this sketch of series, we n to Cauchy’s 
and Abel’s expressions of regret at aba ng divergent series. 
As Borel has observed, the neglect of s eries was unfortunate 
in that it cramped the freedom of igqtiry and invention that 
had generated so much of las ing Trees in the eighteenth 
century. The microscope suppl; the telescope, and although 
some were enabled to descrik& the minute anatomy of analysis 
with accuracy, they missed larger things of possibly greater 


scientific value. RS e 
A new era of free-inVention opened in 1886 with Poincaré’s 
method of asymp’ expansion. Divergent series were at last 


made fairly respRR le, and it was seen why some of them, such 
as Stirling’s ae ose of astronomy, could be used with complete 
fate numerical approximations with any desired 


safety to 
degree o! Seiracy. , 

Sh before this notable advance, O. Hélder in 1882 
ina tet 


ugurated the modern theory of divergent series with his 
d of summation by arithmetic means. E. Cesiro (1859- 

6, Italian) followed in 1890 with similar processes for the 
‘ummation of divergent series; Borel in 1895 proposed another 
usable method; LeRoy in 1900 gave another, and M. Riesz 
in 1909 yet another. In 1911, the English analysts Hardy and 
S. Chapman made a comparative study of the various methods 
of summation devised up till then; and in 1913 Hardy and 
J. E. Littlewood followed this with a detailed discussion of the 
relations between the methods of Borel and Cesaro. What 
appears to be the permanent residue from all this explosive 
outburst in the 1890’s and early 1900’s has long since passed 
into the standard texts on infinite series. 


° 
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There is no obstacle to the invention of further methods, 
except possibly common sense. The consensus of informed 
opinion is that unless a new method of summation has some 
definite objective, there is no point in developing it. The usual 
desiderata for the definition of ‘sum,’ quoted earlier, have 
restrained invention in a reasonable way. But there are no 
grounds for anticipating that they or any other ban will continue 
to operate. 

The foregoing sketch of infinite processes has merely sugz 
gested a few of the outstanding points of interest. A more, 
detailed discussion would have revealed unmistakably acta 
trend of the gencral development which has been only hint ds 
the continually accelerating expansion of mathematigs,<and in 
particular of analysis, since the first rigorous wo: Sof}Cauchy 
and Abel in the 1820’s. In little more than a century, each of 
several minor subjects of the 1820’s had nce enormous 
bulk, until by 1945 any one of them wa ently vast to 
absorb the energies of highly species experts. Such, for 


example, was the case with trigono ic series, or with the 
determination of the properties cy function whose Taylor 
series is given, a problem originatiQg only in 1878 with Darboux’ 
approximative study of functigg? of large numbers. The theory 
of real variables proper is yet More extensive. Continuity alone, 
for example, has so often“beén refined that its modern applica- 
tions demand a vnspgibratae of their own. 

All this is doubtless a cause for jubilation, But whether 


or not it is, th fecundity of analysis drove some in ‘the 
carly twentieth Century to the ultimate of complete abstraction. 
Unless the “swelling mass could somehow be controlled, 


unified, a rected, it seemed to stand a fair chance of expiring 
under itsown weight. For mathematics unfortunately never 
com: ly dies to any considerable extent, although large 
sre its ancient body may be temporarily forgotten in favor 
of ffésher attractions. : 

_ The central theme in the theory of functions of real variables 
1s continuity, with its implications for the classification of 
functions and limiting processes, especially differentiation and 
Integration. By far the greater part of the theory is concerned 
with functions of a single real variable. The theory for several 
variables is not obtainable as an immediate generalization 
from that for one, essentially new phenomena entering with an 
increase in the number of variables, as for example in the order 
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of performing the individual operations in multiple-limit 
processes. Accordingly, unless the contrary is indicated, real 
function shall mean a function of one real variable. The evolution 
of the theory will be sufficiently suggested by following the 
development of integration. 

As we shal] frequently mention the integrations of Cauchy 
(1823) and Riemann (1854) for real functions f(x), we recall their 
definitions here. In Cauchy’s definition, f(x) is continuous in 
the interval [xo, x], and his integral is the limit of thefinite 
sum N 


Seu aNe), Goem< ss & 


as the length of the longest of the interval Pes Xiyal tends to 
zero when x tends to infinity. In Rie: n’s definition, f(x) 
is bounded in the interval {xo, +n]; Ug; are the upper and 
lower bounds of f(x) in [x,, xig:]. W. te 


es: ee 
Us S, Ce) 0 Se = > (Sere Rake 


If U, L have a common lin is n tends to infinity in such a way 
that the longest of thegatervals [x;, x41] tends to zero, this 
common limit is tl jemann integral of f(x). Riemann’s 
integration is obvi of wider scope than Cauchy’s. By an 
obvious amplificatibn, Cauchy’s definition is extended to take 
care of a finit@guinber of discontinuities in [xo, tn]. 

Integrati6n“of course is as old as Newton and Leibniz, or 
even Arc] des; but the theory of integration was a creation of 
the t eth century. Before 1902 there were innumerable 
study integration, many of which contributed to the develop- 

enitof the first general theory, Lebesgue’s of that year. It may 
€@em ungracious to insist that before 1902 nobody really under- 
stood what integration is all about, in spite of the vast mass 
of correct and valuable results obtained by integration since 
the invention of the calculus. But such appears to be the opinion 

of those who should know.1% 

To avert a possible misapprehension, we hasten to add that 
the integral calculus did not come to a sudden and glorious end 
in 1902. Quite the contrary: integration just began to thrive. 
Lebesgue’s generalization of Riemann integration was but a 
beginning. Others quickly generalized Lebesgue, until methods of 
integration began multiplying on themselves as if they were 
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alive. All this furious activity, according to the abstractionists, 
was but one more argument for a general analysis. And here 
again it must be remembered that to generalize is not to obliter- 
ate. All the valid gains of the past were conserved in the succes- 
sive generalizations, and in many instances much that older 
methods were incapable of manipulating was handled with 
case. Moreover, an enormous amount of new knowledge was 
acquired. 

Integration from Newton and Leibniz to Riemann follow 
two complementary courses. Newton regarded integration Qs 
the operation inverse to differentiation; Leibniz considered 
integration as a limiting summation. Both were famila> ith 
the connection between the two concepts. Indeed} -without 


the fundamental theorem of the calculus, esp ved by 
m 


Cauchy,’ neither Newton nor Leibniz could, ade much 
use of his analysis. The historical developm: vored Newton 
until Riemann (1854) defined his integr; hen it was soon 


ed functions having 


discovered 7 that non-differentiable 
dance entered in 1881 


Riemann integrals exist. A further 
with Volterra’s bounded differenti functions not integrable 
in Riemann’s sense. These tw@discords together abolished 
the mutual harmony betwee SUifferentiation and integration 
that had persisted from Newton and Leibniz to Cauchy. But 
Riemann’s integration applicable in numerous important 
instances where Ca: 's was not. The problem of refining 
Riemann’s definiti ‘o as to retain its desirable qualities and 
at least soften he é scordances was open. 


As the Lei ‘an and Newtonian concepts of integration had 
originated dn@ intuitive notions of velocities, accelerations, 
lengths, , volumes, and tangent lines, we can see now where 


the roog\f the difficulty lay. Until these vague notions, particu- 
larlyclphgth, area, and volume, were made precise, only inap- 
able progress was possible. Precision arrived with the 
arithmetization of analysis by Weierstrass, Dedekind, and 
Cantor, Details would take us too far afield here, and we can 
give only a suggestion of what was done, referring to any 
Standard text on the real variable for an adequate account. 
The intuitive length, or measure, of a straight-line segment, 
say [0, 1], is deceptively clear so long as we imagine the segment 
to contain all the points corresponding to the real numbers x 
such that 0 = x <1, But if we imagine all the points for which 
*is a rational number removed from the segment, the intuitive 
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concept of the ‘measure’ corresponding to the remaining class, 
or set, of points vanishes. The first desideratum then was a 
usable definition of ‘measure’ for a point set. Technically, a 
theory of the metric properties of point sets was needed. Several 
partly successful attempts were made by the German mathe- 
maticians in the 1880’s, notably by H. Hankel (1882), O. Stolz 
(1884), Cantor (1884), and Harnack (1885). All, with further 
promising essays by Peano and Jordan, were superseded in 1894 
by Borel’s theory. This was developed by Lebesgue ang@prlied 
by him (1902) to his new integration in the classi emoir, 
Intégrale, longueur, aire. AN 

Lebesgue’s theory of integration is one of the outstanding 
landmarks in the evolution of analysis. Progeéding from his 
definition of measure for point sets, Lebes; wepassed to integra- 
tion, dividing the domain of integrati NOic measurable sets, 
and taking the limit of a certain su: r all the sets as their 
number is indefinitely increased. ¢2> 

This process already contai He germ of the final species 
of generalization, in which ic properties are defined for 
classes (sets) of unspecifie ulemente’ or ‘objects.’ The ‘ele- 
ments’ in pre-abstract a: is are specified as numbers. But 
Lebesgue’s landmark wag*not washed away by the deluge of 
modifications which tly descended upon it. 

Before the reser complete abstraction, more orthodox 
generalizations besgue integration supplemented and 
perfected its desirable qualities. For while it preserved the more 
useful asp £8)0f both Newton’s and Leibniz’ conceptions, and 
effected Sn csscitien of wide classes of functions for which 
Riemaginihtegration was only artificially applicable,” Lebesgue's 
genefalization was not a complete synthesis of integration 48 
8 ation and anti-derivation. A more inclusive union came 
(ith the further generalized integrations of A. Denjoy (French) 

Q: 1912 and O. Perron (German) in 1914. In the meantime, cross- 
breeds between various types of integrals came into being, for 
example the Lebesgue-Stieltjes integrals. Simultaneously, the 
theory of point sets suffered an enormous expansion to accomom- 
date all the new phenomena of integrability, limits, continuity, 
differentiability, and the numerous subspecies into which these 
had split. 

From all this it might be suspected that by 1945 the theory, 
of integration had begun to go the way of all mathematics © 
the recent period. It appears to be the fact that this one branch 
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alone of the theory of functions of a real variable, after less 
than fifty years of existence, was proliferating at incredible 
speed like a tropical forest in a nightmare. For a time it was 
thought that such ventures as that of J. Radon, who in 1913 
extended Lebesgue integration to abstract spaces for which a 
measure is definable, might regulate the growth. Twenty years 
later promising indications for a unified theory appeared in 
§, Ulam’s theory of measure (1930-2) in general set theory, 
and in A. Haar’s (1933) for certain metric spaces with its applica- 
tions to the theory of continuous groups. AS 
These more abstract methods developed from Frécheys 
theories of abstract space, originating in 1906 (to be rey 


the following chapter). It came as somewhat of a shi ere- 


fore, and as an occasion for joy or despair accordin, pera~ 
ment, to find a leading young abstractionist ¢ ig in 1938 
et’s because 


that his favored abstract space is superior to 
it readily splits into eight others. By operati one or more of 
these abstract spaces simultancously, itt thus possible to 
generalize a given situation in 255 en ways. Fortunately 
some are vacuous. Whether we shou laugh or weep is not 
exactly clear, but one thing see! Stertain: we can do nothing 
about the situation. Ever sce teioing of the nineteenth 
century, mathematics has deve loped by continually expanding 
and subdividing. But fro distance of two or three decades 
after any exceptionally.active period, only those novelties which 
have proved their Ne in either mathematics or science 
remain visible. fe whole, then, it seems that we should 
rejoice in the ir Ooi fecundity of mathematics. 

The foregoing sketch has barely outlined only one aspect of 
the theory, ‘unctions of real variables. To leave it without 
mentioning’ the other side of the entire theory might seem 
Parti <M those who believe there is another side. According 
to ae heretics, the wealth of intricate theorems which make 
this theory one of the richest in mathematics is largely rainbow 
gold. Their heresy is based on the undisputed fact, already 
sufficiently described, that the reasoning in point sets is still 
(1945) deeply infected with paradox. Passing to the limit of 
skepticism, the doubters maintain that non-constructive exist- 
ence theorems, as in the more abstract theories developed since 
1905, establish nothing. Extremists even assert that such modes 
of reasoning as are employed in the accepted theory of functions 
of real variables are no longer of more than historical interest. 
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Three specimens of the kind to which objection is taken will 
suffice. 

In historical order, the first is the famous Heine-Borel 
theorem™ (1872, 1895) without which many accepted proofs 
would collapse. A generalized form of the theorem was stated 
by W. H. Young*! (English) in 1902 as follows. “Given any 
closed set of points on a straight line and a set of intervals so 
that every point of the closed set of points is an internal point of 
at least one of the intervals, then there exists a finite mber 
of the given intervals having the same property.” The second is 
of a similar character: It is E. Zermelo’s no axiom” 
(1904), which thus far has proved most usef not indeed 
indispensable, in much of analysis: “Given any ¢lass of mutually 
exclusive classes, of which none is “tae Bere exists at least 


one class which contains exactly one thing,in common with each 
of the classes.” The third and last spedimen is one of the most 
highly prized in all analysis, Bait classification (1899) of 
functions. Roughly it is as folld@s: Functions which are con- 
tinuous in a given domain c tute the lowest class, say Co; 
any function which is the li f a sequence of functions belong- 
ing to Co, and is not in & assigned to the next class, say Ci. 
Similarly for functions*df*the next class Cy, defined as limits of 
sequences of functign® belonging to Cy or to Ci, provided they 
are in neither Co C,. And so on, it is said, indefinitely. 
Borel’s objeétions to Zermelo’s use of his so-called multiplica- 
tive axiom t ed off a spirited controversy (1905) enlivened 
tp differences of opinion. Admitting that Zermelo 
method for making the infinity of choices implied 
in hig @xiom, Hadamard asserted that the existence of a mathe- 
m 1 ‘entity’ is provable without explicitly defining the 
ity. Only by this type of validation, according to Hadamard, 


Oo the transfinite numbers of Cantor enter mathematics. Such 


existence proofs, of course, have been a commonplace in other 
departments of human aspiration since the logicians of the 
Middle Ages first employed then with conspicuous success to 
provide a firm foundation for theology. There was no apparent 
reason, therefore, why they should not be applicable with equal 
success in mathematical analysis. 

But, like the medieval theologians, the leading analysts 
themselves disagreed over the exact measure of intuition 
admissible in their type of reasoning. Baire, for instance, woul 
not grant that the subclasses of a given class are given; while 
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Lebesgue opined that Zermelo’s somewhat mystical ‘existence’ 
was equivalent, when not clear, to ‘mere’ freedom from con- 
tradiction. This historic controversy of 1905 ended incon- 
dusively, with Borel maintaining that while Cantor’s theory 
of transfinite cardinals might be a valuable heuristic guide to 
valid proofs, it could not of itself furnish them, The submathe- 
matical analysis of the Middle Ages appeared to be on the point 
of rising from the dead. In 1912 it rose, in the intuitionism of 
the Dutch mathematician L. E. J. Brouwer (1882-), of whom. 
more considerably later. Y 
Whatever else such disputes may have instigated, they. a 
partly responsible for the modern critical period. A re: atkable 
and possibly encouraging feature of these doubts is. “those 
expressing them were not deterred from creatingghew mathe- 
matics by the very means to which they obje: < y a sort of 
Hegelian synthesis, destructive criticism and aS ructive action 
were reconciled in each of several indivi minds. But a 
majority experienced no uneasiness, meND eir faith that their 
heavy investments in analysis were no danger of being 
hypothecated to the usurious demaifds ‘of modern logic. 


Functions of butplex variable 

In the classic differenti@h and integral calculus, an inde- 
pendent variable ran! on real numbers. The class of all 
complex numbers bei wane largest closed under the four rational 
operations, it mi, be anticipated that anomalies in the 
behavior of func! Of a real variable, especially in the integra~ 
tion of irration inctions, would be removable only by passing 
to functionagha complex variable. This was one of the impulses 
behind thehtation of the theory of complex functions. 

_ To tantiate later a possible line of descent from the 
ig: h-century mechanics, we shall need a rather detailed 
dese ion of what is sometimes called the fundamental theorem 
of analysis, Cauchy’s* of 1825. A uniform function w of the 
complex variable s(=a« + iy, *, y teal variables, i= V-)D 
is expressed in the form u + 49, where #, 9 are real functions of 
, y, and are uniform. Conversely, if #, 2 are any real, uniform 
functions of x, y, u+ ie might be considered as a uniform 
complex function. But this is not the route taken in the classical 
theory of functions of a complex variable; and the origin of 
the following drastic restrictions on «, ¢ may have been in 
hydrodynamics and the geometry of conservative fields of force. 
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Analytic functions and their quotients are a primary concern 
of the classical theory: w (uniform) is an analytic” function of 
z if w, v, and their partial derivatives with respect to x, y are 
continuous, and moreover satisfy the so-called Cauchy-Riemann 
partial differential equations 
du _ do ou dv 
ox ~ By’ dy” Ox 
It follows that u, 2 are solutions of Laplace’s equationgin two 
dimensions, x 
a6 0% 4 ~) 
Ox? + dy?” © 


ay’ 


For brevity of statement only, the v: 1p of the complex 
variable x are represented, as in an Auge diagram, by points 
(*, y) in a plane of complex number: e z-plane’; those of 
w, =u-+iv, as points (u, 0) og@pother Argand diagram, 
‘the w-plane.’ As a point in th ‘ane traverses a continuous 
curve C, x, 9 assume diflereney fues and (u, 9) traces a cor- 
responding curve C’ in the wkplane. A point x (value of z) in 
the z-plane at which w is net analytic is called a singularity of a. 
Provided C passes thegueh no singularity of w, C’ will be a 
continuous curve. 
We shall co sider in a moment the line integral” f w de 
\ f 
taken along ie rectifiable arc C lying wholly within a 
region R ad z-plane such that w is analytic for all points 
in Rit e sufficient for our purposes to describe the mean- 
ings o} “Simple? and ‘rectifiable’ without attempting rigorous 
‘shales An arc is simple if it does not cut itself, and rectifiable 
i length, determined as the limit of a finite sum as in ordinary 
iwtegral calculus, is finite. The ‘boundary’ of a region in what 
9 ‘ollows presently is either one simple, closed, rectifiable curve 
in the z-plane, or is such a curve enclosing others of the same 
kind, The positive sense of describing a boundary is as 19 
mechanics: each of the bounding-curves is to be circuited as f 
a man walking round each in turn would always have the 
bounded region on his left. If the region has only one boundary 
(like a plate without holes) it is simply connected;* if it has 
more than one boundary (like a plate with holes in it), it § 
multiply connected. By the device of cross cuts from points 
on the outer boundary to each of the inner boundaries, and 
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cuts between the latter, a multiply connected plane region is 
made simply connected; and it usually suffices to state the 
cardinal theorems of analytic functions for simply connected 
regions. To avoid repetition, a simple, rectifiable arc in the 
aplane will be called a contour. A contour is not assumed to be 
closed unless so stated. 

Let 2, 2 be any fixed points in a region R of the z-plane 
within which the function w, =f(z), is analytic; and let C 
denote any contour starting from x and ending in 2:. Then it, 
is proved that f f(@)ds is independent of the particular conga 
C. That is, the value of this integral depends only upom the 
end-points 21, %2. Otherwise stated, as 21, %2 are held fixed, and 
any contour C joining them is deformed condnaouay Without 
at any stage of the deformation passing outside £R; the value 


of the line integral t f(2)dz is unchanged. Sing e sign of a line 


integral is reversed with the direction of jfitegration, it follows 
that if K is any closed contour lyin lly within R, then 


fi fod = 0. If R is multiply congect d, its boundary K is to 
be described in the ith S 
positive sen: . 
This is substantially Cau integral theorem?” if f(z) is 
analytic at all points on Ra at all points within, a closed 
0, 


contour K, then i f , the integration being in the posi- 


tive sense, The prog{\is immediate on writing f() in the form 
u + iv, and dz = @y-+ i dy. It is then to be seen, on equating 
reals and imagigadies separately to zero, that 


Gy — » dy) = 0, (dx +udy) =0. 
es 5-4 


But ¢] =) follow at once on transforming the line integrals 
3) into surface integrals over the region bounded by K, 
by Gteen’s theorem (1828) for two dimensions, and applying 
the Cauchy-Riemann equations to the results; each integrand 
then vanishes identically, Goursat’s refinement (1900) of the 
theorem is harder to prove; but this need not concern us here. 

Although it is a detail, we may quote Cauchy’s integral 
formula, one of the most useful results in analysis. If f@) is 
analytic at all points on, and inside, a closed contour C; and 


rf : . (a)de 
if'@ is any point inside C, then 2mif(a) = a Equally 
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remarkable are Cauchy’s formulas for the successive derivatives 
{™@, 2 = 1,2, ..., of f(z) evaluated atz = a: 


wif) = af fa)ds 


ca at 


Cauchy used these in his proof of Taylor’s theorem for analytic 


functions. 
Before proceeding to the mechanical analogy, we may note 
some of the principal developments of Cauchy’s mi for 


functions of a complex variable. Cauchy himself elaborated 
his calculus of residues as a means for evaluatingSeal definite 
integrals. While there is no royal road to integtation, indeed 
hardly more than a cowpath, Cauchy’s cal proved most 
effective. It was based on the conce; tidntof those special 
singularities, called poles, of certain fun . Several equivalent 
definitions may be given; the followigg’is as simple as any.” 
Let f(z) be analytic at ail points e t a, inside C, of a given 
region R bounded by a closed coi Kou C. Then if f(z) is expressi- 


ble in the form Fle) + DA@Q* a), where di doy « «ds 
eal 


are constants, 4, ~ 0, F(z) is analytic at all points of R, 
the function f(z) is saj have a pole of order n at s = 4, and 
Ay, is called the r of f(z) at the pole a, The following 
theorem* js thegitiplement of power in applications to integra- 
tion. If Cis a S contour within which the only singularities, 


if any, of re poles, fcf@e is equal to 2r7 times the sum 
of the ri es of f(z) at the respective poles within C. 
Cah 


and his followers reveled in the useful or merely 
evaluations of definite integrals by the calculus of 
ues. With the growing demands of technology in the 
entieth century, this calculus and other parts of the theory 
of functions of a complex variable, such as conformal mapping: 
were incorporated into the routine undergraduate course 19 
the better technical schools training modern engineers. At the 
beginning of the century, the theory was reserved in the United 
States largely for somewhat dreary lectures to graduate students, 
who learned numerous existence theorems but who occasionally 
were embarrassed by quite elementary problems. Existence 
theorems seldom disturb an engineer who has learned to do 
really difficult things with the complex variable. But, s4¥° 


curi 
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for such theorems, his dams would go out and his airplanes 
crack up even more frequently than in the romantic past. 
The designer is insured against disaster partly by his own 
practical sixth sense, partly by the seventh sense of pure mathe- 
maticians who provide him with reasonably safe devices of 
calculation. The nineteenth-century glamour of the theory 
of functions of a complex variable has no doubt dimmed as the 
theory has been increasingly applied to practical affairs. This, 
at least, is what a purist might lament. But the progressive 
world of swifter and shinier clipper transports, noisier bombéts, 
and huger debts hails these modern applications of “the Spree 
venerable” as the dawn of the true romance of ma ics. 
Our successors will finally judge the issue, Providsd\! ey shun 
our example and do not fall victims to their oe nthropoid 
ingenuity. <' 

One source of the practical utility of theleory is the fact 
that if « + iv is an analytic function of Diy, then u, o satisfy 
Laplace’s equation in two dimensions. Sohtions of this equation 
having continuous first and secomd)partial derivatives are 
called harmonic functions, and similarly for Laplace’s equation 
Vp = 0 in three dimensions. ee we are concerned only with 
the two-dimensional case. its simplest applications is to 
the plane irrotational flowSof an incompressible, frictionless 
fluid, Physically and r ly, ‘irrotational’ means absence of 
vortices. Mathemati ’, the flow is irrotational if there exists 
a uniform functi ~S szu(x, y), defined for all points (x,y) 
in the plane flui iat 


eet, and having continuous first and second 
partial deriv: s, such that the components X, Y of the 
velocity of flow at the point (x, 9), parallel respectively to the 
Maxis a: e y-axis, are given by X = du/dx, Y = du/dy. 
The fuitction u is called a velocity potential. The historically 
zelaget detail here is the last: the two components are obtained 
ing the partial derivatives in the x, y directions. Inci- 
tally, the practically important problem of turbulent flow 
escapes this mathematics of classical hydrodynamics. 

It is readily seen that if the fluid is incompressible, then 
must OX/dx + 0Y/dy = 0. The connection with analytic 
functions of a complex variable is evident on glancing at the 
Cauchy-Riemann equations. For if #(= # + iv) is any analytic 
function of (= « + iy), then w is a suitable choice for a velocity 
Potential, as also is v. If x be chosen, the curves » = constant 
are the equipotential lines of the flow and the curves 9 = con- 
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stant the stream lines; and vice versa with u, 9 interchanged. 
From the geometry of the situation, the equipotential lines cut 
the stream lines orthogonally, checking the intuitive physics. 
Numerous other physical applications are abstractly identical 
with that to hydrodynamics. In all, it is the existence of a 
potential that makes analytic functions applicable. In the flow 
of heat, temperature replaces the velocity potential in hydro- 
dynamics; in the flow of electricity, it is the electric potential; 
in Newtonian gravitation it is the gravitational potential, the 
historical origin of all potential® theory. NY 
Continuing with the sources of practical uti iD we note 
conformal mapping. Without details, the sourcé8 as follows. 
In the notation 2 = « + iy, w = u + iv already-explained, the 
analytic function w defines a particular ma; of the 2-plane 
on the w-planc. A contour traversed b point (x, y) in the 
x-plane maps into a contour rove (u, 0) in the w-plane; 


and if the two contours in the x intersect at a certain 
angle, the corresponding conto the w-plane intersect at 
the same angle, Thus, in this of mapping, angles are pre- 
served; distances, except in thivial cases, are distorted. Gauss** 
in 1825 called such mapping tonformal. Its utility is a common- 
place to anyone who has €¥er done any serious work in classical 
mathematical physics, Or who has taken a course in airplane 
performance and n. The more interesting features of such 
mapping appe n the map is investigated in the neighbor- 
hood corresp: cline to a singularity of the mapping function. 
One of the gest frequently used conformalities is that (1869) 
of H. A, Ggwarz (1843-1921, German), mapping any simply 
conse region bounded by an m-sided rectilinear polygon 
upom\t fe positive half-plane. This is a special but practically 
aeeteat case of the general problem of conformal mapping: 
& nd the function mapping one given region upon another. 
.®) ‘onformal mapping is almost a branch of modern mathematics 
in itself; it offers an alternative approach to the theory of func- 
tions of a complex variable. In particular, the mapping 0! 
polygons, first discussed in 1867 by E. B. Christoffel (1829-1900, 
German), stimulated many others besides Schwarz to develop 
the entire subject, until now it has a vast literature of its own. 
Although it belongs more properly to the development of 
differential geometry, we may note in passing the cake 
origin of conformal representation in the practical demands 0! 
mapping the earth’s surface. The first great classics in the sub- 
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ject were Lagrange’s memoirs* of 1779, in which he described 
the contributions of his principal forerunners, J. H. Lambert 

(1728-1777, German) and Euler, and obtained a solution for 
any surface of revolution, which he applied to the sphere and 
the spheroid, the cases of first importance in geodesy. Gauss 
in 1825 attacked the general problem of conformally mapping 
either of two given surfaces upon the other, and in 1847 applied** 
his solution to geodesy. He does not mention Lagrange’s work. 
With Riemann’s version of the theory of functions of a compl. 
variable (1851), conformal representation became an integyal 
part of modern analysis, and its practical applications a 
longer restricted to mapping and geodesy. \ 

Closely related to the mapping problem 1s anot] evi great 
historical and living interest, Dirichlet’s, which we restate here: 

to demonstrate the existence of a function, WNGFric within a 
closed region of space and having preassigned’¢ tinuous values 
on the boundary of the region. To a cist it may seem 
obvious that a hot solid in the steady,sfafe will have a definite 
and unique distribution of tempera’ ‘at every interior point 
once the temperature over the sur: fs known; mathematicians 
have learned by experience tha ical intuition is insufficient 
to solve Dirichlet’s problem» Wilbert solved it satisfactorily 
in 1901 under suitable r, tions adequate for almost any 
conceivable physical a: n. In two dimensions the problem 
reduces to that alrea PRO bed in connection with the Cauchy-~ 
Riemann equation; id plane flow. Its historical interest for 
the theory of f ns is that Riemann, as will be seen, pro- 
ceeded from imensional physical intuition to his theory 
(1851) of anglytic functions. 3 
We p: a to the influence of Cauchy’s theory on analysis. 

els applies equally to the alternative theories, to be 
desesi presently, of Riemann and Weierstrass. In brief, the 
the met the prime requisite of any professedly gencral 
doctrine by unifying, simplifying, and extending the special 
theories it was designed to include, and at the same time provid- 
Ing stricter and clearer proofs for known results in the included 
theories. Only the general trends can be noted here. ; 

, First, functions were classified with respect to broad prin- 
ciples suggested by experience. Two peculiarities stood out as 
having special significance. It was found that many of the useful 
and mathematically interesting properties of a function are 
intimately connected with its singularities and zeros, a 2er0 being 


re he had created, or was creating; their lecture notes or 
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a value of the variable for which the function vanishes. Poles 
have been defined; other singularities are called essential; and a 
value zo of z at which f(z) is analytic is an ordinary point. Another 
type of singularity, a branch point,* is relevant only for multi- 
form (non-uniform, many-valued) functions. For at least one 
value of z, a multiform function of 2 has more than one value; 
for example, w defined by w? = z has two values, +2!, — x, 
for a given z. As % varies, each of the values varies, generat- 
ing what is called a branch of the function. A value. RS % for 
which two or more branches coincide, and at which t anches 
are interchanged as z describes a circle in the z-pla: th center 
at b containing no other singularity, is called a dianch point. 
In the example, zero is a branch point. This ‘lassification of 
singularities into poles, branch points, aft essential proved 
adequate for most purposes.*? ss -) 

The simplest functions are polyn s and rational func- 
tions constructed as quotients of pc mials. Both were taken 
as the points of departure for geweralization and classification 
of less elementary functions, eeeially by Weierstrass. As his 
theory blends here with Ca °s, we shall briefly describe it. 
The sketch of Cauchy’s pee em given earlier may seem to rely 
on geometric intuition. Bu this is an illusion; all appeal to the 
Argand diagram, coptours, and the rest of the spacial imagery 
can easily be obvi , and this is done in an exact presentation. 

Distrusting etric intuition, Weierstrass discarded it 
entirely and?constructed his strictly arithmetical theory of 
functions. ‘ough he was slow in publication, his influence on 

i entury analysis was profound and probably greater 
tha: cS) of any other individual except Cauchy.“ Inter- 
meen ly from 1857 to his partial retirement in 1890, Weierstrass 
inst cted his pupils at the University of Berlin in the new 


personal researches gradually spread the gospel of Weierstrassian 


rigor. It was not always glad tidings for some whose sup- 
posed proofs of crucial theorems were seen to be jncomplete oF 
fallacious. ‘ 
With his reconstruction of the number system as a basis, 
Weierstrass made power series the cornerstone of his theory. 
He introduced the fundamental concepts of radius and circle i 
convergence,“ giving arithmetical definitions of both, am 
proceeded to transcendental generalizations of polynomials an 
rational functions. One of his aims was to characterize wité 
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classes of functions in terms of their singularities. Thus a 
polynomial has no singularity for values of the variable in the 
finite part of the plane, but has a pole at infinity. Weierstrass 
proceeded from this to the class of functions called integral 
(or entire) transcendental, defined by power series of the form 


by a,z" with infinite radius of convergence and an essential 
te 


singularity at infinity. Simple specimens are the series for sin 2, 

cos 2, ¢*. .~ 
Another basic concept of the Weierstrassian theory 

analytic continuation. As this is the simplest means of esta 

ing the abstract identity of the theories of Cauchy ani Weier- 

strass, we shall describe it briefly. It is to be borne ii id that 

the following is only a loose sketch. 


From Cauchy’s theory, the representation 9 
analytic in the neighborhood of a point ¢, SS zt 


as a power series of the form > On(% or This was in fact 


co) 
done by Cauchy himself in his proof cn) of Taylor’s theorem 
for analytic functions. The circle vavergence is centered at ¢ 
and extends to the singularity 2) nearest to c. For points 
inside the circle the series cabverges absolutely; for exterior 
points the function is un ed; and there may or may not be 
points on the circumferent¢e*for which the function exists. Unless 
the singularities ar Kerywhere dense? on the circumference, 


nection f(z), 
ly obtained 


the region in whic function is defined by power series may 
be continuable. if a point other than the center be taken 
within the cinéléy and a new circle with this as center and 


radius to thd Row nearest singularity be constructed, the func- 
tion maybe expanded as before for points inside the new 
circle. process may be repeated for the new circle, and so 

totality of power series expansions thus obtained by 
anlytic continuation’ defines the function at all points of a 
region, any point of which can be reached by an arc not passing 
through any singularity of the function. Weierstrass defined 
an analytic function as one power series together with all those 
obtainable from it by analytic continuation as just described. 
From this it follows without difficulty that analytic functions 
as defined by Cauchy and by Weierstrass are the same. It is 
therefore immaterial which terminology is used, although for 
integral properties of functions Cauchy's is held by the French 


analysts to be superior. 
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The transcendental entire functions defined by convergent 
series of ascending powers were partly suggested by polynomials, 
Rational functions similarly suggested transcendental functions 
having only pole singularities in the finite part of the plane. 
These are called rational transcendental, or meromorphic,® 
The rapid progress in elliptic functions in the early nineteenth 
century was partly due to Jacobi’s discovery that these functions 
are meromorphic. In this connection, an episode of special 
significance may be noted; it afforded the first - <Ompletely 
successful application of the theory of functions ef complex 
variable to the systematic deduction of a partitalar theory. 
Liouville in his lectures (1847, published 1851)-at the Colldge 
de France developed the theory of elliptic f ions by means of 
Cauchy’s analysis and a famous theore: f his own: If f(x) 
is analytic for all values of z, and @\ bounded as |z| tends to 
infinity, then f(z) is a constant. 

Three further theorems of wi @yange may be cited. These 
again illustrate the passage fi finite case of polynomials 
and rational functions to the) ‘orresponding infinite case of 
transcendental functions. jerstrass proved (1876) that a 
uniform function whose only singularities in the finite part of 
the plane are poles, with an essential singularity at infinity, is 
a quotient of two entire functions. He also obtained an infinite- 
product representation of a function which is analytic in the 
finite part of eee ane and which has an infinity of zeros so 
t 


distributed Rss ny circle of finite radius centered at the origin 
includes finite number of them. This recalls the funda- 
mental rem of algebra and the familiar decomposition of 
sin gi n infinite product, A third general theorem is reminis- 


cen the decomposition of a rational fraction into partial 

fractions. G. Mittag-Lefler (1846-1927, Swedish) in 1882 gave 

ethod for constructing a uniform function having an infinity 

(ot assigned poles or essential singularities, with only a finite 
number of singularities in the finite part of the plane. 

By 1850, enough analytical apparatus was available for a0 
ordered attack on many special functions. A Taylor series 1s not 
adapted to some of the classical functions, such as Bessel’s. 
necessary implement was supplied* to fill the lack in 1843 by 
H. Laurent (1841~1908, French), whose expansion gives the 
coefficients an, by in the development of a function f(s) in the 
form > Gn(z — c)® + y b,{2 — c), valid for all points * 

aol 


n=0 
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within the ring bounded by two concentric circles centered at t, 
provided f(z) is analytic for all points within the ring and on its 
boundaries. 

The gradual departure from the classic Weierstrassian 
theory, beginning in the 1890's, affords an interesting analogy 
with the earlier development of field theories in physics. Analysis 
after Weierstrass turned increasingly to integral properties of 
functions, and was less concerned with their behavior in th, 
immediate neighborhood of a given point, for which expansi 
in power series had proved adequate. Analytic contin eS 

ct, 
of 


had then served to define a function in toto. Theoretically, 


, 

this method had serious practical limitations. Weierstrass him- 

self transcended the strictly local theory in higmethod of 

approximation (1885) to continuous functions<by means of 

polynomials, a departure which opened a tensive tract 
u 


nctions of one 


of analysis concerned with the represent 
us functions. From 


or more variables by infinite series of con 
these and other modes of representa for example by (sum- 
mable) divergent series, the doma which functions might 
be investigated were extended, neighborhood of a point 
surrendered some of its exclu ‘ae privileges. A step toward an 
analysis of functions indepefdent of any particular algorithm 
was taken by E. Borel (1 , French) in his theory of growth 
(croissance). Power meanwhile were not neglected; in 
fact Hadamard’s Paris thesis of 1892 on the Taylor series and 
its analytic continwation, already cited in connection with the 
distribution of pi s, opened a new era in the study of functions 
Y means of (litir singularities. Among other things almost 
entirely negletted in the older theory, the refined analysis of 
the twen century has included the study of functions, given 
by Powe series, for points on the circle of convergence. This 
hi Othe wider scope of modern methods beyond those of the 
nineteenth century must suffice to indicate that analysis con- 
faa to advance after the old generals had retired from the 
eld, 

As the methods of Cauchy, Riemana, and Weierstrass shared 
equally in the enormous development of the theory of functions 
from about 1860 to the first decade of the twentieth century, we 
Shall indicate Riemann’s approach before noting one of the major 
Bains due in part to the entire theory. Riemann was as much ofa 
mathematical physicist at heart as he was a mathematician. 

Tis approach might have been that of Lagrange, had the latter 
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pursued the plain hints of a general theory implicit in his own 
discoveries in hydrodynamics and harmonic functions, 
Riemann’s theory was outlined in his doctoral dissertation 
(1851), a mighty effort which Gauss praised with restrained 
enthusiasm. Gauss, according to Riemann, had long projected a 
work of his own along somewhat similar lines, That he never 
carried out his project may have been due to a belated apprecia- 
tion of certain profound difficulties, such as Dirichlet’s problem, 
in potential theory, which Riemann either orton or left 
for future investigation. For while the fruitful su veness of 
Riemann’s creations has been appreciated b who have 
developed them, it seems to be generally agr Deka Riemann 
proposed more problems than he solved. hough Riemaan 
himself was not unduly concerned wi igor, either in his 
dissertation or in his subsequent wore analysis has probably 
inspired as much sound mathemati s have the deliberately 
rigorous methods of nea ig lemann’s theory appeals 


particularly to mathematical icists and to analysts gifted 
with spacial intuition, that i mathematicians of the same 
type as himself. His geometri¢-methods have been more popular 
with the German school tha the French, and but few English- 
speaking mathematicians have made much use of them. 

A possible mechanical origin“ of Riemann’s definition of was 
a function of the eo variable z appears in the contrast be- 
tween the iat es dw/dz and dy/dx, where y is a real func- 
tion of the ariable x, Omitting all refinements, we recall 
that dy/dxis’the limit, as Ax tends to zero, of the difference 
eres ‘Ax. But Ax must tend to zero through real values; 
that i is constrained to vary on the axis of reals. For s com 
ple EN) may tend to zero by any one of an infinity of paths in 
t plane; there is no distinguished path as for Ax, and the 

iting value of Aw/Axz as Az tends to zero is not necessarily 
ndependent of the path. Riemann defined w to be a function of % 
if and only if the limiting value dw/dz of Aw/Az is independent 
of the differential dz. This gave him the Cauchy-Riemann par 
tial differential equations already described, and hence also the 
connection with Laplace’s equation in two dimensions. F 

A mechanical analogue of Riemann’s definition is obvious. 
A conservative field of force is characterized by the existence ofa 
potential V, defined at every point (x, y, x) of the field, whose 
gradient (07 /dx, 6¥/ay, AV /dz) gives the components” (X, 
Y, Z) of the force at (x, y, 2). In a conservative field, the work 
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done by the forces of the field on a system moving from one 
configuration to another is independent of the path, depending 
only on the values of V in the two configurations. If the path 
is a closed contour, the total work is zero. Further, in empty 
space, V satisfies Laplace’s equation V?V = 0. The relevance of 
the two-dimensional case for analytic functions has been noted. 
Without laboring the point, it is plain that the analysis mimics 
the physics. The latter had long been classical when Riemann 
defined his deo/dz through independence of the path by which 
Ax tends to zero, and even when Cauchy proved his integral. 
theorem. ‘. 
It remains to indicate a possible impulse toward a theoty f 
functions of a complex variable in the mechanics of tlie-eight- 
eenth century. The history of this detail is com ted and 
not yet fully worked out. We shall note only the more 
significant incidents.** The Cauchy-Riemann e ons appeared 
as early as 1746, and possibly even in 174 rit was known 
to d'Alembert (1746), Euler (1749), and(Bagrange (1762-65) 
that when f(x + iy) = «+i, theo {f@-—y) =u i, 


g . 
a = on ze = . Lagrange epgpuntered these equations® 
ina hydrodynamical problem, was led to their general solu- 
tion in the form & 

: : F ae A , 
us iF@ + iy) — COD), o = F(x + iy) + Ole — iy). 


He then sought w! is now called the stream function, This 
leads naturally t integration of the functions F, G for com- 
plex values of the Variables. But Lagrange carefully avoided the 
Integral sig: Carrying through the analysis by means of infinite 
series. The@alue of a function for complex values of the variable 


was in tt obtained by Taylor’s expansion, and Lagrange 


sho at he was aware of the limitations of the analysis. That 

Sud + 9 dy) vanishes in general when the integration is round 

@ closed contour and $2 = $4, had already been noted (1743) by 
x 


A.C. Clairaut (1713-1765, French) in his work on the figure of 
the earth, and d’Alembert had observed the exceptional case 
4S y/( + 92), vm —x/(2? + 9%). 

he last may have some bearing on 2 much-quoted remark 
by Gauss® in his letter of December 18, 1811, to F. W. Bessel 
(1784-1846, Prussian), as d’Alembert was interested in complex 
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functions f(# + iy) when he observed his exceptional case, 
Gauss stated that he had a proof of the fundamental theorem 
that “‘the integral of a function round a closed contour is zero 
when the integrand does not become infinite within the region 
bounded by the contour.” This was fourteen years before Cauchy 
published his memoir on complex integration. ‘There has been 
much inconclusive speculation why Gauss kept a theorem of this 
magnitude to himself. Perhaps he knew that he was merely 
restating what was already known. Or he may have. di 
later that he had been substantially anticipated. 

have dropped the matter, and there is no evidence’ t he ever 
proved the theorem. Had he known G. Greea’s* (1793-1841, 
English) theorem (1828) for two dimension, ia, 1811, he could 
have proved the integral theorem inmedia@. A proof without 
Green’s theorem is more difficult; ani oes not seem very 
probable that Gauss, who went astra ersten year (1812) 
in the matter of Abel’s theorem on r series, also in a double- 
limit process, could have invent feeper proof for the integral 
theorem. The historical questiog Gf it is of any importance) 
seems to be, when did Gausg\bécome acquainted with Green's 


theorem? 

Regarding come ation itself, Euler was probably the 
first to obtain the value Of a definite integral by replacing a real 
variable by a coma Laplace (1782, 1810) investigated the 
validity of the ss. It is asserted by P. Stackel that 8. D. 
Poisson (1781 isto, French) was the first really to use a line 
integral in complex plane. 

Finall netions of a complex variable were freely used 
i eighteenth century by J. H. Lambert (1728-1777, 


Gert » Euler, and Lagrange. But none of these hints bears 
aie to the theory of functions of a complex 
t 


able as imagined by Cauchy in 1825. If the mechanical 

.®) ggestions in the work of Clairaut and Lagrange be admitted 

as possible stimuli for the theory, this will not in any way detract 

from the merits of those who developed the theory into a major 
department of modern analysis, 


Algebraic and automorphic functions 


The general theory of functions found its most extensive 
applications during the nineteenth century in algebraic func 
tions, their integrals, and the multiply periodic functions arising 
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from Jacobi’s inversion problem for such integrals. This whole 
field is sometimes (improperly) called the theory of abelian 
functions, although Abel himself was unacquainted with the 
2p-fold periodic functions of p variables, named after him, 
which arise from the inversion of abelian integrals. Abel, Jacobi, 
A, Gépel (1812-1847, German), J. G. Rosenhain (1816-1887, 
German), Weierstrass, Riemann, Hermite, H. Weber (1842- 
1913, German), and scores of less well-known mathematicians 
devoted some of their strongest efforts to developing the theory» 
which responded by suggesting new methods and novel problerhe 
in algebraic geometry, the general theory of functions, topek yy 
algebraic numbers, and the number system of analysis 
Weierstrass, we recall, made the systematic apd\rigorous 
investigation of abelian functions his lifework; anc s while 
secking satisfactory foundations for the neces; nalysis that 
he was compelled to rigorize the real number m. Riemann’s 
most individual invention, that of the sheeted surfaces 
known by his name, was devised to r the theory more 
intuitive. Some of Hermite’s earliest ee most suggestive work 
in algebra, analysis, and arithmetic eniginated in a continuation 
of Jacobi’s contributions to abelidjMunctions, R. F, A. Clebsch 
(1833-1872, German), Riemana’ successor at Gottingen, started 
a new department of geome! his application of abelian func- 
tions to algebraic geometry The topological problems presented 
by Riemann surfaces among the first to lift analysis situs 
from the domain of SS amusements to that of serious mathe- 
matics. In brief, i uld be difficult to overestimate the influ- 
ence of algebrai@ “functions on the pure mathematics of the 
nineteenth ty. Accordingly, we shall give the theory of 
algebraic jong a more extended notice than might be Justice 
fied by ite sition relative to the mathematics of the twentieth 


centurys 

Be cory was developed after its origin in 1826 by so many 
Specialists using different methods, that the finished product is 
beyond adequate description in less than a voluminous mono- 
graph. We shall merely recall the different approaches and 
‘nough of the main underlying concepts to suggest that analysis, 
algebraic geometry, and the modern higher arithmetic all con- 
tributed to the complete theory; and we shall begin with the 
many-sheeted surfaces of Riemann. These are useful for the 
Tepresentation of any multiform functions. A detailed descrip- 
tion of these surfaces is out of the question here, and we shall 
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indicate only what their inventor sought to accomplish—the 
reduction of multiformity to uniformity. 

If f(z) is an n-valued (n = 1) function of 2, its » values, or 
branches, say fi(z),..., fa(z), are permuted (x >1) as 
circuits a closed contour K with one branch point and no other 
singularity of f(z) within or on K. Both Cauchy and Riemann 
sought a geometrical representation of the branches of a func- 
tion. One object was to separate the branches, thus securing for 
multiformity (x > 1) the simplicities of uniformity. = 1); 
another was to picture the mutual relations of the branches 
with respect to the branch points. Cauchy Proposed device of 
loops issuing from a non-singular point in th Sep ane, a loop 
being a closed contour passing through no si ilarity and en- 
closing only one singularity. The bran oints being thus 
looped, the branches of f(z) are permut z circuits the loops. 
The. permutations form a group, w) multiplication table 
summarizes the interchanges of t ranches for all possible 
circuits, cy 

Riemann’s radically different nethod exhibits f(z) as a uni- 
form function on an n-sheeted\surface. At first glance the prob- 
lem of reducing multiformity to pictorial uniformity seems as 
hopeless as squaring theseircle. Riemann solved it in four steps. 


Instead of representing ¥ in one plane, n planes, or sheets, Pi, 
oR 


+++» Pu, corresponfifhg respectively to the » branches (1 > 1) 
Fi), « «fal » are assigned to s. As varies in a par- 
ticular sheet, ‘in f(z) takes only the values for the correspond- 
ing er: - The » sheets are now superimposed on the 
Argand diggram; n points, say 21, . . . , Zn, lie one above the 
other » + + « > Py; to these points correspond the values of 
A@pw. »Ju(z) for one and the same z in the Argand diagram. 
gu ird step takes account of the branch points. At a particular 
ch point z» in the Argand diagram, two or more of fi(%a)s 
.®) + » Fn(%o) are equal, and as x circuits x, the branches con- 
cerned are permuted. The sheets corresponding to these branches 
are imagined as “hanging together”—connected—at the branch 
point z9; and similarly for each of the branch points of f(2)- 
Finally, passage from one sheet to another must be provided to 
picture the actual permutations of fi(z), . . . , fa(s) as in the 
Argand diagram circuits the branch points in any manner, OF 
describes any contour. This is accomplished by lines, which need 
not be straight but no one of which cuts itself, called branch cuts, 
each joining a pair of branch points (infinity may be a branc 
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point), or passing from a branch point to infinity. Along each 
branch cut, bridges or membranes are imagined connecting the 
sheets in such a manner that the interchange of branches is 
imaged in the passage of z from sheet to sheet of the n-fold 
surface. If z in the Argand diagram by circuiting a particular 
branch point once changes the branch f,(z) to the branch f,(z), x 
in the Riemann surface passes by a bridge from the sheet P, to 
the sheet P,. There are usually several ways of making the con- 
nections. All, however, are equivalent, in the sense that cag 
exhibits the n-valued f(z) as a uniform function on an n-sheete 
Riemann surface, in which the sheets are so connected t] abs 
permutations of the branches are consistently represe 

About thirty years before Riemann imagined Baatuitive 
approach to algebraic functions, Abel (1826) gO he entire 
theory its first impulse in his masterpiece, SNe cally in the 
great theorem of the integral calculus Ment: i called Abel’s 
theorem in honor of its discoverer, and ‘ich Legendre, in the 
boastful words of Horace, describ: monumentum aere 
perennius, It is customary now to phéasé Abel’s theorem in the 
language of algebraic geometry.®* But’Abel himself presented it 
purely analytically, as a generalization of the addition theorems 
for elliptic integrals, the first§ef which was given in 1761 by 
Euler, Abel’s proof has be: led “only a wonderful exercise in 
the integral calculus.” Ag\the usual geometrical statement of 
Abel’s theorem demdrid’ extensive preliminaries, an analytic 
form® is preferable . 

Let f(x, y) be@*polynomial of the form 


ay + Xt ++ + Lay 


in which a #0, X....,X, are polynomials in x, having no 

comm. ‘actor involving x. Further, let Sx, Ws considered as 

a omial in y, have a discriminant not identically ZeTO. 

Thep/y defined by f(x, y) = 0 is called an algebraic function of 

* In the following statement of Abel’s theorem, Xo =i, and 
(a, 9) is any rational function of +, y- Abel’s theorem is 


ZS" Re, nex 
Ex plus 
= Fm, yap ee + 5 Hm Yn) — zs R(x, 9) de 


'n which: m is any positive integer; the lower limits of the 


ec 


co) 
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integrals on the left are arbitrary; F consists of rational functions 
of wy 1, + + + 5 Ams Ym and logarithms of such functions; , 

- > ty are values of x which can be determined as the roots 
of an algebraic equation whose coefficients are rational functions 
of 1, Y1, - + Xm> Ymj and 9, . . . , m are the corresponding 
values of y, any one of which, say vj, can be determined as a 
rational function of u; and a, yi, . . ~ , my Ym 

In this, the relations determining (u:, 2), .. 
from (x1, y1)) +» «5 (ims 9m) hold throughout the i ration; 
these relations determine the lower limits of the & inva on 
the right from the arbitrary lower limits of the tegrals on 
the left, & depends neither upon m nor upon the of R(x, 9), 
and in general & does not depend upon thervalues of (1, 91), 

+ > (my Ym), but only upon the equati (4, y) = 0, which 
determines y as an algebraic function . 

Such is a bald summary of Abel’s rem in something like 
its original form. A fuller statement éhows how the equations 
determining the u;, 9; from nse s are constructed. We can 


+ (Hig 0) 


only note the hints in this enu ion for the trifid development 
of algebraic functions and ntegrals from Abel’s initiation 
of the theory to the twei century. 

Integrals of the King curring in Abel’s theorem are called 
abelian integrals assqciated with f(x, y) = 0. In the transcen- 
dental method for, veloping the theory of algebraic functions, 
abelian integr: cate basic. After Abel, this method was next 
most extensi cultivated (1859) by Riemann, whose theory 
has points ontact with the second, or algebraic-geometric 
theory. such contacts might be expected is suggested by 
the fun@amental equation f(x, y) = 0, which defines an algebraic 
curyesin the x, y plane, and which also, when written in the form 

Oe Ky ++ +X, = 0, exhibits y as an n-valued 


ition of x. Thus it might be anticipated that the associated 
1€: 


mann surface and the algebraic curve would each somehow 
reflect the other. Before indicating roughly the basis for the 
correspondence between the curve and the surface, we note the 
third of the classic methods in the theory of algebraic func- 
tions, again suggested by the fundamental algebraic equation 
4(%, y) = 0. The totality of rational functions of x, ¥, such as 
R(x, y) occurring in the statement of Abel’s theorem, constitute 
a field in the technical sense of abstract algebra, and this spec!@ 
field is defined by f(x, y) = 0. It is thus suggested that the 
methods of algebraic fields and the techniques of the arithmetic 


CERTAIN MAJOR THEORIES OF FUNCTIONS 503 


theory of ideals can be extended to the integrands of abelian 
integrals. When developed, this generates the third type of 
theory, the arithmetic, of algebraic functions, This many-sided 
theory turned to the analysis, the algebraic geometry, and the 
modern higher arithmetic of the nineteenth and twentieth 
centuries for suggestions, and reciprocated by proposing numer- 
ous difficult problems in each of its subsidiaries. 

Finally, originating with Abel in 1826 as a generalization of 
the addition theorem for elliptic integrals, the theory of abeli 
integrals suggested to Jacobi a generalized problem of inve) 
similar to that which led from elliptic integrals to ellipti c 
tions. It was no easy extension. Jacobi’s (1832~4)Cinspired 
solution—he practically guessed it after an unsuccessful attempt 
to find the right way—for the simplest case is considered 

‘ 


one of the most brilliant achievements of . eenth-century 
analysis. As the nature of this can be brie icated, we de- 
scribe it next. 


The sums of the special abelian ings als 
Ot. ae f ax «fa i at dx 
VR@ J VRS VRG) J VR) 


in which R(x) is a polynomial of degree six, are functions, say 
41, $2, of the upper li ‘1, ¥2. Jacobi found that the sym- 
metric functions x1 +X ‘and xx, are uniform quadruply periodic 
functions of 5, s2.90He partial analogy with the doubly periodic 
functions, ari aeons the inversion of an elliptic integral, 
‘obi that his new functions might be expres- 
of an appropriate generalization of the elliptic 
theta fungtions. He divined that these would be of the form 
TLesmipenntenttanutans, where the summations TD refer to all 
in m, n 80; a, b, c depend on the periods; and 4, 9 are 
functions of s;, 52. Jacobi’s conjecture was proved correct 
(1851) by J. G. Rosenhain (1816-1887, German). With this 
and an earlier (1847) investigation of A. Gépel (1812-1847, 
German), the vast theory of the 2p-fold periodic’ functions 
in p variables was begun. After the pioneering work for p = 2, 

iemann (1857) introduced the corresponding functions for any 
> but his theta functions were not the most general possible. 
The development of a general theory of the thetas was part 
on Weierstrass’ life-program; it was carried out principally by 
him *4 and his pupils in the second half of the nineteenth century. 
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It remains to indicate the source of the connection, through 
the fundamental equation f(*, y) = 0 and its associated Rie- 
mann surface, between algebraic functions and geometry. The 
underlying concept, that of birational transformations, gener- 
ated one of the most extensive divisions of geometry of the 
nineteenth and twentieth centuries. Hinted at originally in a 
project of Apollonius (second century 8.c.), birational trans- 
formations lay dormant til! 1824, when Steiner and, later, others 
applied the special type called inversion to synthetic geametry.® 
But nothing approaching a general theory appeared tae 1863, 
when the Italian geometer L. Cremona (1830-1@by began a 
systematic investigation of the particular kin@Yof" birational 
transformations since named after him. Thedg-are defined as 
follows. 

The (x, y)-plane can be transforme itself: to each point 
(x, y) corresponds a point (x’, ail ich x’, y’ are rational 


functions of x, y, and inversely; all with the possible excep- 
tion of certain singular loci. F. ne ‘ample, the transformation 
x! =x, y' = x/y and its inv = x’, y = x"/y! establish a 
one-one correspondence bet “the (x, y) and the («’, y’) except 
for points on the axes. S: irational transformations of the 
entire plane, with the le exception noted, are called Cre- 
mona transformatio: n algebraic curve whose equation is in 
x, y coordinates wife denoted by C, and similarly for ’, »’ 
and C’. 

Clearly, Se correspond birationally pointwise under a 


Cremona t ‘ormation. But C, C’ may correspond birationally 
pointwis: a birational transformation which does not extend 
to the entire plane. In such cases we say that the transformation 


is -to-curve, and we shall write C ~ GC’. Evidently this 
ivalence,’ ~, is an instance of the abstract equivalence rela- 
n described in connection with algebra and arithmetic, Hence, 
ith respect to ~, algebraic plane curves fall into classes. All 
curves in a particular class are said to have the same genus. 
The genus is a non-negative integer p, to be described presently. 
Before proceeding with these considerations, we note why 
their relevance for the theory of algebraic functions might be 
anticipated, and observe one of the reasons why some have, 
preferred the arithmetic approach to the algebraic-geometric. 
The theory of algebraic functions is centrally occupied with 
an irrationality defined by the equation of an algebraic curve 
C. In particular, it was stated in Abel’s theorem that the aumber 
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2 of abelian integrals in a certain sum does not depend upon the 
particular form of the rational function R(x, ¥) of x, y occurring 
as the integrand, where f(x, y) = 0 is the equation of C. This 
suggests that the theory will be essentially unaltered if C be re- 
placed by C’, where C ~ C’. We should therefore choose from all 
curves having the same genus one of the geometrically ‘simplest.’ 

In an obvious sense, an algebraic curve whose only singu- 
larities are nodes is simpler than one with higher singularities. 
But an irreducible algebraic curve C is birationally rages 
formable into another, C’, having no singularities othe ae 
double points with distinct tangents, a basic theorem dis d, 
apparently, by Kronecker® in 1858. Proofs of this thegrem were 
still exercising algebraic geometers in the 1940's, “Woether’s 
companion theorem (1871) states that any irredi e algebraic 
curve is transformable by a Cremona trans Gorton into an« 
other whose only singularities are multiple ts with distinct 
tangents. The arithmetic method in algeBraic functions can be 
carried through without this somcvige releone reduction 
of singularities. But geometers naturally prefer to exercise their 
spacial intuition.®® The mere voi ary of geometry also sug- 
gests many promising lines of agack 

Only a summary indicatie# of the relation between the alge- 
braic curve f(x, y) = 0a he corresponding Riemann surface 
can be given here. The, tion in question concerns the genus p 
of the curve and the Sonnectivity of the surface. 

Simply (or sii +S) connected surfaces have already been 
described. A sptface is called doubly connected if by one cross 
cut it can bi de singly connected. For example, the plane 
surface bi d by two concentric circles is doubly connected. 
if one cregs‘cut renders a surface doubly connected, the surface 
is calle@triply connected, and so on. A surface without a rim 
=e provided with one by punching a small hole in it; the first 
cfdss) cut starts from the hole. Thus a punctured spbere is simply 
connected; a punctured anchor ring is triply connected, It 
will be assumed that a Riemann surface has been suitably 
Punctured when necessary. , 

By 2p appropriately defined cross cuts the Riemann surface 
Corresponding to a curve C of genus p can be made singly con- 
nected. The genus of C, as in the theory of algebraic plane curves, 
is the integer by which the actual number of double points of c 
falls short of the possible maximum as given by Pliicker’s 
equations, 
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If p = 1, the corresponding abelian integrals [R(x, y)dx are 
elliptic. If p = 2, the integrals are called hyperelliptic; they 
lead to the quadruply periodic functions of two variables. There 
is an enormous literature devoted to this special case alone. 
Generally, to each algebraic curve corresponds a Riemann sur 
face appropriate for all the curves having a given genus; con- 
versely, toa Riemann surface there corresponds a class of curves, 
all of which have the same genus. A surface of genus » depends 
upon 3p — 3 constants; to each set of values of these constants 
corresponds a class, or an infinity of classes, of algebtdic'curves. 

Enough has been described to exhibit the theory*ef algebraic 
functions as an outstanding example of the spirit, animated 
mathematics in the nineteenth century. T ‘ory presented 
many typical examples of generalization. instance, the cir- 
cular and hyperbolic functions are eeae erate cases of the 
elliptic, themselves a mere incident iN ¢ theory of algebraic 
functions and their integrals, There were corresponding general- 
izations in the theories of algebraictéurves, surfaces, and mani- 
folds of n dimensions, one of whigh may be noted here. 

The problem of uniformi ’a curve (one-dimensional mani- 
fold) is that of finding th ropriate uniform functions g(?), 
h() of the peramiter gh the the coordinates (x, 9) of any 
point on the curve are\given by « = g(#), y = (2). The circle 
x? + y? = 1 is uni ized by x = sin t, y = cos #; the cubic 
without a dope oint is uniformized by elliptic functions; 
the quartic ce (two-dimensional manifold) with sixteen 
nodes (the imum number possible) is uniformized by hyper- 
elliptic ‘a functions. Uniformization thus appears as 4 
tgrowth of the theory of algebraic functions. One of 

thewadst striking advances of nineteenth-century analysis was 

Py ‘aré’s uniformization of any algebraic curve f(x, y) = 0 by 

ans of the automorphic functions which he constructed in 
QU. ; 
Automorphic functions’ rapidly expanded in the 1880's 

and 1890’s into an independent department of analysis, to 
which the theories of groups, functions of a complex variable, 
differential equations, quadratic forms, and non-Euclidean geom- 
etry contributed at various stages. After Poincaré, one of the 
most active exploiters of the new field was Klein, whose wide 
knowledge of the several related subjects enabled him to apply 
his Riemannian intuition to the creation.of a unified theory» 
expounded in a total of 1,296 octavo pages,® in which groups 
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play the dominant part. It was syntheses such as this that in- 
duced some enthusiasts in the nineteenth century to prophesy 
that all mathematics worth remembering would ultimately be 
comprised in the theory of groups. They appear to have been 
badly mistaken. 

The characteristic property of automorphic functions gener- 
alizes periodicity, Several such generalizations are conceivable; 
that relevant here, when represented on the plane of complex 
numbers 2, is the simplest extension of periodicity as it apg\ 
pears in the circular (singly periodic) functions. For exami 
sin (2 + 2nm) = sin x, for all integers ». Again, if E(x) Fes 
elliptic function with the periods p;, p2, 


EG + npi) = EG + pr) = EQ), 


which may be expressed thus: the value of 
under the group of translations 22 -+ mp)"b mapo, where 
%, tz run through all integers. This group iggenerated by itera- 
tions of 2 +z + p),2-—>2 +p: and tl verses, Z—>% — Pi, 
%—+% —~ p2, But these are almost tii nstances of the trans- 
formation 2 — (az + 5)/(cx +4), in\which ad — be # 0. There 
are various categories of linear s generated by such trans- 
formations. With certain of ‘are associated specific kinds of 


automorphic functions cps ‘named because the value of f(z) 


is unaltered when z is re; d by any (az + 5)/(cx + d) in the 
group concerned. To ly one theorem on automorphic func- 
tions, any two of a very general kind belonging to the same group 
are connected b ‘algebraic equation. . 

The earlies 58) instances of functions having the last- 
mentioned rty are the elliptic modular functions of Her- 
mite, Thy re defined as uniform functions F(z) such that 


F@) apg ea ths » where r, 5, ¢, u are integers andru —ts = 1, 
ie + 4, 


aréeQunected by an algebraic equation. ‘These modular functions 
also generated a vast theory, developed by Hermite, Dedekind, 
Hq. Weber, and Klein, among many others. By 1890 this specialty 

ad grown so enormously that even Klein required 1,488 large 
Pages to expound its main features as it then was. Its applica- 
tions include some of highly specialized interest to arithmetic. 

ut neither the modular nor the automorphic functions found 
applications to science worth mentioning. The like appears to be 
true of the multiply periodic and theta functions in more than 
one variable. With the exception of some rather academic appli- 
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cations of the functions of two variables to hydrodynamics, there 
seem to be none. However, this dearth of applications may be 
only a reflection of the fact that few working scientists can 
afford to spend months digesting massive tomes on analysis 
which even professional mathematicians find somewhat cloying. 

In compensation, the modular functions were initially re- 
sponsible (1879) for Picard’s theorem,” usually rated one of the 
finest in its qualitative department of analysis: in the neighbor- 
hood of an isolated essential singularity a uniform functidn takes 
every value, with one possible exception, infinitely Kes . In the 
same order of ideas, Landau, gencralizing another téorem of 
Picard’s, proved (1904) that if a) is any nue and a, any 
number different from zero, then there is a nuspir = N(ao, a1), 
depending only on ao, a1, such that the n 

\ 

[@ = aba + age vty 


regular in the circle |z| < N, tak oP this circle one of the values 
0,1. For many further ‘qualitative’ theorems concerning the 
general behavior of functio: st a complex variable since the 
Weierstrassian era, we mae cin to Landau’s tract"! of 1929. 
Himself oneof the most skillful analysts of the twentieth century, 
Landau was forced cfd admit that “The literature on such 
questions is lar; ef the individual memoirs are sometimes so 


lengthy that as difficulty in selecting the most beautiful 
result and assembling the relevant. proof.” This frank 
admission a master might well stand as a description of all 
recent matics. 


Th&Bttomorphic functions also contributed to the progress 
of = mathematics, in the theory of linear homogeneous dif- 


ial equations whose coefficients are algebraic functions of 


gS ndependent variable. Obviously, the theory of algebraic 
functions and their integrals is but a special case of this. Rie- 
mann initiated this theory in his investigation of the differential 
equations suggested by that for the hypergeometric series. It 
was elaborated by L. Fuchs (1833-1902, German) and his 
pupils; but the full significance of this earlier work appeared 
only with Poincaré’s invention of automorphic functions. 
Poincaré showed that, just as the elliptic and abelian functions 
suffice to integrate algebraic differentials, so do the automorphic 
functions serve to integrate linear differential equations with 
algebraic coefficients. 
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We conclude this sketch with a brief mention of another 
modification of periodicity, H. Bohr (Danish) proceeded 
(1923) in’ a direction radically different from any thus far de- 
scribed, in his theory of almost-periodic functions f(x) of the real 
variable x. Such a function is defined by the property that for 
every € > 0 there is a length, L = L(¢), such that every interval 
(a, w@ + L) contains at least one number 7, = 7(f, €), satisfying 
the inequality |f(# ++ 7) — f(x)| <€ for all x. The resulting 
theory is a generalization of Fourier analysis. It has applicatioi S 
to Dirichlet series, and shows some promise of being scientifi iy 
useful. In the first nine years of its existence, the big 
swelled to such proportions that it demanded a separate treatise 
for adequate exposition, << 


The pursuit of unity »y 


Numerous amplifications and modificatidits would be re- 
quired to make the foregoing sketch of @lgebraic and auto- 
morphic functions either exact or ad . But inadequate as 
it is, it suggests the bewildering f ‘y of the leading nine- 
teenth-century mathematicians. seems to have been no 
bound to their inventiveness. ‘FR@ followers ably seconded the 
leaders, until by 1900 a hundrdfand iwenty had made contribu- 
tions of sufficient signifi to be included in a standard 
treatise on abelian fun, tiphs, and these were by no means all 
who had written on teabject. Probably about the same num- 
ber of algebraic gedideters had more or less directly furthered 
the theory of al ic functions up to 1900. i 

In additio: those already mentioned, some of the most 
active contribitors were Clebsch, P. Gordan, and G. Roch in 
the 1860-60 Brill and M. Noether in the 1870’s; and Klein, 
beginniigsin the 1880's. All were German, and none followed 
th metic method. Roch’s memoir (1865) on the number of 
arbitrary constants in algebraic functions has associated his 
name with Riemann’s in a famous theorem, one of the basic 
results of the entire subject. Another noteworthy contributor 
was J. Liroth (1844-1910, German), remembered for his 
topologic investigations (1871) of Riemann surfaces. The 1880' 8 
sw the entry of two leading French analysts of the time, 
Poincaré and &, Picard (1856-1941), into a field that seems capa- 
ble of absorbing any amount of talent. The Italians also, contin- 
Ung the tradition of Cremona, began to make algebraic geometry 
almost a national pastime. The magnitude of their effort 
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can be judged by consulting the treatises (1921, 1926) of F. 
Severi (1879-1940, Italian). who, as a very young man in the 
early 1900’s, put new life into algebraic geometry. Nor did the 
arithmetic method suffer from a lack of the highest talent— 
Kronecker in 1862, Weierstrass in 1875-6 with his application of 
analytic functions, Dedekind and H. Weber in 1882, K. Hensel 
and G, Landsberg (1865-1912, German) in 1902, J. C. Fields 
(1863-1936, Canadian) in 1906, Emmy Noether in 1919, most 
of whom, or whose followers, continued to develop themethod 
from the 1860’s to the 1930's. » 

The illustrious names in the foregoing sam: Bom a dis- 
hearteningly extensive directory are sufficient, to suggest that 
by 1926 the nexus of subjects that evolved {tom Abel’s initial 
discovery of a hundred years before had, begun to resemble a 
mathematical neophyte’s nightmare. If-x{Ithis intricate mass of 
detailed analysis had to be mastered before a beginner might 
hope to find something new and yitaly the outlook for getting 
one’s name into a revised dire, was dark indeed. Leading 
experts in each of the several mi s were still pouring out new 
theorems, presumably of deeg\significance, which other leading 
experts might understand ply after much hard labor. 

To interrupt one’s researches in order to follow those 
of another is a scientific pleasure which most experts delegate to 
their assistants. equently, the confusion of tongues in- 
creases as the wae ‘e of the number of talkers, until only ever 


more select coteries of narrow specialists really understand the 
refinemen: eir esoteric vocabularies. 
al w. 


A pr ay out of such an impossible muddle is simply 
to ign and go on to something else. This seems to be what 
hap shortly after 1900 in the theory of algebraic functions 


ang cir integrals. A majority of the more inventive young 
ysts made fresh starts in new and possibly less thorny fields. 
ot that algebraic functions were neglected after 1900; for 4 
great deal was done in the subject, particularly after about 1920, 
when the impact of twentieth-century algebra and arithmetic 
began to be felt. But the character of the newer work was 
noticeably different from that of the classics of the preceding 
century. For one thing, it exemplified a fresher rigor; for another, 
it was more general. b ‘ 
What happened in algebraic functions was not exceptional; 
and we have not intended to pillory them as a uniquely terrifying 
example of mathematical fecundity. They have becn exhibite 
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merely as a typical product of mathematical development in the 
nineteenth century. Specialty after specialty kept splitting into 
new and narrower specialties, which in turn swelled and sub- 
divided, and so on, apparently without any inhibiting principle 
to regulate their growth. 

The need for some control was recognized by a few of the 
leading mathematicians themselves, of whom Klein was the most 
energetic. In the last two decades of the nineteenth century, 
Klein’s was a name to conjure with, especially in Germany and 
the United States. Some of the most influential chairs of mas 
matics in American universities were occupied by men whos’ 
gone abroad in the 1880’s and 1890’s to study under Keith And 
in his own country, a whole generation of German seta 
engineers and industrial scientists remembers Klein‘ with grati- 
tude for his efforts to make higher mathemati yl to them. 

In pure mathematics, Klein’s enthusiasm great personal 
charm made lifelong converts of practical his pupils. The 
exact boundary between masterly ins mn and propaganda 
has yet to be determined. One of the mogfonvincing expounders 
of mathematics that ever lived, Klein)persuaded his followers as 
effortlessly as breathing that his recipe was about to bring 
order out of chaos and at last toi y all mathematics—or nearly 
all. His remarkable lectur fore the Chicago congress of 
mathematicians, held pageptecrion with the World Fair of 
1893, removed the lastS¢hadow of doubt from the minds of the 
Most critical. In Cae perspective, this mass conversion 


loses its suggestio the miraculous. 

Almost fro: beginning of his career, all of Klein’s unex- 
celled talen organization and leadership, and all his wide 
knowledge eh athematin were devoted to a crusade against 
what he sidered the dangers of specialization. He would 
Unite.a€ least some of the specialties or perish trying. His magic 
wassthg theory of groups; and for about half a century it worked 
to a certain extent. But experience has shown that he might as 
well have attempted to wave back a rising tide on the Atlantic 
Ocean, Klein’s (1872) most successful unification, that of the 
8eometries of his day, as we have seen, proved inadequate for 
those of the twentieth century. : 

ven in the nineteenth century, but few of Klein’s European 
Contemporaries were willing to assimilate his singularly personal 
methods, Kleinian mathematics demanded too much knowledge 
°t'too many things for mastery in a reasonable time, and in addi- 
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tion it frequently presupposed a facility in spacial linguistics 
beyond the capacities of most mathematicians. With the turn of 
the century, a younger, more critical generation saw only con- 
fusion and an impressionistic lack of precision where the old 
master had sought to portray the many as but different aspects 
of a single whole. Klein himself had assisted ably in the develop- 
ment of the subjects he strove to unify; and his intuition was 
almost unique in his own generation. (Poincaré was a close rival.) 
Lacking these advantages, newcomers, finding Klein’s@vorks 
almost impossible to read, conserved time and effo: using 
more economical if less spectacular methods. Wichobetavance 
of the abstract method in the early 1900’s, t ‘fader of the 
1890s found himself lagging far behind the igs of the times. 
Of course history may yet show that the lagGwas the other way, 
and that Klein was several generations head of his later 
contemporaries. > 

‘A strong advocate of mathematiéat schools’ dominated by 
masterful leaders, Klein (1849- at his death had outlived 
most of his own active discip! a decade or more. Vigorous 
young individualists were head seeking unity in more subtle 
ways, devising unificatioi ‘at bore no resemblance to the at- 
tempted syntheses of tle late nineteenth century. The only 
prospect of a ee Sean is a new school of impressionists 
as peculiarly gifted lein himself was, and with his conception 
of mathematicsyaSan intuitive art rather than an exact science. 
Mathematics inthe meantime, like some other activities of 
Western ation, will continue its desperate struggle to 
smothered by its own riches. 


O 
S 


R Departure from intuition 
<The rather abrupt transition from intuitive to unintuitive 
Hiking which distinguished much of the mathematics of the 
‘wentieth century from that of the nineteenth is strikingly 
evident in the newer approach to some of the geometry, particu~ 
larly algebraic geometry, to which we have frequently referred. 
The work in question might be credited to geometry, to abstract 
algebra, to the theory of ideals in algebraic function fields and 
the theory of polynomial ideals as they have developed since 
about 1916, or partly to topology, according to preference. 
If to geometry, it demands a much deeper knowledge of the 
algebra of its epoch than sufficed in the analogous situation 7 
the nineteenth century. It also exacts familiarity with the general 
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arithmetic which evolved since about 1920 from Dedekind’s 
theory of algebraic numbers, and with Hensel’s theory of 
p-adic numbers as jt has developed since about 1913, including 
its offshoot in valuation theory. All the necessary background 
material is readily accessible in standard treatises, but its 
mastery presupposes a marked aptitude for abstraction. 

If this algebraic-arithmetic approach to algebraic geometry 
should ever become popular, the textbooks of the future on 
higher geometry will contain but few technical terms that 
geometers of the present and recent past would recognize a 
belonging to the vocabulary of their subject. The metaphor sf 
geometry will be no less vivid than formerly, but they wilh 
in a different language. Nor will they always mean the 
older language struggled to express, for at least a i f that 
has been shown to be without much meaning, if x ince more, 


as so often in our journey from the past, ther implication 
in any of this that the last word has been nor even that 
what the newer language attempts to ey will be either 
wholly consistent or even mildly inte ig to mathematicians 
half a generation hence. But so long 2¢ sharpened methods of 
proof continue to rectify actual oye in earlier work and to 
secure ampler discoveries w! even the most penetrating 
intuition confused what is proVable with what is not, the pains- 
taking analysis of the algebraic-arithmetic method will doubtless 
continue to survive. igen tastes it may be less brilliant than 
inspired divination;xto™ others it has the pedestrian merit of 
being less freque tip only fractionally correct. ; 

The reduc Of the singularities of an algebraic surface 


(or generally n algebraic variety) is one of the problems that 


d. A geometric 
{tlie singularities of algebraic carrer eine 
Italian school of 


s. B. Levi (1875-) of this school invalidated (1899) 


the attempted proof of G. Kobb (1892) that the complete neigh 
Igebraic surface 18 rrr 
of two 


by the 


Faameters, A sound proof was first obtained (1901) 
stle-knowa American analyst C. W- 
Published in a journal but seldom consulted by mi: 
Was effectively overlooked. 


he reduction problem for Ss (space of three dimensions) is 
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analogous to that already noted for algebraic curves. The 
capital theorem for curves states that an algebraic curve is 
always birationally transformable into a curve in Ss; free from 
singularities, and thence, by projection, into a plane curve 
whose only singularities are double points. Analogously, every 
algebraic surface is birationally transformable into a surface 
in Ss with only ordinary singularities, that is, a nodal curve, 
on which there is a finite number of ordinary cuspidal points 
and of triple points for the curve, which are also tfiple and 
triplanar points for the surface. For further detailg*ye refer to 
O. Zariski (1899-, Poland, U.S.A.), Algebraic sm (1934), 
The most impressive attempt at a proof by mert’or less tradi- 
tional methods of algebraic geometry, Se of 1914, was 
invalidated (1934) at an essential point ariski, The need 
for sharper precision and less slippery ods was apparent. 

The algebraic-arithmetic method s from two principal 
roots, among others: the arithmetical theory of algebraic 
functions of a single variable, Hated in 1880 by Dedekind 
and H. Weber; modern abs algebra as developed since 
about 1920 by A. E. Noe ; her pupils, and her followers. 
The Dedekind-Weber th was recast (1907) by the German 
mathematicians K. Hengel (1861-) and G. Landsberg (1860-) 
whose work was ied on (1908) by H. W. E. Jung 
(Germany) to fupeons of two independent variables. Certain 
essential hey ae the theory (in particular, divisors) were 
extended (1 y B.L. v. d. Waerden (Holland, Germany) 


ag. 
to function&j6f independent variables. The arithmetical 
ica go the last became possible only when the theory of 
ideal: 


As 


een extensively developed in the Noether tradition. 
s in this account, no attempt is made to enumerate 

e tillers of this fertile field or to catalogue the fruits of 

prolific labors, 

.*) A critical examination of the literature of algebraic sur- 
faces convinced Zariski that in 1942 a general theory of bi- 
rational correspondences did not exist. Having stated his 
conviction, Zariski continued: 


This may sound too reckless a statement or too harsh a criticism, especially 
if one thinks of the fundamental role which birational transformations are 
supposed to have in algebraic geometry. Nevertheless our conclusion is 12 
exact agreement with the facts... . It is true that the geometers have & 
fairly good intuitive idea of what happens or what may happen to an algebraic 
Variety when it undergoes a birational transformation; but the only thing they 
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know with any certainty is what happens in a thousand and one special 
cases. All these cases—and they include all Cremona transformations—are 
essentially reducible to one special but very important case in which the 
varieties under consideration are nonsingular (that is, free from singular 
points). One can give many reasons for regarding as inadequate any theory 
which has been developed exclusively for nonsingular varieties... . Were 
such a proof available, it would still be advisable to develop the theory of 
algebraic varieties, as far as possible, without restricting oneself to nonsingular 
projective models. This certainly would be the correct program of work from 
an arithmetic standpoint. . . . It turns out, as I have found out at some cost, 
to myself, that we have to know a Jot more about birational correspondene 
than we know at present [1942] before we can even attempt to carry outeth: 
resolution of the singularities of higher varieties. A general theory of Biratot! 
correspondences is a necessary prerequisite for such an attempt. .@) 


The same year (1942) Zariski greatly simplific ay arith- 
metical proof (1939) that an algebraic surface a ground 
field of characteristic zero can be birationall <tfgnsformed into 
one without singular points. In 1944 he Shed a detailed 
account of the reduction of the singul: 3 of an algebraic 


surface, 9) 

The problem of the reduction Ee: e singularities of an 
algebraic surface is as intricate “is famous. Its successful 
solution may fittingly stand agin to the power of 
unintuitive reasoning in matktmatics. Not that intuition is 
absent from such reasoningNit has merely descended to deeper 
levels than it penetrated*in the past. Contrasted with the 
intuition exercised j ie algebraic geometry of the 1930?s- 
1940's, that which ced some of the geometers of the 1900’ s- 
1920's seems ra‘ naive. In differential geometry, intuition 
has been less spicuous—unless imagination be 4 form of 
intuition; decades of rigorous analysis have jnfluenced 
the develepmient of that branch of geometry considerably. 


Ss 


CHAPTER 22 


Through Physics to General 
Analysis and Abst Ss 
nalysis an s ractn gs; 


= 


A scientific theory has made its pal contribution to the 
progress of mathematics when i eral concepts have been 
formulated mathematically. Onlgf new methods are required 
to solve specific problems is theory of further mathematical 
interest. Significant advancestin the exact sciences have usually 
demanded improvemen calculation at least, and so have 
been indirectly reepoeble for progress in mathematics itself. 
Thus we have seen S3 eighteenth-century dynamics suggested 
the calculus of v ions, in the direct line of descent to twen- 
tieth-century general analysis. An important episode in the same 
evolution © controversy in the eighteenth century over 
the meaning an arbitrary function. We shall consider this first. 


Ne) 


\ 
sit was the problem of a vibrating string that first caused 
<ofethematiciaa to doubt whether they had apprehended what a 
ction may be in mathematical analysis. The earliest to dis- 
cuss the problem of the string was Taylor—of Taylor series 
fame—in 1713. To him is due the initial hint of a solution in 
terms of trigonometric functions. John Bernoulli (1727) trans- 
lated the problem into a difference equation. From the physics 
of the situation, this could be only a crude approximation to tbe 
facts. Like the bold mathematical physicist he was, Daniel 
Bernoulli ignored all niceties involved in passing to the jimit and 
replaced the difference equation by a partial differential equation 
of the second order. Incidentally, he (1753) emphasized the 
S16 


Arbitrary functions 
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physical and mathematical significance of what has since been 
called the principle of superposition. We shall recur to this later; 
it was one of the longest steps forward ever taken in mathe- 
matical physics. 

Under appropriate physical assumptions, the equation of 
motion for a string with fixed end-points, vibrating in a plane, is 
the one-dimensional wave equation, x = 7s, where ¢ is a 
constant. D’Alembert and Euler in 1747 obtained solutions, of 
the form y = f(w + cf) -+ g(x — ef) with f, g ‘arbitrary’ furte> 
tions. Daniel Bernoulli’s solution was by a sine series he 
kind now named after Fourier. This apparently irrecofigilable 
conflict between two mathematical solutions of the, signe ‘nat- 
ural’ problem precipitated a controversy that wagyto last for 
twenty years. es 

Bernoulli contended that his solution 
and d’Alembert’s. Euler (1753) objected. 
then it must be possible to expand a! 
sine series.’ But this was paradoxicalés 
and periodic, as seemed to be im) ied. ‘i 

Lagrange (1759) almost 'd the paradox in his great 
memoir on the propagation nature of sound. He regarded 
the material string as the, iting case of a finite set of equally 
spaced equal mass-particles on a weightless string. Increasing 
the number of par’ indefinitely, he derived the partial 
differential equatiofyo the material string as the limiting form 
of his system of ifference equations for the finite case. As he had 
used leoncrit interpolation, he almost obtained the solution 
that woul ven today by Fourier analysis. By postulating 
an. ‘arbi nitial displacement of the string, and an arbi. 
trary’ Ghitial velocity in the finite case, Lagrange obtained the 
sy for the continuous, material string as 4 trigonometzic 
setigs. One short step more, and he would have isolated the 
Fourier coefficients of the expansion. But his mathematical 


1 
conscience forbade him to interchange the operators ff: > 


and he missed anticipating 


imply Euler’s 
if this were so, 
trary’ function in a 
every function is odd 


without further investigation, 
Fourier analysis. Had Lagrange’s objective been not merely to 
reconcile the solutions of Bernoulli ‘and Euler, he might well 
have forestalled Fourier—provided his conscience had let him. 

Lagrange’s failure to make the capital discovery has been 
exhibited by competent judges* as a typical example of the 
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temptation in historical studies to read the future into the past, 
and to discern ulterior motives where none existed. When, about 
fifty years later, Fourier took the decisive last step, Lagrange 
objected. As one of the jury consisting of himself, Legendre, and 
Laplace, he pointed out that Fourier’s memoir on heat conduc- 
tion, submitted to the Paris Academy, lacked proofs, If Fourier 
was competing for a prize in mathematics, he had misjudged the 
nature of the competition. If the prescribed conditions were lax 
enough to cover an unsubstantiated algorithm that gave empiri- 
cally correct results, the jury may have been too e: {cting. In 
any event, the rejection of Fourier’s memoir has b eppublicized 
as a deplorable example of the obtuseness of epee cians and 
the petty jealousies of rival mathematician: e history of 
Fourier series since 1807 has shown thatthe academicians 
in this particular instance knew what4vas what and acted 
accordingly. \\ 

Lagrange’s trigonometric solutio: not settle all of Euler’s 
doubts concerning the analytic esentation of ‘arbitrary’ 
functions, which seems rather ige in view of Euler’s catho- 
licity in analysis. Euler hi had encountered the Fourier 
coefficients in 1754 and ha t objected to them, pessibly be- 
cause they appeared in ection with the heavenly bodies of 
celestial mechanics. t (1777, 1793), he obtained these 
coefficients by arn process. But it remained for Fourier, 


beginning in 180; d ending with his treatise on the analytic 
theory of hea: % uction in 1822, to get the representation of 
an ‘arbitrary Sanction by a trigonometric series, if not generally 
accepted, ‘ast seriously considered. : 

In ‘arlier chapter we noted the influence of Fourier’s 
analygi36n the evolution of rigor. The point of interest here is 
th lergence of the idea of a so-called arbitrary function as an 

step toward modern abstract analysis. A function not 
Giitially imagined in the Eulerian tradition as the embodiment of 
Qin algorithm was shown nevertheless to have a definite mathe- 
matical representation. Both the concept of functionality and 
the potentialities of analysis were enormously extended. 

The boundary-value problem associated with the vibrating 
string with fixed end-points was thus a source of much modern 
classical analysis. Other physical problems have been equally 
prolific of pure mathematics. As a typical and important exam” 
ple, we shall indicate next the main steps which led to the anathe, 
matical theory of elasticity, a department of the mechanics © 
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continuous media. Here the mathematical contributions to be 
noticed are the generalization of rectangular and other coordi- 
nate systems of ordinary analytic geometry, and the new func- 
tions necessitated by the corresponding differential equations. 


Contributions from elasticity 


The empirical bases for the mathematical theory of elasticity 
date from the seventeenth century. Galileo’s observations (pub- 
lished 1638) on the fracture of loaded beams, and Hooke’s (1678) 
on the resilience of springs, suggested physical hypotheses ca~ < 
pable of mathematical formulation. We note that Hooks ® 
experiments were of economic origin, being undertaken in > 
nection with marine chronometers. In 1694, and again i 5, 
James Bernoulli gave a mathematical discussion of t cure 


of an elastic lamina. This presented him with the sah ental 


curve known as the elastica, which has bee: ied as an 
application of elliptic functions. In the decad —51, Daniel 
Bernoulli, investigating the vibrations of a lamped at one 
end, was led to a differential equation ¢ fourth order, a 
result prophetic of Navicr’s general e ns to come seventy 
years later. In all of this carly wor oka were frequent appeals 
to plausible physical hypotheses xperiments to elicit the 
facts, The same cannot be said faksome of Euler’s purely mathe- 
matical investigations. w . 
Always the daring al , Euler occasionally trusted his 
formulas too far, and ‘unperturbed when they prophesied 
material absurdities. Nevertheless, his effort marks the next 
long step he ee early development of elasticity. In 1744 


he studied the ca by the calculus of variations, and stated 
its equation ‘orm involving an elliptic integral. In 1771 he 
investigate ‘mathematics of flexible strings and elastic rods. 
His theo 1778 for the flexure of vertical columns led him 
thro partial differential equation to Bessel coefficients, 
and 1h1779 he derived a fourth-order equation for the transverse 
vibrations of an elastic rod. Euler’s work on columns has re- 
tained its utility. 

Lagrange’s less useful contri 
mathematically than Euler’s. In 
of bent springs to the evaluation of elliptic 
left it, because the required integrations “elude ail known 
methods.” Extending Euler’s work, Lagrange in 1770-3 dis- 
cussed columns generated by the revolution of conics about their 


butions were of greater interest 
1770-1 he reduced the problem 


integrals, where he 
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principal axes. Using the calculus of variations, he encountered 
a non-linear differential equation of the second order which he 
could not integrate. 

Up to 1800, elasticians had invented hypotheses which en- 
abled them to give partial solutions of numerous special prob- 
lems; but there had been no progress toward the general equa- 
tions for the equilibrium or vibrations of an elastic solid. The 
mathematical contribution of this early period was its prophetic 
suggestiveness rather than any tangible achievement, partic- 
ularly for differential equations, boundary-value Shlems, 
elliptic functions, and the calculus of variations. Ag hing ap- 
proaching a rigorous analysis of even the spe problems 
attacked was beyond the mathematics of the f numerous 
details from 1800 to 1820, we shall menti: nly one. S. D. 
Poisson (1781-1840, French) in 1818 sol . A, A. Plana’s 
(1781-1864, Italian) partial differentialequation (1815) of the 
fourth order for the vibrations of a adstic lamina by infinite 
integrals involving two arbitrary faetons There was no dis- 
cussion of convergence. s 

In the decade 1820-30, theymédern theory of elasticity was 
essentially completed in br utline by M. H. Navier (1785- 
1836, French), Poisson, a ‘auchy. (It will be noticed that all 
three were French? a igh Poisson’s name is familiar to every 
student of mathema physics the world over, he has received 
rather scant hon m his compatriots. The works of Cauchy 
and several ees leading French mathematicians have been 


collected ani lished at the expense of the French Govern- 
ment. Pois: are still dispersed in periodicals no longer readily 
access avier, who in 1820-1 obtained the general equa- 
tions otion and equilibrium for an elastic solid, is usually 
regarded as the founder of the modern theory. By 1821, then, 
city had made its principal contribution to the progress of 

@ ‘thematics. ‘ 
Its subsequent career typifies that of other divisions of classi- 

cal mathematical physics. General solutions in terms of integrals 
were given for the equations by Poisson in 1827-9, and by 
Cauchy in 1830. Mathematically interesting as these solutions 
may be, they seem to have attracted but few engineers handi- 
capped by a sense of practicality. For further advances, genet 
ality had to be curtailed by the manufacture of approachable 
problems. Some were suggested by the demands of engineering: 
the majority appear to realistic mathematicians to have been 
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fabricated by the elasticians for the express purpose of furnishing 
skilled analysts with solvable boundary-value problems sophisti- 
cated by a dash of academic reality. 

If today the engineers on a reinforced concrete dam tarried 
for mathematical elasticians to supply them with a reliable stress 
analysis, the dam would not be built. Scale models and a photo- 
clastic laboratory do easily in a few months what no mathe- 
matician could accomplish in a working lifetime. Yet this 
triumph of modern efficiency owed much to the theoretical 
labors of Navier, Poisson, Cauchy, and many others who de: 
oped mathematical elasticity and the closely allied analysis of 
wave motion. Cauchy in particular, by his elaborati KoMthe 
elastic-solid theory of light in the 1840's, contigs to the 
physics from which the photoelastic technique volved. And 
although the elastic-solid theory collapsed long sitice, like the 
luminiferous ether it once supported, it hag t a substantial 
residue in widely used mathematical methods.’These are applied 
to innumerable enterprises of modern ci ation, ranging from 
the design of earthquake-proof buil. to that of long-range, 
heavy artillery for reducing the bul gs to piles of rubbish. 


The importance} coordinates 


With one exception to beShoted presently, progress in elas- 
ticity after 1830 was of Se interest to theoretical physicists 
than to mathematice@) lassic work on the entire subject was 
done by B. de Saints enant (1797-1886, French), the master 
coordinator and nder of the theory, especially in his investi- 
gation of tors and flexure (1855-64) and in his detailed 
amplificatio he revised mathematical treatment (1862) due 
to the seen mathematician R. F. A. Clebsch (1833-1872). 
Franz, Néumann (1798-1895, German) analyzed the elasticity 
of er stale, and G. R. Kirchhoff (1824-1887, German) improved 
ipegner theory in certain details. The exception of greater 

ematical interest was the outstanding work of G. Lamé 
(1795-1870, French) who, in the estimation of Gauss, was the 
foremost French mathematician of his generation. 5 : 

A graduate of the Ecole Polytechnique and a civil and rail- 
Way engineer, Lamé in 1824 went to Russia with his colleague 
BPE, Clapeyron as a consulting engineer. Lamé’s interest in 
elasticity was aroused by the problem of iron suspension bridges. 

tom that he quickly proceeded to master the entire theory of 
elasticity and to make many improvements in its mathematical 
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treatment. Only that contribution growing out of this work 
which Lamé himself considered his most important advance need 
be noted here: Lecons sur les coordonnées curvilignes et leurs 
diverses applications (to mechanics, heat, elasticity), published in 
1859. This summarized and extended all of Lamé’s previous 
work on his useful invention of curvilinear coordinates. As most 
introductory texts on mathematical physics contain some ac- 
count of these coordinates and their application to physical 
problems, we shall not describe them, but give instea 2 free 
translation of Lamé’s remarkable forecast of their scientific 
significance. 


\ 
Should anyone find it singular that we have been able tofound a Course of 


Mathematics on the sole concept of a system of cogtdisiates, he may be 
reminded that it is precisely these systems which chafagterize the phases and 
stages of science. Without the invention of rec r coordinates, algebra 


might still be where Diophantus and his com ‘ors left it, and we should 
lack both the infinitesimal calculus and ai aiyhe mechanics. Without the 
introduction of spherical coordinates, celesti chanics would be absolutely 
impossible; and without elliptic nls lustrious mathematicians would 


have been unable to solve several i mt problems of this theory. . . + 
Subscquently the reign of genera! ilinear coordinates supervencd, aad 
these alone are capable of atta the new problems [of mathematical 
physics] in all their generali es, this definitive epoch will arrive, but 
tardily: those who first res ed these new implements will have ccased to 
exist and will be completely forgotten—unlcss some archaeological mathe- 
matician revives their » Well, what of it, provided science has advanced? 


Science h. SMopressed, as Lamé hoped, and he himself is 
still remem by others than antiquaries. His early work 
conduction of heat in ellipsoids led him to the 
ppropriate for physical problems connected with 
lipsoids; and these have inspired much pure mathe- 
igi in differential equations and special functions, such as the 


do) doubly periodic functions of the second kind, in terms 

8 which Hermite (1872) integrated the physically important 
differential equation named after Lamé. S| 
We noted in an earlier chapter that spherical and cylindrica 
coordinates are appropriate for certain applications of Laplace's 
equation where there is symmetry about a point or about 4 
straight line. We remarked also that on transforming Laplace 7 
equation to these special coordinate systems, the variables he 
the transformed equations are separable, and that one of the 
resulting ordinary linear differential equations of the seco™ 
order thus obtained defines the Bessel functions. Each © 
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the similarly derived ordinary differential equations defines a 
species of functions adaptable to the solution of boundary-value 
problems associated with the original, unseparated, partial 
differential equation. Laplace’s equation, for example, was thus 
responsible for the several kinds of harmonic functions of 
Legendre, Lagrange, Laplace, and others, which arose in 
Newtonian celestial mechanics, and which in the nineteenth 
century proved indispensable in the theory of electricity and 
magnetism and other departments of mathematical physics. ¢\ 

But none of these special coordinate systems with its oR 
functions was suitable for the type of symmetry associatedayith 
an ellipsoid having its principal axes all unequal. To,attack the 
general problem, Lamé invented his coordinate systems of con- 
focal quadrics, and was led to the ellipsoidal, fatmonics. As 
already indicated, these are intimately conte ted with the 
(pseudo) doubly periodic functions, and havégiven rise to much 
interesting pure analysis, whose applic s range from the 
higher arithmetic to acrodynamics. «) 

Lamé’s work was partly responsible for two further items of 
considerable interest. An immediate generalization of Lamé’s 
differential equation (1838) owas shown by Kleint and M. 
Bocher’ (1867-1918, U.S.A. 1894 to include as special cases 
the ordinary linear diffeyential equations of the second order 
defining the functions ean Legendre, Mathieu, and several 
others of classical ematical physics. Thus a unified treat- 
ment of all was achieved. : 

The secon m is of far greater significance. Since the 
abandonmen; of the ether except by a few who still find its 
Picturesqu entsadictions useful, there is no uniquely dis- 

ingui edscordinate system in cosmology. Gaussian coordinates 
e necessary degree of indifference, and these are akin 
@’s curvilinears, Conversely, the tensor calculus provides 
implest algorithm for transforming the equations of Laplace, 
thdse of elasticity, and others in classical physics, to various 
systems of curvilinear coordinates. Lamé’s insistence on the 
importance of coordinates has been justified in modern physics.® 

In dwelling at some length on Lamé’s contributions, we have 
hot intended to exhibit either them or the theory of elasticity as 
the only physics of the nineteenth century responsible for 
memorable accessions to mathematics. Lamé’s work is, however, 
typical of much: the impulse from science was directly responsi- 

le for extensive tracts of modern pure mathematics whose 
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scientific affiliations subsequently became at best extremely 
tenuous. 


Toward functional analysis 


Another episode of Lamé’s times illustrates even more 
forcibly the same trend from mathematical physics to pure 
mathematics: integral equations began to emerge. As this led to 
developments of capital importance in the evolution of beth pure 
and applied analysis, also of geometry, we shall desotibe it in 
some detail. The ultimate source was again in teOfoundary- 
value problems of physics. 

An algebraic analogy provides one approach to the history. 
Those values of x for which the function Un) vanishes, are 
called the zeros of f(x). In an obvioy ese se, an irreducible 
polynomial is characterized by its zero} ~ C. F. Sturm (1803- 
1855, Swiss) in 1836, while analy: the flow of heat in an 
inhomogeneous rod, was led to a! nary differential equation 
of the second order, whose clue defied a species of functions 
which were characterized by their zeros in a certain interval. 
A simple example of such a-differential equation is that whose 
linearly independent sol is are sin nx, cos nx. In many bound- 
ary-value problems of A on as noted in an earlier chapter, itis 
required to expanddan ‘arbitrary’ function in a series of func- 
tions constractageGma the solutions of certain ordinary differen- 
tial equation h as those appearing on the separation of 
ain linear partial differential equations by @ 
of coordinates. Fourier’s trigonometric expansion 
frary’ function is an illustration. Sturm’s discovery 
ted a new epoch in this expansion problem of mathe- 
physics. Incidentally, a famous by-product of Sturm’s 
rches was his theorem on the separation of the roots of an 
.©) gebraic equation. With its hundred per cent efficiency, Sturm’s 

theorem rendered the earlier attempt (1796) of Fourier, also 

unjustifiably associated in some textbooks with the name 

F. D. Budan (French), partly obsolete. é 

A decade earlier (1823, 1826), Abel had made the first 51 
nificant progress in a theory which was to join with Sturm's ane 
unification of certain scientifically important types of boundary: 
value problems. It is customary to attribute the origin of inte 
equations as a distinct department of analysis to Abel’s so 

and subsequent generalization of the classical problem of w a 

tautochrone: a particle starting from rest at a point P im 


m 


THROUGH PHYSICS TO GENERAL ANALYSIS 525 


vertical place, and moving under gravity in the plane, is to 
reach the lowest point Q of a frictionless curve joining P, O in 
the time f(A), where h is the height of P above O. The equation of 
the curve is required. If f(A) is constant, the curve is the classical 
tautochrone—a cycloid. We need not reproduce the equations 
which Abel found and which he solved. His great merit was in 
recognizing that the more general of his equations, today called 
an integral equation of Volterra’s first kind, presented an essen- 
tially new problem in analysis. An integral equation is one. i 
which the dependent variable «(= u(x), x being the dena 
variable) occurs at least once under a definite integral si se 

Integral equations had appeared before Abel: Lapl. ea) 782) 
encountered them in solving difference and differefitial equa- 
tions; and Fourier, in the result now called his inv, ‘gion formula, 
gave (1820, 1822) what is probably the firs’ lution of an 
integral equation. But no analyst before recognized that 
integral equations presented a basically n problem in analy- 
sis. We shall return presently to the ection between such 
equations and the boundary-value prédléms of physics. 

A general linear integral equation ‘is 


Sa) = gle)u() PX fP Ker Duldat, 


“w 
in which: K(x, £), call e kernel, is a known function of 
x, ts f(x), g(x) are knoWh functions of x; 4, b are known functions 
of x, the case of er or both constant being included; d is 
either an absol ‘onstant or a parameter. It is required to 
solve the equatiéa for x as a function of the independent variable 
cases, being those of widest utility, have been 


*. Four spe 
eae Volterra’s equation (1896) of the first 


kind hag\g(x) = 0, \ = 1; his equation of the second kind has 
e@) 295 and in both kinds, a = 0, b = . Fredholm’s (1900, 
1903) of the first and second kinds differ from Volterra’s only 
in that the limits a, 5 of the definite integral are both constant. 
If either or both limits become infinite, or if the kernel becomes 
infinite for one or more points in the given interval a, b, the 
equation is said to be singular. Abel’s equation (1826) was 
singular in the latter respect. It will be noted that, in the linear 
equations described, the unknown w enters only to the first 


power. A generalization of this situation has also been discussed, 


ula) = fo) +f Fis, 4 elle, 
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where F is a known function. There are also extensions to 
several variables and the corresponding multiple integrals, also 
to systems of integral equations. The theory of a single linear 
equation occupies the central position in both the analysis and 
its applications. 

The scientific significance of integral equations, noted by 
Liouville in the 1830's but first elaborated in 1904 by Hilbert, 
is that in many important instances one integral equation is 
equivalent analytically to a differential equation together with 
its boundary conditions. The solution of an integral\equation 
gives that of a boundary-value problem in such instances. The 
advantage of reformulating certain physical prches in terms 
of integral rather than differential equationgal ¢ at whereas an 
increase in the number of independent variabl s (say from two 
dimensions to three in Laplace’s equatigni), freatly increases the 
mathematical difficulties in the diff ial formulation, there 
is no serious increase® in the corr ding integral reformula- 
tion. The integral equation eee ‘es once for all the essential 


difficulties’ of the general phy; problem instead of isolating, 
more or less fortuitously, thos peculiar to special cases. The 
theory of integral equation§ when applicable at all, also provides 
a uniform method for @ehiracting the functions demanded for 
the expansions of mal atical physics by Sturm’s method and 
its developments, 

For reason: ate which we need not enter here, the functions 
introduced xs urm are called oscillating. Following Sturm, 
Liouville i 37 was led to a linear integral equation, which 
he solved bt the method (iteration) of successive substitutions. 
Liouvil{@s problem was that of finding those solutions, if any; 
of ainéar differential equation of the second order which assume 

signed values for given values of the independent variable. 
was thus concerned with Sturm’s oscillating functions, and it 
customary to name the resulting theory after both men- 
Liouville’s method of solving his integral equation, giving the 
unknown u(x) as a power series in A with functions of x a8 
coefficients, was applied (1877) by C. Neumann to Dirichlet’s 
problem in potential theory. The solutions thus obtained con- 
verge for |N <c, where c is a finite constant. Volterra (1896): 
Poincaré, and others in the 1890s also used this method. ‘ 

The decisive advance was made in 1900 and amplified ia 
1903 by I. Fredholm (1866-1927, Swedish), who exhibited 


solutions for his equations as quotients of power series 11 “ 
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the denominator D(A) being independent of x. Both numerator 
and denominator converge for all finite \; if D(A) = 0, there is a 
solution only in exceptional cases, given by the method. It had 
been observed earlier by Volterra that the integral equation of 
Fredholm’s second kind is obtainable as the limiting form of a 
system of linear algebraic equations. The peculiar significance 
of this detail will appear later. Fredholm carried this through 
and justified the solution by obviating the convergence proof, 
given by Hilbert in 1904, for this particular method. Two years 
later E. Schmidt proved Hilbert’s results without appeal to 
limiting process. Thus by 1906 the modern theory of inet! 
equations was successfully launched, after eighty years Gf trial. 
Several distinguished analysts of the nineteenth century had 
contributed to the final success; those mentiongd>mark well- 
defined stages in the development of integra! ations from 
puzzling curiosities to an understood and po’ ‘ul discipline. 
Shortly after the publication (1903) of redholm’s funda- 
mental paper, mathematicians of most givilized nations, includ- 
ing the U.S.A., swarmed into the repel Shue aed thus 
unexpectedly opened up. The mainghighways of the theory were 
rapidly laid devia, capecially b ae mse (German) in 1907, 
and from 1904 on by Hilbe ho in 1912 collected his con- 


tributions in a classic on phe general theory of linear integral 
less than a decade's intensive effort 


equations. The outcor . 
was a unified theory aia boundary-value problems of classical 
mathematical phys nda practicable method for constructing 


the special functigny’ associated with such problems. 
To indicat Gselly an important feature of this advance, we 


recall that, ita the orthogonality of the sine and cosine which 
Sos, 


he expansion of an ‘arbitrary’ 


accounts eir applicability to t ot an 
functionSh a trigonometric series. Orthogonality is also the 


Soy, BoE utility of the Legendre functions, and similarly for 
2 of classical physics. The continuous functions Li), 
j= 1,2, ..., are said to be orthogonal in the interval [a, 5] if 


[ f@pe@d=0, 77% 


ifin addition, £ Lid#)Pds = 1, the functions are called normal, 
The first systematic investigation of orthogonal functions was 
by an almost forgotten analyst, R. Murphy (1806-1843, Irish), 
in 1833-5, shortly before Sturm and Liouville began their re- 


Q 
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searches on differential equations. In the theory of integral 
equations, orthogonal functions! fit naturally into the sys- 
tematic development of the general expansions connected with 
boundary-value problems. 


Classical physics, hereditary phenomena, and linearity 


Before considering the significance of the extraordinarily 
rapid development just sketched for the evolution of analysis as 
a whole, we shall glance back over what was accoinplished in 
about a century. > 

The Sturm-Liouville theory of the 1830's v Ae ¢ first step 
toward a unified treatment of the numer Boudaryva 
problems and their solutions that had bo ccumulating in 
applied mathematics since the early ei th century. Integral 
equations entered significantly whe: alysis was sufficiently 
advanced to solve the difficult pln of existence (con- 
vergence of formal solutions), a d became thoroughly effective 
only when Fredholm’s spark, minating a chaos of details, 
showed a way through dis to order. This signal advance 
might have come a deca: rlier than it did; for Poincaré in 
1894 had used the cha tistic functions of the expansions in 
the Hilbert-Schmid thod. Thus it would seem that the 
algorist has his plachbo less than the analyst in modern mathe- 
matics. For al, Fredholm was primarily an analyst, his 
long stride f wn d took off from an algorithm that Euler him- 
self might 


invented. 

n sufficiently emphasized that the physical prob- 
ed to order by the theory of integral equations were in 
sical tradition of mathematical physics. Fredholm him- 


lem of elasticity.” But physics in 1905 was already in 
ossession of the special theory of relativity, and had been 
familiar with Planck’s form of the quantum theory since ihe 
turn of the century. Unless the reformulated mathematics © 
classical physics should prove competent to handle the new 
physics that was so shortly to follow, it would find itself #8 
classical and as uninteresting to an advancing science as the 
luminiferous ether, 7 f 

One of the most dramatic anticipations in the history oe 
mathematical physics was the publication in 1924 of the Me iL 
den der mathematischen Physik (Bd. 1) by R. Courant and Fh 
bert, in which the modern methods of linear transformation+ 


oe 105) applied his methods to “ the solution of a fundamental 
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bilinear and quadratic forms, expansions of arbitrary functions, 
integral equations, and the calculus of variations were com- 
plected into a single implement of tremendous power for applica~ 
tion to physics as it then was. The advance over previous classics 
of applicable mathematics marked by the Methoden is best 
appreciated by comparing this work with the earlier editions of 
Riemann-Weber’s Die partiellen differential-Gleichungen der 
mathematischen Physik. But unless this systematized and more 
powerful analysis were more adaptable to an explosively expands 
ing physics, it was out of date the day it was published. : 

With the advent of wave mechanics in the modern an m 
theory only two years after the Methoden appeared, the more 
powerful analysis of modern mathematical physics mS into its 
own. The book might have becn written expressly’ physicists 
whose major activity for more than a decade R&P be quantum 
mechanics and its innumerable applicatices It was not so 
written; neither author in 1924 had théQplightest inkling of 
Schrédinger’s equation of 1926 or of the physics which it 
inspired, > 

Incidentally, quantum mech: $ redeemed integral equa- 
tions from academic immortalitySby putting their offspring to 
productive scientific work. For@ithough integral equations them- 
selves appeared explicitl + seldom in the new physics, the 
characteristic function: the Hilbert-Schmidt theory became 
a commonplace. So. stigecssful was the Methoden that the weird 
hybrids ‘eigenvalué’Nand ‘eigenfunction’ were begotten to oust 
their all-Englis equivalents that had served efficiently for 
twenty years ‘more. But working physicists had been too 
busy to noti hem. A fatalist might believe that this triumph 
of math aNteal foresight was preordained; but there is a less 
mysti xplanation which will occur to any skeptic on a mo- 
meat’s)thought. A detail, but an important one, in the entire 
antigtpation was the famous theorem (1885-6) of Lord Kelvin 
and Hadamard on the minimum of the absolute value of a 
determinant. Without this, the now classic development of Fred- 
holm’s theory would have been at least delayed, if not impossible. 

Concurrently with integral equations, another, more com- 
plicated type of equation entered applied mathematics in the 
1880's. The unknown in a given equation may appear at least 
ence under an integral sign and at least once under a sign of 
derivation; such equations are called integro-differential!® by 
Volterra, who inaugurated their theory in 1890. 
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In passing, it may be noted that Volterra’s boldly creative 
work in functional analysis, from its beginning in 1887 to its 
maturity in the 1930’s, ranks him with the most imaginative in- 
ventors in the history of analysis. He was constantly guided by 
scientific problems. As hinted in connection with Fredholm, 
analysis cannot live by rigor alone. Nor are there any historical 
grounds for anticipating that successive abstractions are to be 
the ultimate residue of analysis in mathematics. New inventions 
are constantly demanded to maintain vitality and pe ee 
both rigor and abstraction with substance for thcircoftinued 
nourishment. Although Volterra’s prolific contributi have not 


been accused of a lack of rigor, their peculiar rtance for 
analysis after the age of Weierstrass is in thir ance of new 
ideas. < 
Integro-differential equations made SBle a mathematical 
attack on such phenomena as magneti. d electric hysteresis, 
in which the state of a physical syste, ‘pends not only upon its 
immediately preceding state, bi so upon all its previous 
states. Volterra called such p mena, conditioned by the 
entire previous history of System concerned, hereditary. 


Familiar examples in elastitity will occur to anyone who has 
ever bent or twisted a wi 
Integral equations<tategro-differential equations, and tracts 
of the calculus of v, ions are included in the yet more general 
theory of functidwals with its related equations, originated by 
Volterra and eftensively developed by him and other leading 
analysts of twentieth century. This will be our concern 
presently, the moment we note a most important limitation, 
so farigi red, of the classical analysis originating in mathe- 
matiga*physics. Much the greater part of applied analysis 18 
subject to this limitation. Should the implied restriction be ap 
<ersimplification of physical science, there is at least the poss! 
ility that by the year 2000 the analysis which in 1945 was indis- 
pensable in science will be as antiquated and as impotent 
scientifically as the Babylonian mathematics of 2000 z.c. Science 
moves faster than it did four thousand years ago; and instead 0} 
achieving the appalling immortality of astrology and numerol 
ogy, a false world picture is now forgotten in a decade. 
Practically all of classical mathematical physics bas evolved 
from the hypothesis of linearity. For a precise statement of what 
linearity means in this connection, we must refer to texts oF 
physics; the following is a rough description by means of an 
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example. The assumption of linearity is also called, in physical 
optics, the principle of superposition. As noted earlier, the prin- 
ciple goes back to Daniel Bernoulli.'* 

If the properties of an elastic medium are such that the 
stresses are linear in the vector displacements or in their space- 
derivatives, the disturbance at any point P of the medium is 
obtainable by superposing the disturbances reaching P from all 
centers of disturbance within a certain region. Thus the total 
effect of several displacements is obtainable by vector addition 
of the individual displacements. (This may hold only to a fitst 
approximation.) More concisely, the displacements are Ive. 
In a similar sense, magnetic fields and Newtonian grafitational 
fields are additive or superposable. Einsteinian 
fields are not additive. 2 

When the principle of superposition is ‘or a physical 
situation which can be translated into a differential equation, 
the equation is linear. The mathematical ivalent of the prin- 
ciple appears in the elementary fact U, F are solutions of 
a linear differential equation, and\@; 5 are constants, then 
aU + bP is also a solution. Thisis at the root of the solution 
of boundary-value problems by expansions of arbitrary func- 
tions in series of suitably ied special functions. In short, 
but for the principle of uperposition, a vast tract of mathe- 
matical physics would Je radically and at present unimaginably 
different from whatdt is? Should the principle fail to accord with 
the refinements odern experience, the basic equations of 
mathematical cs cannot be linear, except possibly as a first 
and inadeq approximation; and all the ingenious analysis 
which baa aaved from the hypothesis of linearity is at best a 
first ap; mation to the applicable mathematics of the future. 

Ay eee such a possibility it may be argued that the princi- 
ple of superposition worked admirably from Daniel Bernoulli 
irac, and therefore it must be in some sense"® a correct 
description of certain physical phenomena. A similar argument 
validates the use of classical, statistical, and wave mechanics, 
each in its own domain of approximation to observable events. 
So far as linearity is concerned, the pointof mathematical interest 
is not that it has led to remarkably accurate quantitative results, 
but whether it is qualitatively a sufficient description of living 
and growing science. The equations of gencral relativity are 
already non-linear; the fundamental equation (Schrédinger’ 8) 
of the quantum theory is linear. 


om 
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It has been suggested by at least one competent physicist 
that the basic equations of physics must be non-linear, and that 
mathematical physics will have to be done over again. Should 
this suggestion (Einstein’s) prevail, the analysts of the next cen- 
tury will probably face harder problems than any their predeces- 
sors solved so successfully, and the outcome may well be a 
mathematics totally different from any now known, 

The economic motive in the development of some depart- 
ments of both pure and applied mathematics is by nowNrather 
a well-worn theme. Many of the conclusions see ely to 
remain controversial for a long time. But there ihe aspect 
of economic mathematics, germane to the pres: pic, which 
is clear. cy 
Tf it is true that even the most idealistie@P wars are clouded 
to a slight extent by materialistic moun uch as the lust for 
territorial or other loot, then to that\pXtent military mathe- 
matics is motivated by economic ‘@etlsee. And since time is 
often the essence of the contage fecn hostilities and gain 
or glory, it as often follows mere expense is a negligible 
consideration in the masg {production of mathematics for 
military purposes. 

The problems posedby modern warfare are usually urgent 
and frequently hard€\much harder, in fact, than the over- 
simplified idealiz; is of concrete situations imagined by 
mathematicia ‘times of peace and solved at their leisure. 
Again, the rea problems of kill or be killed are but seldom 
as elegant matically as those of lethargic peace, demand- 
ing for 1 applicable solution a prodigious amount of numeri 
cal cofipitation to obtain a close enough approximation to 

ay be the ungarbled facts. Few mathematicians 1? 
me would find sufficient ‘joy through work’ in such 
9 ulsive drudgery to undertake it voluntarily. But spurred 

by the urgency of war, their only course is to proceed as fast 
as they can with the uncongenial necessity. Compulsory coopera- 
tion, the relaxation of financial restraints in such matters 
as the employment of regiments of robots (mechanical an 
human), and the construction of intricate new calculating 
machines to do the less skilled labor multiply the efficiency © 
the individual mathematician (and sometimes also his ©8° 
by a factor which may be as high as ten—he accomplishes 

about ten times as much, when given the proper tools in t ‘i 
right kind of factory, as he would if working in polite penur) 
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and scholarly solitude. The desperate problems of survive or 
perish receive at least partial solutions. Concurrently, new 
mathematical vistas open up to distant regions which might 
never have been imagined, much less explored, had it not 
been for the compulsions of war. Mathematics and casualties 
mount simultaneously, and expense is not far behind. 

In the second world war mathematical skill was at a much 
higher premium than in the first. And as many of the problems 
demanding urgent consideration dealt with fluids ham 


by viscosities which could not be ignored, or with ally 
awkward facts in other manifestations of brute mat the 
real world, the equations to be solved were seldom 1 of the 


classical tradition. In particular, non-linear cane received 
more attention in four or five years of war th ey normally 
would have in half a century of peace. Fraga the masses of 
computation to meet immediate demands)’ t least the more 
obvious characteristics of a few types quations may have 
emerged, If so, these types may the study of non-linear 
equations when there shall be an opportunity to think of other 
things than the next war, mu the problems of classical 
mechanics and Newtonian ation determined the pattern 
of a vast tract of the classical theory of linear differential 
equations, both ordina: d partial. Should this come about, 
the mathematical his n of the future may find in the second 
world war the s A ind of good that realistic historians of 
technics have d ed in the first. For had it not been for the 


demands of mi -y aviation in the first world war, civil aviation 
might still e hazardous sport of a few reckless amateurs 
that it x 1913, and certainly it would have been totally 


inadequate for its duties and privileges in the second world 
way oi may be, realistically, with the mathematical gains 
8 ly due to the second world war. But, as pointed out long 
af by Charles Lamb in his biography of Ho-ti, it is not obliga~ 
tory to rely exclusively on this particu 
in aviation, mathematics, or anything else. 
Generalized functionality : 

All of this continued activity in mathematical physics 
naturally left a substantial residue in pure mathematics. bh 
at present appear to be the contributions most likely to ent a 
for some decades or longer are functional analysis, genér? 
analysis, abstract spaces, and several specialized subdivisions 


lar realism for progress 
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of these inclusive theories. The major development in each took 
place in the twentieth century, although functional analysis 
might have been extensively cultivated in the 1890’s had Vol- 
terra’s pioneering work of 1887 been more widely appreciated. 

Only the most summary indication of the nature of these 
fairly recent acquisitions can be given here. A bibliography of 
functionals alone to 1930 contains 540 titles, and there have been 
numerous contributions since. The literature of abstragiepacts 
is even more extensive and is still (1945) expanding\sapidly. 
General or abstract analysis also is flourishing.,QDbe partly 
scientific origin of all is clear, especially when th¢fx evolution is 
traced back through the calculus of variations.gnd the connec 
tions between integral equations and boun value problems. 
Compared to the impulse from science influence of older 
problems in pure mathematics on theNtevelopment of func- 
tionals, abstract spaces, and genera alysis, now themselves 
divisions of pure mathematics, 1 but negligible, with the 
outstanding exception of Canto; eory in relation to abstract 
spaces. Before Cantorism, thgre”appear to have been only two 
minor ‘pure’ sources of f ional analysis worth noting, the 
second of which might ake e assigned to applied mathematics. 

Euler and others /i e eighteenth century proposed geo- 
metrical and me ical problems leading to equations in 
which the unk: , as in the calculus of variations, are func- 
tions. For ex male, Euler’s problem of finding the equation of 
the curve ‘that the square of the normal at any point ex 
ceeds th re of the corresponding ordinate by a constant c 
leads 2 equation containing both an unknown function and 
its ative. This is a functional (‘functional’ is here an adjec- 
ti quation, to be solved for the function. Again, the addition 
orems for the circular functions suggest the problem of find- 
ing the ‘most general’ functions satisfying them. In this order 
of ideas, Weierstrass gave a precise definition of an algebraic 
addition theorem, and proved that elliptic functions and their 
degenerate cases are the only functions of one variable, subject 
to obvious restrictions of continuity, uniformity, etc., possessinB 
such an addition theorem. 

All through the first half of the nineteenth century, func: 
tional equations attracted analysts with a taste for ingeniou’ 
devices. This work was characterized by a lack of precision ant 
a failure to appreciate the very serious difficulties involved. 4 
was as naively ambitious and as inconclusive as Euler’s inord- 
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nately ambitious attack on diophantine analysis. There seems 
to have been no satisfactory investigation of a functional equa- 
tion prior to Cauchy’s (1832) study’ of the extremely simple 
and important?” example f(x + y) = f(#) +0). 

Another impulse in the same direction was Liouville’s theory 
(1832) of fractional differentiation.!* Many a beginner in the cal- 
culus, having grasped d"y/dx* for positive integers , has asked 
himself what interpretation might be assigned to this symbol 
when » is not a positive integer. Liouville’s ingenious solut 
came several decades too early, finding its proper pl 
analysis only in the twentieth century. cV 

The second possible source in pure mathematics ofwho ern 
functional analysis is the theory of probability. lace and 
many others in the eighteenth century sranslate@du stions on 
probability into difference equations, in whic’ unknown is a 
function and the range of the independent fable is the class 
of non-negative integers. But to ascribe syporisn of functional 
analysis to such nebulous beginning: would be a brilliant exam- 
ple of post hoc, ergo propter hoc. Thetyeators of the new analysis 
proceeded consciously on quite different lines. : 

Functional analysis origin, with Volterra in 1887, In his 
earlier work, Volterra used. terminology “functions depend- 
ing on other functions,”¢and the special case of “functions of 
lines,” for what wer sequently called functionals (‘func- 
tional’ is here a by Hadamard, one of the foremost 
developers of thi Sdern theory. The simplest instance of a 
functional is “ited by a function x(t) defined for all values of 
tin a givenanterval [2, 6):F[x()] is called a functional of x() 
when its yahie depends on all the values assumed by x(Z) in 
{a, 6]. The Special case x(#) = # gives Dirichlet’s definition of a 
fone Volterra’s functionals are thus an infinitely wide 
oe ization of the functions of classical analysis. 

I 


nstances of functionals had long been familiar in the calculus 
of variations when Volterra isolated the general concept and 
began its systematic elaboration. Even earlier, functionals had 
appeared in analysis, but had not been recognized as such, at 
the very beginning of the integral calculus. Thus f w(tdi, de- 
fined only in the domain of integrable functions «@), is an 
instance of the functional F[x()] in the particular functional 
field’ of integrable functions. Generally, Flx(] is defined only 
when x(#) is restricted to range over a prescribed class of func- 
tions. Ranges of particular interest are those of all analytic func- 
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tions, or of the class of all continuous functions, each of which 
defines a ‘space’ of a denumerable infinity of dimensions." 

A powerful device of generalization for passing from classical 
algebra and analysis to the corresponding situations in func- 
tionals is that of replacing finite summations, in which the index 
or independent variable ¢ ranges over the integers 1,... , 2, 
by definite integrations wherein the range of ¢ is an interval 

# 


[2, 6] in which f(#), g(#) are continuous. Thus ), f(d)g(t) ER be 


teplaced by [fOe@at. An example of this tec! je was 
noted in connection with the passage from a systém of linear 


algebraic equations to an integral equation; “we see the 
broader significance of that special case. The diffeulty, of course, 
is to justify the limiting processes. Volt: as described the 


ransition from the 
uch of mathematics 


functional calculus as an instance of tl 
finite to the infinite which characteri: 
since the close of the nineteenth c y> 

The outcome of Volterra’s inspitation was the functional cal- 
culus, developed by numeroys\analysts with unprecedented 
rapidity in the first third of he twentieth century. Possibly the 
most active schools wer fe Italian, French, German, and 
American, For an impartial estimate of their several contribu- 
tions, we must refer, olterra’s exposition.4* Among the lead- 


ing contributors 1930, Volterra, S. Pincherle (1853-1936, 
Italian), Hadangasd, Fréchet, Tonelli, P. Levy (French), and 
G, C, Evans —, U.S.A.) may be mentioned. 

The thy of functionals generalizes and extends much of 


parts e calculus of variations, a generalization of analytic 
s, integro-differential equations, generalizations of clas- 
ifferentials and derivatives, functional-derivative equa” 
Sas, functional invariants; and, on the physical side, functional 
dynamics and the theory of hereditary phenomena. ee 
A recent application is to mathematical economics; but it 1 
still too early to predict whether expertness in the functional 
calculus will enable society as a whole to avoid depressions. It 
may be recalled in this connection how, shortly after the publi- 
cation (1910-13) of Principia mathematica, optimistic mathe- 
maticians prophesied that symbolic logic would greatly assist 
the justices of the United States Supreme Court in their tor” 
tuous deliberations. Deadly serious, the prophets have not yet 
learned to laugh in the wilderness, 


pars et ysis. Its applications include integral equations, 
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A less immodest proposal advocated the application of 
functional analysis to human bionomics. In this direction, 
Volterra (1927) had a somewhat disturbing success in the corre- 
sponding application to ravenous populations, say sharks of two 
different species, living together and maintaining themselves in 
stable economic equilibrium for indefinitely long periods by de- 
youring one another. He found, as was humanly verified in the 
great depression in 1929, that the numbers of individuals in the 
two species fluctuate indefinitely. The feature of social inter 
in such applications is that the appropriate analysis is aa 
more subtle and more complicated than any that Hi ea 
economists of the nineteenth century believed wouldsuffice. 
To be a mathematical economist in the twentieth ‘tury de- 
mands a mastery of modern analysis. The you: ger generation 
declares that mathematical economics is one. Se few divisions 
of applied mathematics where most of the clas ics might profit- 
ably be consigned to the flames. @ 


General analysis, abgdrger spaces 


The same passage from the finite'to the infinite that charac- 
terized functional analysis appéared also in geometry with Hil- 
bert’s work on integral ions. The generalization of the 
algebraic theory of quadratic and bilinear forms (also of Hermi- 
tian forms) from three ¢.any finite number # of variables was a 
favorite topic wit many of the nineteenth-century algebraists. 
The resulting alg of real forms found a ready interpretation 
in the geomet hyperquadrics in n-space. In fact, familiar 
problems of ste’ case n = 3, such as the determination of the 
principal ‘of a quadric, suggested rather obvious things to 
do in the peneral finite case. Much of this work proved useful in 
analytf@mechanics. What seems to be the first significant hint 
ofaescenion to space of an infinity of dimensions occurs in 
theAesearches (1877) of G. W. Hill (1838-1914, U.S.A.) on the 
lunar theory, in which appeared infinite systems of linear 
algebraic equations in an infinity of unknowns. ‘The accompany- 
ing theory of infinite determinants was rigorized by Poincare in 
1886, and further developed from 1896 on by H. von Koch 
(1870-1924, Scandinavian) and many others. : * 

The generalization of quadratic and bilinear forms tom 
three to any finite number of variables is an almost trivial 
project for a competent algebraist. With the extension to an 


Fonte A 2» 
infinity of variables, convergence must be considered”? to 
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Q 


validate the formal algebra, and the resulting analytic problem 
is trivial for nobody. Hilbert laid down the foundations of the 
theory for an infinity of variables in 1906. As in the finite alge- 
braic generalization, the analytic extension to a denumerable 
infinity of variables is conveniently and suggestively described 
in spacial imagery. The geometry so defined is that of classical 
Hilbert space.*! Its first applications were by Hilbert and his 
followers to integral equations; but it was early perceived that 
the analysis and geometry thus created were tendigg toward 


more inclusive theories. 
For accounts of Hilbert space and its physica) cance we 
refer to the works cited. From these the partly scientific origin 


of the theory is evident. For a sense in wl assical Hilbert 
space is an ultimate in dimensional gene: ions of geometry, 
we must also refer to a technical expositfeh,”? where the applica- 
tions to the quantum theory are developed, and it is shown by an 
example that in the sense mentio: “there is no essential dis- 
tinction between spaces of ayW@iumerable and of a non-de- 
numerable infinitude of dim 2) a 

Our concern here is theSeutcome in pure mathematics for 
which this entire moves was partly responsible. A feature 
of great interest is eturn in theories of general analysis, 
abstract spaces, a3 pology to the Euclidean methodology. 
There is nothin; arkable in this. As the final aim was inclu- 
sive abstractio 4 other approach was possible. 

Beginnin: 1905-6 and continuing to the early 1920’s, two 
widely divergent types of general analysis, due respectively to 
E. H. e and Fréchet, shared the new field. Moore does not 
seem @“have relied much on spacial imagery; Fréchet, the 

ar of the theory of abstract spaces, appears to have been 


fo " 
dae some of his most fruitful ideas in general analysis by skill- 


lly abstracting the commonest notions of elementary geome 
try and those of the classical theory of functions of real ‘variables 
as it had developed since Cantor. ‘ 

If this is a just conclusion, it indicates that much remains to 
be done in other departments by a similar process of abstraction 
and generalization. But routine constructions and logical analy- 
ses of postulate systems are not enough if such generalizations 
are to yield more than trivial restatements or useful simplifies: 
tions of known theories. The prime requisite is an instinct J0F 
what characteristics of a given situation are worth abstracting 
in the first place; and for this there are no rules. Examples © 
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picking the ‘right’ thing were noted in connection with generali- 
zations of absolute values. Those who have made happy choices 
in the art of abstraction agree that success comes only after 
many rejections. 

What might be called the historical necessity for a general 
analysis of some sort in the early twentieth century was indi- 
cated by Moore in his lectures of 1906: 


Especially during the last decade the study of Integral Equations has 
brought to light numerous analogies betwecn the n-fold algebra of real n-di 
sional space and the theory of continuous functions varying over e 
interval of the real number system and the theory of certain types of. « Hons 
of infinitely many variables. These analogies have their root incth élassic 
analogy of a definite integral to an algebraic sum. e 

We lay down a fundamental principle of generalization b; ON action: 

The existence of analogies between central features of ei ories implies 
the existence of a general theory which underlies the particular heories and unifies 
them with respect to those central features... \ 

From the linear continuum with its insite wiety of functions and 
corresponding singularities G. Cantor developed his theory of classes of points 
(Punkimengentehre) with the notions: limit § derived class, closed class, 
perfect class, etc., and his theory of classes 7 neral (allgemeine Mengenlehre) 
with the notions: cardinal number, orditigt number, order-type, etc. These 
theories of Cantor are permeating rn Mathematics, Thus there is a 
theory of functions on point ects 4S while the arithmetic of cardinal num- 
bers and the algebra and fun theory of ordinal numbers are under 
development. 

‘Less technical generaliz. 's or analogues of the continuous real variable 
occur throughout the Nes doctrines and applications of Analysis, A func- 
tion of several variablas is’ function of a single multipartite variable; a distri- 
bution of potential field of force is a function of position on a curve or 
surface or region; alue of the definite integral of the Calculus of Variations 
isa function of, fariable function entering the definite integral; a curvilinear 
integral is tion of the path of integration; a functional operation is a 
function ithe a 


rgument function of function; etc., etc., « « 
r¢ is {also] extension by direct generalization. 


Finite generalization, 


case 2 = | to the case 2 = #, occurs throughout Analysis. .. . The 
‘Hilbert’s] of functions of a denumerable infinity of variables is another 
in this direction. 

We notice a more general theory dating from th 1 
the fundamental role played by the notion limit-element (number, point, 
function, curve, etc.) ia various special doctrines, M. Fréchet has given,” 
with extensive applications, an abstract generalization of a considerable part 
of Cantor’s theory of classes of points and the theory of continuous functions 
on classes of points. Fréchet considers a general class P of elements p with the 
notion limit defined for sequences of elements. The nature of the elements p 
is not specified [that is, the elements are completely general or abstract}; the 
notion limit is not explicitly defined; it is postulated as defined subject to 
specified conditions. For particular applications explicit definitions satisfying 
the conditions are given. 


ste 
e year 1906. Recognizing 
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The earlier part of this quotation will recall several of those 
divisions of modern mathematics which were selected for de- 
scription in previous chapters as typifying the broad develop- 
ment since 1800. Before continuing with general analysis, we 
note the reference to Cantor’s theories, and recall that Moore 
was describing mathematics as it was in 1906, a third of a cen- 
tury ago as this is written. 

The mere project of a general analysis has a certain sub- 
limity about it that must appeal to any mathematiciag\rhose 
mind has emerged from the nineteenth century. But, the-mathe- 
matics of 1906 and that of 1945 are not exactly tig ie thing. 
According to taste or temperament, we may igang the shift in 
basic interest as being of no importance fox smathematics as 
practiced by its technicians; or we may agréé“with Galileo that 
“Still it moves” is as valid for mathematics as it is for our 
planet. Moore’s motto was “Sufficien; ‘0 the day is the rigor 
thereof,” a maxim with which the oases of professionals agree 
unreservedly. However, there is erence of several days be- 
tween 1906 and 1945; and ryote critical school, the sublime 
projects of 1906 are Semple ha of Lucifer and Faust. 


Hilbert in the 1920’s em, ized that, in his opinion, the fore- 
most problems facing thé oncoming generation of mathemati- 
cians were in the fourdaton of mathematics. Disregarding this 
for the present, 11 continue with what the great majority 
of professional mathematicians regard as likely to be of some 
enduring mers the program of abstraction and generaliza- 
tion initiated y Fréchet and Moore, and developed since 1906 
into the of vast extent by scores of industrious workers. _ 
Me practically abandoned his first theory of 1906-15 in 
favor ef a less postulational and more constructive approach in 
is)8econd general analysis of 1915-22. One goal appears to have 
gen an analysis that would yield the special theories. cited in 
he above quotation as instances. The first theory concerned 
functions of a general variable on a general range: “this general 
is the irue general, embracing every well-defined particular case 
of variable and range. . . . We define General Analysis more 
precisely as the theory of systems of functions, functional opera” 
tions, etc., involving at least one general variable on a genera 
range.” 
The expansion theorems?‘ in connection with integral 
equations, especially as developed by Hilbert in 1904-10, am 
the reformulation in 1909 of the theory of quadratic forms in af 
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infinity of variables by E. Hellinger (German) demanded in- 
creasingly complicated modifications in the postulates of the 
first theory. Beginning in 1915, Moore recast his analysis to 
accommodate Hilbert’s quadratic forms and the new type of 
integral introduced by Hellinger. This was accomplished at the 
expense of the Fredholm theory of integral equations; but there 
was a consequent gain in contacts with Lebesgue integration, 
By 1925, the improved theory had been broadened by a basi 

extension of the algebra of finite matrices to include the cage 
where multiplication of elements is not necessarily commu aye: 
The reconstructed theory retained the general range; thepe es 
of the functions were in a number system simply isomorphic 
with either real numbers, complex numbers, or quagisn ns with 
real coefficients. 

Owing partly to the expressive but extremialpeondensed and 
novel notation in which Moore presented hisanalysis, his system 
made but little headway beyond his im: ate circle. Publica- 
tion also was delayed by siconsve gg ction necessitated 
by a continually expanding analysig that, so far, has refused to 
surrender all its riches to any si eneralization. It appears 
to be beyond human foresight tedevise any mathematical disci- 
pline so powerful that it can inate the future. This, however, 
is not the purpose of act theories. If in any epoch an 
abstract theory is suffidi@atly general to exhibit masses of dis- 
Pparate details as i ces of underlying principles, it has ful- 
filled its function iw 

As pointed by Moore in 1906, Fréchet’s approach 
from its inception was more abstract than his own, in the 
y of its basic elements. In its subsequent career 
Cr eory,?® consistently presented in a symbolism 
0 most mathematicians, also appears to have been 
cerned with attempts to include new technicalities of 
spévial theories as they arose. It seems to have evolved from its 
own innate compulsions, implanted in it by a singularly for- 
tunate choice of initial abstractions, such as those of ‘distance 
and ‘neighborhood.’ ¥ 

The avowed objectives of Fréchet’s theory in 1928 were the 
acquisition of new results and a unification of classic theories of 
functions and functional analysis. It just missed modern 
topology. The measure in which both of these objectives were 
attained can be estimated only by noting the scope of the sub- 
Jects discussed in typical books devoted at least partly to ab- 
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stract space and its numerous applications, and by scanning the 
literature since 1930, 

Tt would leave a spurious impression of the origins of general 
analysis and abstract space if the scientific impulse alone were 
given the credit. The purest of pure mathematics, Cantor's 
theory of classes (Mengenlehre), shared equally and perhaps 
more directly in the evolution. The basic ideas of class-inclusion 
as in elementary mathematical logic (Boolean algebra)Mhat ap- 
pear frequently in abstract theories entered mai through 
Cantor’s point sets. The suggestive geometric SSrology im- 
plied in calling a class of objects of unspecified. nature, subject to 
certain postulates, a ‘space,’ as in the sy: of Fréchet and 
Banach, appears to be due to F. Hausdor! ho, in his work on 
Mengenlehre (1914, 1917), referred ko metric space’ in this 
connection, Y 

This technique of ‘geometri iD" classes proved extremely 
fruitful. To mention only o: Gprensively cultivated field, 8. 
Banach (1892-1941, Polish) 1922 developed a postulational 
formulation of the system{§hice called Banach space. This is 
concerned with a clas: at least two completely arbitrary 
elements, the class being‘closed under addition and under multi- 
plication by real nddbers subject to certain postulates. Banach 
also postulated absolute value’ for which the triangular 
inequality hol, mong the numerous instances, that of the 
class of contihyous functions had already been discussed in 1918 
by F. RRO 1880-, Hungarian). Other instances are complex 


numbe ectors, quaternions, and Grassmann’s forms. sy 
as ication of elements in abstract space is not define A 
th ssical algebra of quaternions, for example, is unobtain- 


the theory. Where abstract space does apply, the general 
Ctheorems provide unified and simpler proofs in the speci 
.®) instances. 

One concept, that of linear operations, which can be traced 
back through numerous sporadic appearances as far as Brisson 
in 1808, has proved particularly useful when abstracted. Let af 
S: be two abstract spaces for which an associative addition an 
a zero element are defined; and let y = U(x) be a func 
(operation, transformation) which makes an element y of 5 
correspond to an element x of S, for every x in S. If for every 
ay, #2 in S, Ulex + #2) = Ulm) + Uls,), the operation Uta) is 
said to be additive. If also S, Sy are metric (spaces in whic ‘ 
‘distance’ relation is defined for each pair of elements), Co” 
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tinuous operations U(x) are definable. An operation which is 
both additive and continuous is called linear. Among the 
numerous applications of linear operations are many to modern 
theories of integration. 

The fertility of Cantor’s and Fréchet’s initial conceptions 
seems inexhaustible. Thus attempts to resolve Cantor’s seeming 
paradox that the points of a plane can be put in one-one corre- 
spondence with those of a straight line were partly responsible 
for the modern theory of dimensionality. The coordindieys- 
tems of analytic geometry had suggested an immediat or 
zation to space of 2 dimensions, for m any positive ne 3 and 
classical Hilbert space extended this to a denumérable infinity 
of dimensions. But Poincaré in 1912, copia that the 
dimensionality of a space needed clarificatig ‘oposed a defini-~ 
tion, later criticized adversely by L. BP Brouwer (1882-, 
Dutch). A satisfactory definition’’ w: Bally devised in 1921 
by K. Menger (1902-, Austrian; USh). This detail alone led 
to an extensive theory.*? Thus d 1odern mathematics breed 
upon itself with almost nightmatish fecundity. A ‘space’ may 
now have any dimensionalityga ‘the range of real numbers from 
-lto+o, 

As a last instance of, oh has issued from the modern postu- 
lational method, we ie the abstract topologic spaces which 
evolved from H 2 *s work of 1914. A topologic space, we 
recall, is a clas: which the neighborhood of any element in 
the class is ed—an abstraction of the familiar neighbor- 
hoods in th ries of functions of real and complex variables, 
Topologii ces are thus the mathematical intersection of the 
theoriés\ ‘at developed from the original inventions of Cantor 
and Fréchet. 

the development of 


abstract spaces we have a typical 

imple of the internationalism of mathematics. The origins of 

e theory are mainly German and French; among its most 

active devotees are (or were, till September 1, 1939) numerous 
Poles, Russians, and Americans. 


Three estimates ~ 


The preceding sketch is only the barest indication of some 
of the leading features of what in 1945 was one of the most ac- 
tive movements in all the long history of mathematics. Inade- 
quate as the sketch is, it may nevertheless suffice to illustrate 
the profound differences in outlook between the mathematics 
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of the nineteenth century and that of the twentieth. Few with 
the faintest stirrings of a historical instinct imagine that 1945 
marks a finality in any direction. But it does seem from the 
record that the period of abstractness was an inevitable stage in 
the orderly development of all mathematics. 

Some, who have grown rather satiated with Euclid’s pro- 
gram, sigh for another Pythagoras or a modern Euler to inject 
just one strikingly novel invention for future generations of 
Euclideans to abstract and systematize. That new ideas will be 
welcomed if and when they arrive seems prob: “from the 
enthusiastic reception accorded integral equatiofis‘in the early 
1900’s. A somewhat jaded analysis suddenly a new interest 
in life after Volterra and Fredholm. Fo: uture, there is 
always the hope or the fear that Einst non-linearity may 
be demanded in physics; and discret ess may stimulate a 
recovery in finite differences and PP (gop analysis. Should 
either of these possibilities mat ex e, it seems likely that but 

» 


little of the abstract techniq 1945 will be applicable, as 
most of it evolved from qualitatively different origins. 

Leaving the unpredictable future to write its own epitaph, 
we shall report here ae estimates, by competent judges in 
1945, of the abstract method in the first four decades (1899- 
1939) of its moder; pularity. The earlier date marks Hilbert’s 
revival and shi ing of the postulational technique in_ his 
work on the foundations of geometry. As might be expected in a 
matter ance z the problematical ‘value’ of the work of hun- 

‘actionists and non-abstractionists alike—opimion 

d. The line of cleavage followed, but not strictly, the 

interests of the judges. On two points, however, the 
ict was practically unanimous. ; 

°) Tt was agreed that the postulational or abstract technique 

.®) ad isolated and standardized many patterns of mathematical 

reasoning which recur frequently either in some one major divi- 

sion of mathematics, say geometry or analysis, or in more than 

one division, say in both geometry and analysis. Abstract 
reformulations of specific problems in a particular division dis- 
close such patterns if present, and a single step from hypothesis 
to conclusion then replaces the many that would probably be 
necessary were the proof conducted in terms of the special data. 

The technique resembles industrial mass production, with 4 

corresponding uniformity in the product. If several standardize 

abstract patterns are concealed beneath the data, abstract Te 
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formulation of the problem indicates the types of machinery to 
be applied individually as in the case of but one standardized 
pattern. Where a single pattern underlies several divisions, proof 
in any one suffices to indicate proofs in each of the others, and 
indeed renders separate proofs for all, individually, unnecessary. 
This is something quite different, because it is much more 
general, from the nineteenth-century unifications by the theory 
of groups. The abstract structure common to several problems 
need have no connection with groups, and many have none. 
the other hand, if a connection through groups is present te 
it is merely an instance of the possible identities in stry o 
be revealed uniformly by abstraction. : 

Any student who has plowed through a classica| GXentation 
of the theory of functions of a real variable 
some of the same material by the abstract 
that the strain on the memory is greatl 
insight is correspondingly increased. T! xo ef dissenters (1945) 
to the implied doctrine were the di ey ental disciplinarians 
who maintained that the Presa impart mathematics is 


attacking 
od will grant 
luced, and that 


to make it as tedious and as r. ive as possible. But if the 
object is to get over the grounds h a minimum of impedimenta, 
the abstract method has no competitor. It is true that numerous 
interesting details are di led on the way. But so are they in 
mechanics when the. ct is presented in a manner designed 
to reach the living iS ‘of the physical sciences in the shortest. 
possible time. If ematics is to progress, it cannot encumber 
itself with all antiquated baggage it has picked up on its 


travels thro he past. 
It wa: lo generally conceded (1945) that the abstract at- 


won bh quired many new results which might not have been 


woo assical methods, and which certainly were not so won. 
T very additions to mathematical knowledge provided the 


first’ bone of contention. 


Abstractionists maintained that the quality of the new 


products was at least as high as that of the old. Anti-abstraction- 
subjective judgment, contending 


ists hotly disputed this purely 5 

with equal subjectivity that most of the new results were, ae 
tially, trivialities. All the sap, these critics insisted, had been 
squeezed out of what they called ‘real? mathematics, leaving 
only desiccated husks superficially like well-known elementary. 
propositions in classical mathematics. In short, it was disputes : 
that anything ‘really new’ had issued from the abstract method; 
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and abstractionists were freely challenged to produce at least 
one instance of their allegedly all-inclusive theorems significantly 
different from the trite classical results generalized by abstrac- 
tion. History, not idle bystanders, will decide the issue. 

The fina! difference of opinion concerned the relation of the 
modern abstract movement to all previous mathematics. Ab- 
stractionists saw the movement as the retarded climax of a halt- 
ing evolution that had blundered through to ‘real mathematics’ 
after some six thousand years of not knowing where it wa’ going. 
In spite of this blindness to its manifest destiny- tetrospect 
—mathematics had finally reached its unpereeived goal. 
Moderates of this faction admitted that proghess might possi- 
bly continue. But the abstract method 899-1945, they 
believed, had permanently fixed the, tion of all future 
progress. AS 

Anti-abstractionists segmatize entire movement as a 
sinister recurrence of the sterile pe iod of criticism and com- 
mentary that marked the de@th/of Greek mathematics, The 
inventive nineteenth centur; ese insisted, was the delayed 
echo of the Archimedeanage; the Euclidean revival of the 
twentieth century was ersion to the cramped mathematics 
which Archimedes h, erated, only for his historical succes- 
sors to recapture immobilize in the pedantries of formal 
logical analysi Whichever contestant, if either, history is to 
uphold, it seemsNikely that the early twentieth century will be 
remembere: one of the major epochs in the development of 
mathematics: 
nee e abstractionists and their opponents were debating 

a 


thei, te differences, a third faction, greatly inferior numer- 
ic, to either of the others, contended that both were blind to 
only thing of any vital significance that was happening to 
.®) | mathematics. The abstract method, after all, was nothing 
basically new: the Greeks invented it, and modern practice 
excelled Euclid’s only in its sharper precision. But the epistemo- 
logical doubts concerning the conclusions of classical mathe- 
matical reasoning were new in kind. No previous age could match 
these. While believing that the outward aspect of mathematics 
would not be greatly changed by any doubts concerning 1 
internal consistency, critics of the foundations prophesied a 
radically new conception of mathematics in the not-distant 
future. ; 
According to the prophets, the last adherent of the Platonic 
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ideal in mathematics will have joined the dinosaurs by the year 
2000. Divested of its mythical raiment of eternalism, mathe- 
matics will then be recognized for what it has always been, a 
humanly constructed language devised by human beings for 
definite ends prescribed by themselves, The last temple of an 
absolute truth will then have vanished with the nothing it 
enshrined, Other temples may be built, but not by mathemati- 
cians, should the prophets be right. Mathematics as ideal truth 
expired somewhere on its journey from 1900 to 1945; and thése 
who continue worshiping this ideal are attending its pro ted 
obsequies in ignorance that their deity is dead. x 

Such a possible outcome of six thousand years\ mathe- 
matical progress will depress some and exhilaratevgthers. Once 
more history alone will decide. Less than Noy ry ago, ‘the 
possibility had probably not occurred to @ mathematician. 
Some of the supporting evidence will ae Nd ext and last con- 
cern. Anyone who has followed thus fat’ ed not be cautioned 
that a suspended judgment is all thaiie evidence warrants. 


CHAPTER 23 


Uncertainties and Probabilities 
= 


a’ 

From Pythagoras and Zeno to Hilbert on mathe- 
maticians have reveled in the flexibilit eir reasoning, and 
some few have sought to understand he’ sources of its power. 
For centuries after the first great a mathematics in ancient 
Greece, it was accepted witho stion that deductive rea~ 
soning, if properly applied, wo: ever lead to inconsistencies. 
The doubtful elements in thigytmaple creed are concealed in the 
words ‘properly’ and ‘neverst f which the first begs the question, 
and the second disguis potential infinite, With the intrusion 
of irrational number; disrupt the integral harmonies of the 
Pythagorean spenshs controversy that has raged off and on 
for well over tw6Sthousand years began: is the mathematical 
infinite a saf Ne in mathematical reasoning, safe in the 
sense tha radictions will not result from the use of this 
infinite 5 ee to certain prescribed conditions? (The ‘infinites’ 
of re gigianc philosophy are irrelevant for mathematics.) 

nett ‘ave seen what shapes this protean question assumed in 

the\paradoxes of Zeno; in the proportion of Eudoxus; in the 
mathematical analysis of the Middle Ages; in the indivisibles 

f Cavalieri; in the calculus of Newton and Leibniz; in the 

Mengenlehre of Cantor; in the theories of the real number sys 
tem proposed by Cantor, Dedckind, and Weierstrass; in the 
definition of cardinal numbers as classes by Frege and Russell; 
and finally, in Hilbert’s problem of proving the consistency of 
geometry. We remarked also that these strictly technical ques- 
tions of mathematics were responsible for a searching scrutny 
of all deductive reasoning in the first four decades of the twen” 
tieth century; and it was observed that, without the aid of 
mathematical logic, some of the sharper analyses might not 
have been feasible. Accordingly, before reporting a few of the 
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more suggestive conclusions, we shall note the principal stages 
by which mathematical logic developed into a major activity of 
recent mathematics. For reasons to be indicated in the proper 
place, we shall then.do the like for the mathematical theory of 
probability. In this manner, we shall reach successive positions 
from which to describe the more popular of several creeds re- 
garding the nature and meaning, if any, of mathematics, as of 
the year 1945. The experienced observer will not extrapolate to 


1946 or beyond. « 
a ao ‘S 
Prejudices and misconceptions - Y 
Before proceeding to details, we take a swift glanced. 


The matters to be described are possibly those of greatest inter~ 
est to onlookers concerned with the significance gfe thematics 
in the fluctuations of civilization, beyond a tritecitility in science 
and technology. Inquiries into the foun ms and mean- 
ing of mathematics have undoubtedly ulated epistemol- 
ogy since 1900, and especially since 1 when the first volume 
of Principia mathematica by A. N ‘ehead (1861-, English) 
and B, (A. W.) Russell (1872: sh) appeared. An earlier 
book by Russell, The principl ‘mathematics, 1903, probably 
did more than any previous , with the possible exception of 
Kant’s Critique of pure reason, 1781, to interest philosophers in 
mathematics. It also iri ed a few and roused them from their 
philosophic slumber&with such forthright declarations as this 
(Russell’s): “The Philosophy of Mathematics has been hitherto 
as sentroversiah cure and unprogressive as the other branches 
of philosophyg\If a man has something to say, there is no good 
reason whyche should not say it so that those for whom it is 
intende not possibly misunderstand him, even at the risk of 
being jess’ polite than is customary at an afternoon tea. 


ay ¢ thirty-four years that elapsed between the first edi- 
tiomof the Principles and the second (1938, reprint except for 
new Introduction), the philosophy of mathematics had become 
as controversial, almost as obscure, but by no means as pa 
Progressive, as the other branches of philosophy. it was in on 
Progressing with disconcerting rapidity in several directions a 
once, like an exploding shell. : oer 
Thirty-four years is a long time in recent mathematics. : 
is therefore rather curious to find that many philosophers am 
not a few mathematicians in 1938 seemed to be as hostile to 
mathematical logic and mathematical philosophy as they were 


so) 
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in 1903. As late as 1939, a distinguished American liberal philoso- 
pher (unnamed, because he may wake before he dics) exulted 
that mathematical logic had contributed nothing new to either 
mathematics or epistemology. He therefore had spared himself 
the trouble of learning to read the necessary symbolism. The 
scholarly article in which this decision was handed down was 
cordially received by professed liberals as a competent judgment 
by an expert. 

It is only for a philosopher to decide whether mat ematical 
logic has made any contribution to philosophy. Thee. ‘ho wish 


to form an opinion on the other half of the aboy, erse deci- 
sion are referred to the abstract-journals deveted to technical 
mathematics and to nothing else, or to 4 graphy of syn 


bolic logic! for the period 1666-1935, vit ‘our supplements. 
About 2,500 works are listed. All b ew are regarded by 
mathematicians as belonging to their subject. To cite but one de- 
tail, the entire field of Boolean algebPa, with an extensive litera- 
ture of its own, is of first-rate im Pince in the severely technical 
modern abstract algebra described in earlier chapters. In its mod- 
ernized version, this algeb Shas significant applications to to- 
pology, as elaborated ing, by M. H. Stone (1903-, U.S.A.). 
It also appears to be ba&it in modern arithmetic, particularly ia 
the theory of arith al structure, Tf none of this work is new, 
then all the speci, who write the abstracts of current research 
in mathemati AN incompetent. This seems hardly probable. 

Contrar ‘o the scholarly verdict noted, many professional 
mathema s since 1912 have acted as if they believed the 
epistemé)ggical questions discussed by the workers in the 
founddtions of mathematics to be both relevant for technical 


hematicians became so excited over each other’s strange 
nceptions of mathematics that they were forced to resort to 
robust language to express their opinions, The war of words 
between Hilbert and Brouwer over the foundations will doubt- 
less take its place in history with the greater classics of mae 
matical controversy. So disturbing were the tumult and the 
shouting that even the physicists dropped whatever they rc 
doing, and listened apprehensively. Their reaction to the battle 
of the mathematical giants is another classic, {ilustrating how 
little the struggles of one set of human beings, warring to 4¢ ce 
their most cherished possession, interest or affect another non 
Meeting a colleague who might be supposed to know, Einstet 


magMinatice and novel. In the 1920’s, for example, two eminent 
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asked him, ‘‘ What is all this frog-and-mouse battle between the 
mathematicians about?” 

Neutrals in the 1930’s vacillated between nervousness and 
irritation. Technicians of the older generation persisted in their 
error, inherited from Poincaré, that mathematical logic is as 
sterile as a mule. Poincaré died in 1912. A few, vaguely dis- 
turbed by rumors even the deaf must have sensed, dismissed the 
debates over the foundations as so much metaphysics, and the 
fore irrelevant for mathematics. Exploding the popular deluste 
that a mathematical (or scientific) education is necess fly a 
valuable training in objectivity, some of the more infential 


conservatives deplored the publicizing of the so-called ‘crisis’ 
in mathematics, for the possible disturbing effect, owledge of 
the facts in the matter might have on the mim ‘the young.’ 


It was even insinuated by the bolder reactionaries that the 
entire critical movement was but one mote-assault of the com- 
munists, with their Marsian philoso nid Hegelian dialectic, 
on the established verities of their f thers. 3 
At first blush, this ones theory might seem 
seductive, For it is undeniablethat the critical movement in 
mathematics was rapidly approaching one of its climaxes in the 
1920’s, when much else that had appeared sound before 1914 
was being -revalued with’a callous disregard for traditional 
sanctities. Ascordialgey tis theory, the ‘revolution’ in mathe- 
matical thought wes ut 2 minor skirmish between the old and 
the new in an i) parably vaster Revolution. But, attractive 
as this theor, y be, it is negated by verifiable fact. The up- 
heaval i: ematics began from forty to fifty years before 
the war. 914-18 deflected political, religious, and economic 
thou to new and rougher channels. re 
Each of several definite incidents might be exhibited to mark 
beginning of the modern age of uncertainty. Not to go too far 
back, and to instance only men who were primarily mathemati- 
cians, we recall that Dedekind hesitated at least two years 
before publishing his Stetigheit und jrrationale Zahlen (1872), the 
basic concepts of which had occupied him in 1858, because he 
was not convinced that his reasoning was sound. Again, in the 
preface to the third edition (1911) of Was sind und was sollen 
die Zahlen? (1888), Dedekind acknowledged the doubts that 
ad arisen since 1893 regarding the tenability of his position in 
that classic; and he regretted that other work had prevented 
him from completing the very dificult research necessary to 


so) 
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render the foundations of his theory unobjectionable. Craving 
indulgence for this remissness, Dedekind, eighty years old at 
the time, reaffirmed his belief in “the inner harmony of our 
logic.” Dedekind, therefore, might be counted with the be 
lievers in the essential soundness of the reasoning in mathe- 
matical analysis, particularly in the use of the infinite as it 
occurs in limits and continuity. However, his own fundamental 
work in these directions was partly responsible for some of the 
more radical objections of the finitists, of whom ste sire was 
the first. By 1880 at the latest, Kronecker cea all mean- 


ing to such mathematics as occurs in Dedekt theory of 
irrational numbers and continuity, without Swhich classical 
analysis does not exist; and he had insist the logic ac- 
companying such analysis is invalid. < 

Neither Kronecker nor Dedekind yet been honored by 
being called a philosopher in the a ed sense, Nor can either 
be credited to communism, as one’ led in 1891 and the other in 
1916. And, as was seen in ayer connection, it was Burali- 
Forti’s paradox of 1897 that\épened the attack on Cantor's 
theory of the infinite, It isiliteresting to recall that Cantor him- 
self found this paradox inteos, and communicated it to Hilbert 
in 1896. Cantor die 1918; his last work on Mengenlehre, 
Beitrage sur Begriigidung der transfiniten Mengenlehre, appeared 
in 1895 and ues e of the three Latin mottoes under the title 
is Newton’s § us “Hypotheses non fingo.” “3 

The u keable faith of Dedekind, the uncompromising 
skepticism“df Kronecker, and the shadowy hypotheses which 
Cantor‘fgamed are three of the principal sources of doubts con- 
cerning” the complete validity of traditional mathematical 


an in 1914, 

Once more, lest ‘the young’ be misled, we repeat that these 
doubts did not halt mathematical creation, Technicians working 
on the superstructure did not drop their tools and scurry down 
to the basement because some of the underpinning needed rein- 
forcing. Continuing their own highly specialized labors, they 
left the necessary task to experts who understood what thes 
were about. The building had not collapsed as late as 1945; nt 
while those engaged in elaborating the superstructure but sel 
dom concerned themselves with what the consolidators of the 
foundations were doing, they had at least come to tolerate their 
presence in the building. The misconceptions and recriminations 


es, All antedated the period of general uncertainty that 
O 
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of the 1900’s gave way in the 1930's to a first crude approxima- 
tion to harmony. It was almost as if the American Federation of 
Labor and the Committee for Industrial Organization had at 
last decided to bury the hatchet elsewhere than in either’s skull, 
and get on with the job. 


Mathematical logic from Leibniz (1666) to Gadel (1931) 


A distinction is sometimes drawn between mathematical 
logic and symbolic logic. The latter is then “the formal strugé\ 
ture of deductive reasoning investigated by the yma 
method.”! Mathematical logic is deductive reasoning asitvot- 
curs in mathematics; it contains a great deal that is f feb to 
classical logic in the traditions of Aristotle and the Miadle Ages, 
and it need not be symbolic. In what has alread, been said, we 
have ignored this distinction, and usually we: nil continue to 
do so. The context will indicate which me: is pertinent if 
the distinction is important. From the history of the symbolic 
method we shall select only the more. outstanding of those epi- 
sodes which have a direct bearing onterteds of the 1940’s con- 
cerning the nature of mathematic validity of mathematical 
-Feasoning in general, and the istency of arithmetic in par- 
ticular, or which made possible logical analyses of the accom- 
panying beliefs. Ww . 

The history begins. catastrophic abruptness, in 1666 
with what Leibniz ¢ his “‘schoolboy essay,” De arte com- 
binatoria, Althou he this contained nothing definite on symbolic 
logic, it is the hi: citea! source of both symbolic logic and mathe- 
matical logi jbniz imagined the possibility of a ‘universal 
characteri ‘or ‘kind of universal mathematics,’ in which a 
‘calculus @hveasoning, expressed in an efficient symbolism sub- 
ject todppropriate rules of combination worked out once for all, 
wa uide the reason. Errors, except of fact, could then be 
only/slips in calculation. This is the situation in any mathe- 
matics, The reservation which Leibniz makes is most painfully 
evident in applied mathematics, where a slight error of fact in 
the scientific assumptions may? Jead to worthless conclusions, 
although the ‘calculus of reasoning’ by which the conclusions 
are deduced is sound and correctly used. ice 

Lelbniz’ misadventure with Huygens (1679) over the “uni- 
versal characteristic, noted in an earlier chapter, was not with- 
out benefit for the ambitious dreamer. Evidently Leibniz, got 
down to work; for in 1686 he recorded what he considered his 


& 
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’ 
first notable progress. From 1679 to the 1690’s he devoted part 
of his spare (!) time to an attempt to create a symbolic logic, 
In current terminology, he stated the principal properties of 
logical addition, multiplication, negation, the null class, and 
class-inclusion; and he noted the similarity (abstract identity) 
of certain properties of inclusion for classes and implication for 
propositions, almost as stated today in texts on symbolic logic. 

The next notable incident was J. H. Lambert’s claim (1765) 
that he had shown certain of the rules of arithmeticand algebra 
to be interpretable in a wider domain of the knee agined by 
Leibniz. Whatever the merits of Lambert’s thepiyat was abor- 
tive, as also was the ‘logical algorithm’ (1803 . F, Castillon. 

Symbolic logic finally got itself bor, Qi) Boole’s epochal 
pamphlet of 82 pages, The mathematicakamalysis of logic, being 
an essay toward a calculus of deductin soning, 1847, ‘This was 
followed in 1848 by a fifteen-page er, The calculus of logic; 
and finally, in 1854, Boole gave a ffmal exposition of his system 
in his masterpiece, An investi, nn into the laws of thought, on 
which are founded the mathematical theories of logic and probabilities. 

Russell has remarked <¢901) that “Pure mathematics was 
discovered by Boole i «a Swork which he called ‘The Laws of 
Thought.’ . . . His we was concerned with formal logic, and 
this is the same thidgas mathematics.” Although the identifica- 
tion of mathemartes with formal logic was controverted between 
1901 and 1945;SE had not been questioned that Boole was the 
true foundeppf symbolic logic. He was also a mystic, in one 
usual tegHdical sense of believing that knowledge comes by 
immedijate’intuitions of extrahuman existences. 

Thiecontents of the Laws of thought are gorgeously hetero- 
g us, ranging from “The fundamental principles of sym- 
belical reasoning, and of the expansion® or development of 
‘xpressions involving logical symbols,” through an “Analysis of 
a portion of Dr. Samuel Clarke’s ‘Demonstration of the Being 
and Attributes of God,’ and of a portion of the ‘Ethica ordine 
geometrico demonstrata’ of Spinoza,” to a somewhat puzzling 
climax “On the nature of science, and the constitution of the 
intellect.” In the closing paragraph, Boole observes that “Hence 
[not the mathematical ‘hence’], perhaps, it is that we sometimes 
find juster conceptions of the unity, the vital connexion, an oe 
subordination to a moral purpose, of the different parts of Truth, 
among those who acknowledge nothing higher than the chang- 
ing aspect of collective humanity, than among those who profess 
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an intellectual allegiance to the Father of Lights.” Such was 
pure mathematics in the reign of Victoria the Good. 

In creating his system, Boole was influenced by the British 
work, in which he participated, on the purely formal or abstract 
character of elementary algebra. It was therefore not desecrating 
the eternal verities to seek a logical interpretation of the alge- 
braic ‘laws’ of addition and multiplication, with appropriate 
meanings of zero (the identity of addition) and unity (the 
identity of multiplication) to complete the interpretatit 
conformity with common algebra. Full and elementary ageounts 
of the resulting system of symbolic logic being readilyaee ible 
in textbooks and treatises in nearly every civilized Nanguage, 
we shall not describe either Boole’s original systém)or the im- 
proved (in some respects) Boolean algebra int which it evolved 
from 1854 to the 1940’s, So) 

Two details are of more than historiogh fnterest, Boole’s in- 
terpretation of ‘or,’ the equivalent ci cal addition, was less 
convenient than that in Boolean XO ‘a; and he had no satis- 
factory inverse for logical addition. The latter defect was 
remedied in the so-called sym tic difference,‘ introduced in 
1916 by P. J. Daniell (1889s\English). This made possible the 
incorporation of Boolean“algebra into the modern algebra of 
rings, ideals, etc. To agen of this aspect of the subject here, 
the technical moderp{gption of Boolean algebra was largely done 
in the United S: aN in 1924-35, by B. A. Bernstein (1881-), 
Stone, and J. Neumann (1903-, Hungary, U.S.A.) among 
others. Of g r interest to professional mathematicians than 
to philoso: s, Boolean algebra has been disparaged by some 
experts. ‘¢ foundations as being too much like mathematics 


and to@Vitle like a calculus of mathematical logic to be of much 
Sin analysis of the fundamentals. Nevertheless, Boole’s 


us 
ies gave Leibniz’ dream its first substance, and it was a 


in inspiration for the more powerful mathematical logics 
which followed it. 

Concurrently with Boole, De Morgan took another long step 
forward, in his treatise (1874) on Formal logic: or, the calculus of 
inference, necessary and probable. Proceeding beyond Boole, y 
Morgan initiated (1860) the logic of relations, in the fourth, 0 
a famous series of five papers (1846-60) on the syllogism. i, 
its historical importance we recall the farcical feud between fi 
Morgan and the Scottish anatomist, botanist, lawyer, = 
metaphysician, W. Hamilton’ (1788-1856), over the quantifica- 
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tion of the predicate. It was the sound and fury of this contro 
versy that roused Boole’s interest in formal logic to the point of 
creating his symbolic system. Losing his temper, and almost his 
mind, in his rage, the lawyer-metaphysician accused De Morgan 
of plagiarism. When the quality of Hamilton’s contribution to 
logic is considered, the accusation was an insult. 

After De Morgan, the next outstanding advance toward 
mathematical logic was made in the United States by C. 8. 
Peirce. For reasons into which we need not enter, Peirge’s work 
failed to make the immediate mark its penetrating quality 
should have made. Peirce’s own explanation f is lack of 
adequate recognition is contained in the una mic remark, 
attributed to him on good authority, “My ned brain has a 
kink in it that prevents me from thinking asbhér people think.” 
A few items must suffice to indicate thequality of Peirce’s work. 
He noted (1867) several dual pair: NOP propositions but ap- 
parently missed De Morgan’s laws4)847). From these laws the 
principle of duality in Boolea ‘bra (to every proposition 
concerning logical addition agdMmultiplication there is a cor 
respondent concerning multiplication and addition), stated by 
Schréder in 1877, is an algdst trivial deduction. In 1870 Peirce 
described a notation foAtthe logic of relatives, “resulting from 
an amplification of the conceptions of Boole’s calculus of logic. 
This was continu 1880-3. ; 

For their etic significance no less than their technical 
interest, noes ‘ails may be specially mentioned. In a paper of 


1885 wit subtitle, 4 contribution to the philosophy of nota 
tion, Peifce defined the ‘truth-values’ of a proposition: a true 
pro n has the constant value 9, and false proposition the 
coge ‘t value f. This appears to have been the first hint of the 
see lied matrix-method (truth-tables) in mathematical logic, 
CWwhere the usual ‘values’ are 0 (‘falsity’), 1 (‘truth’) in a two 
.®) valued logic, and 0,1, .. . , 2 —- 1 in an a-valued logic. Logics 
with a continuum of truth-values were also devised in the ren 
The other prophetic novelty was Peirce’s reduction (1880) 
of the logical constants ‘and,’ ‘or,’ etc., of Boolean algebra to 4 
single constant, in terms of which all are expressible. This re- 
duction was rediscovered in 1913 by H. M. Sheffer (U.S.A), 
and was said by Russell to afford a most notable simplification 
of certain parts of Principia mathematica. A like reduction may 
be effected in an 2-valued logic. With the publication of Pee 
collected papers (vol. 3, 1933, vol. 4, 1934), the place @ 
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Peirce might have occupied in the development of mathematical 
logic was realized. But as history would have it, others retraced 
his steps, unaware that he had gone before. 

The 1870's saw hints of a new approach in the work of H. 
MacColl. Departing from the tradition of Boole, MacColl 
(1837-1909, England), all but hit upon the concept of a prop- 
ositional function. Unaware of Boole’s work when he began, 
MacColl invented his own symbolic logic as an aid to his 
investigations in mathematical probability. He called his syst aN 
a calculus of equivalent statements, and applied it not cng 
probability, but to the change of the order of integration, Tf t= 
ter was a purely formal algorithm of no importance fon a1 lysis. 
In his later work of the 1890's, MacColl attempted 45'expel all 
absolute constants from logic and mathematics. uggestion, 
not satisfactorily developed in his own syste: Oat symbolized 
statements may have an indeterminate Nevalue has re- 
appeared in one of its possible variants in, ‘y-valued logics. In 
his insistence that propositions and implhtation are more useful 
in mathematical logic that classes and jnclusion, MacColl was a 
lone wolf in his generation. His. igability to push some of his 
novel ideas through to concl s seems to have been partly 
due to a lack of mere technicdt facility in elementary algebraic 
manipulations and an all to usable, expressive symbolism. 

In an estimate (19@6) of MacColl’s Symbolic logic and its 
applications, 1906, “ell observed that MacColl differed from 
other symbolic logigians in his preoccupation with verbal ex- 
pressions ratin an with their meanings. Had MacColl lived 
till the 19207 Ken would have found himself in distinguished 
company isa very respect. Struggling to extricate themselves 
from th ier quagmires of classical metaphysics, the formal- 
ists o ‘Hilbert school separated the symbolic game of mathe- 

from its ‘meaning’ or ‘interpretation,’ in an endeavor to 
refofmulate the rules so that they would ‘never’ produce a con- 
tradiction. MacColl seems to have dimly recognized that there 
are at least two major problems in mathematical logic: to make 
the symbolism and the rules for manipulating it self-consistent; 
tointerpret the symbolism and the operations by which one form- 
ula is transformed into another. The first is the formal problem of 
mathematics; the second is a problem in metamathematics. 
The distinction was not recognized in 1906 when MacColl 
finished his work. It became of the first importance in 1931, 
as will be seen, with the work of Gédel, which showed that in 
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certain respects a system of mathematical logic has an interior 
and an exterior. Propositions can be exhibited within a system 
which are undemonstrable by the apparatus of the system, and 
it is necessary to go outside the system in search of a proof. 
This is only a crude analogy of the situation, which will be de- 
scribed in more detail later. For the present, it seems just to say 
that although MacColl may not have seen clearly where he was 
going, he had set foot on a promising road to what, in his day, 
was the future of mathematical logic. Categorical judereors in 
these controversial matters seem to suffer a greater rij being 
reversed than those in any other department of mae atics. 
The Boolean tradition ended, in a sense, in, 1905 with the 
completion of the four-volume, 2,033-page treatisaof F. W. K. E. 
Schréder (1841-1902, German), Vorlesungehyiber die Algebra 
der Logik, 1890, 1891, 1895, 1905. Symbohi€Yogic as it existed at 
the turn of the century was here organizéd and expounded with 
that thoroughness which the profes: world had learned to 
anticipate from German scholar: hipNin the nineteenth century. 
Had not the originality of Free and Peano inaugurated a 
renaissance in pasegsoer es Shed Schroder’s massive master- 
piece might have weathenga he centuries as the tombstone 
of Leibniz’ dream. But mae ematical logic was too vigorous to 
submit to elo gon under anybody’s two thousand 


pages of meticulous-érudition. Once more it was demonstrated, 
as in the hes ighty volumes that might have crushed 
Lie’s theory, the useful life of a contribution to the 
technical Ji ure of mathematics sometimes varies inversely 
as the le of the contribution. Attempts in the twentieth 
centu e be all-inclusive and definitive in any department 
whaters of mathematics seem somewhat futile, if not pre- 
sui ous. When, if ever, it becomes possible to print 2,000 or 
0 pages on mathematical logic that will retain their vitality 
nimpaired for a generation, mathematics itself will be dead. 

We have already observed in other connections the beginning 

of the recent period in mathematical logic: first, in the work of 
Frege (1879, 1884, 1893, 1903) on the symbolization and analysis 
of logical and mathematical concepts, and on the foundations of 
arithmetic; second, in Peano’s postulational analyses, with a 
much ampler elaboration of logical symbolism than any known 
before his time, of arithmetic and geometry (1889), and in his 
recasting (with the help of Italian collaborators) of extensive 
tracts of mathematics in the new symbolism, in the Formulaire 
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de maihématiques (1895-7-8-9, 1901-2-3, 1905-8); and third, in 
Hilbert’s postulational treatment of the foundations of geom- 
etry. The great importance of these innovations for twentieth- 
century algebra, geometry, and analysis has already been noted; 
their importance for the development of mathematical logic 
after 1900 was equally great. 

Peano’s project in the Formulaire of translating technical 
mathematics into the symbols of mathematical logic which he 
had invented was partly responsible for the most comprehensive’ 
logical symbolization of mathematics yet (1945) attemptegeie 
Principia mathematica (1910, 1912, 1913) of Whitehead “and 
Russell. Here was executed in minute detail the roger out- 
lined by Russell in his Principles (1903), “to reve that all 
pure mathematics deals exclusively with concept @efinable in a 
small number of fundamental logical encod that all its 
propositions are deducible from a very § umber of funda- 
mental logical principles; to explain the damental concepts 
accepted in mathematics as indefin; (postulated, and not 
further analyzed). This states th gram of the Whitehead- 
Russell school for mathematjes\and its foundations, which 
R, Carnap$ (Austria, UiS.A ie called logicalism. Accord- 
ing to logicalism, mathe 3 is a branch of logic. While it is 
rash to the point of fo Iba diness for anyone but the author(s) 
of a particular matkthatcal philosophy to make any assertion 
concerning either the’aims or the achievements of that philoso- 
phy, it is a tene logicalism that logic is more basic than, and 
prior to, mat! oN ‘tics. This, if a correct statement of the logical- 
ists’ positi of importance here; for Brouwer’s more mathe- 
matical 3 is the opposite. athe : 

IngByouwer’s intuitionism, mathematics 1S prior to logic. 


ith the reservation noted above, it is a cardinal article 
human beings are born 


A 

ith in the intuitionists’ creed that hu 0 
with an “original intuition” (Urintuition) of an unending 
sequence of objects (numbers ?) generated by successive a a 
tions of one object at a time. That is, intuitionism replaces ve 
original sin of the theologians by an original arithmetic of he 
mathematicians, The position of the jntuitionists in this. arte le 
of their faith may be unassailable; for just as 20 theologian as 
yet succeeded in demonstrating the existence of original sin to 


any human being not disposed to believe it, so nO pe 
has yet shown the existence of dormant numerical langu: ee 
habits in a newborn infant. But this may not be what is mea 
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by the mystical concept ‘original intuition’; and it may be that 
the ‘inner meaning’ is denied to any but a mathematical mystic. 
The primary revelations of the creed are veiled in the Dutch 
language. German and English expositions are available; but 
it is said by converts with expert knowledge in both the lan- 
guages and the mathematics that only those who can think in 
Dutch can grasp the finer shades of meaning, without which 
intuitionism is incomprehensible. A correct understanding of 
this central mystery seems to be essential for a compfehension 
of the intuitionists’ mathematical philosophy. “Teedpoints at 
issue are not trivialities, as the few details to bé ROnsidered in 
the sequel may indicate. oy 
The intuitionist creed recalls Kant an@yhis insistence on 
‘intuition’ in mathematics. Brouwer. ty Yirst imagined that 
Kant’s philosophy had suggested his out later emphatically 
denied any indebtedness and repydiired Kant and nearly all 
of his obsolete mathematical ysics. The imputation of 
mysticism, which indeed may ‘baseless, is also strongly re- 
sented by the intuitionists,eMathematics according to some 
intuitionists is identified Geetitively ?) with “the exact part of 
our thought” and is © be antecedent to both logic and 
philosophy. The souyee of mathematics is asserted to be “an 
intuition that pret mathematical concepts to us as immedi- 
ately clear.” A! enied that this intuition is in any sense 
mystical; it i rely “the ability to treat separately certain 
concepts Rae inferences which appear regularly in common 
i 2X Deis interesting at this point to confront this denial 
Geflition with a little of what a standard English dic- 
tio: “not a German or a Dutch dictionary, but an English 
di. Seary) states under ‘mysticism’: ‘the doctrine or belief 
Ghat direct knowledge of God, of spiritual truth, of ultimate 
eality, etc., is attainable through immediate intuition, insight, 
illumination, and in a way differing from ordinary sense pét- 
ception or ratiocination.” The ‘objects’ with which intul- 
tionistic mathematics is concerned are said to be immediately 
apprehended in thought, possibly as the convinced mystic 
immediately apprehends the immanence of the deity or what 
ever it may be that he does apprehend. Reminiscent of Kant’s 
discredited ‘synthetic, a priori’ geometry, though not quite the 
same, these objects of the intuitionists are independent ©! 
experience and have no existence independent of thought. The 
last may give the intuitionists their ‘out.’ But if so, it is a narrow 
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escape. Vestiges of ancient and medieval dogmas reappear also 
in the intuitionists’ insistence on the human capacity for 
imagining a sequence of “distinct, individual objects” obtain- 
able by adjoining objects indefinitely, one at a time, to those 
already imagined. Starting with ‘one’ and the conceptual opera~ 
tion of ‘adding one,’ the intuitionist thus intuits the unending 
sequence of natural numbers by indefinite repetition of the 
operation. This is the ‘original intuition’ of intuitionism. 
Factually, it is anything but universal among primitives Ata 
presumably, are human beings although not so far fro “the 
higher animals as the rest of human kind in the 1940's. ct ized 
peoples appear to have acquired this “capacity” at. thd cost of 
considerable experience and some almost inspiréd\inventive- 
ness—unless, of course, this rather ad hoc ‘capac is by hypo- 
thesis latent though unobservable. A 1 hgoing finitist 
(like Kronecker) might assert that the, itionists’ infinite 
sequence has only a meaningless ver existence on paper, 
not an intuitive existence in the h mind, The strict finitist 
Tejects the infinite as a serniciout Sity inherited from out- 
moded philosophies and confusedh theologies; he can get as far 


as he likes without it. Ss Ste 
To conclude this reporfon the suit of intuitionism versus 


mysticism, we may allogourselves one of the very few anec- 
dotes in this book. It on Gordan’s outraged cry when he read 
Sof in the algebra of quantics. A devout 


Hilbert’s finiteness i | 
intuitionist closed\his New Testament after reading The Gospe 


according to ¢ John for the first time in his life with the 
ecstatic whoop) “This is not theology, it 18 mathematics! 

A basi@‘Section of the Principia develops the calculus of 
proposifténal functions. A statement contaiming a variable a, 
whi such that it becomes a proposition when « is given any 
&e determinate meaning, is called a propositional tee 

a proposition is anything that is true or that is false.” The 
last definition (Russell’s) may be less innocent than it seems, as 
will appear later in connection with intuitionism. 

One aim of the calculus of propositions is the solution of cer- 
tain contradictions, such as Burali-Forti’s, in athe 
The proposed solution appeals to the so-called vicious le 
principle, that whatever involves all of a collection sat cae . 
one of the collection; or, conversely: ‘If, provide 2 eet ih 
collection had a total, it would have members only de! oe 
terms of that total, then the said collection has no total. 


562 THE DEVELOPMENT OF MATHEMATICS 


addition to this principle, two further devices are used, a doc- 
trine of types and a famous postulate, the axiom of reducibility. 
For safety, we describe the first in the authors’ own words. 


We are thus [‘after much argument about it and about’] Ied to the com 
clusion, both from the vicious circle principle and from direct inspection, that 
the functions to which a given object @ can be an argument are incapable of 
being arguments to each other, and that they have no term in common with 
the functions to which they can be arguments, We arc thus led to gopstruct a 


hierarchy. Beginning with @ and the other terms which can be a ents to 
the same functions to which a can be an argument, we come n, functions 
to which a is a possible argument, and then to functions t i@K such func- 


tions are possible arguments, and so on. 


Proceeding from this, the authors of P, =i (a ‘descrip- 
tion,’ by the way, of a kind exhaustively.anal fyzed in their work) 
separated propositional functions into es according to their 
allowable arguments. The axiom of abducibility is the assump- 
tion that each propositional fun tiénin any one of the types is 
equivalent to some prepoition@\ function in some of the lowest 
type. This is only a very crudgdeScription of a very subtle matter, 
which in the original re ulfés five large pages of exposition. 
But for those who erly an embodiment of the axiom in 
the language of classical logic, the authors state that their 
“axiom of reducibili@us equivalent to the assumption that ‘any 
combination or nction of predicates is equivalent to 4 
single predica ’ with the understanding that “the combina- 
tion or duction is supposed to be given intensionally. 
This crud verbatim statement of the axiom by its sponsors 
‘was pr y criticized as either inadequate or misleading, and 
rae 910 (and in 1925) satisfied the authors of Principia 
failet ‘© satisly Principia’s critics. In more detail, but still 

cnough for some objectors, the authors summarized their 
Riper on the hierarchy of types and the axiom of reducibility 
in four sufficiently clear statements of their intentions. First 

it is necessary to recall the definition of ‘matrix’ as used in 
Principia: “Let us give the name matrix to any function, of 
however many variables, which does not involve any apparent 
variables.” For the significance of ‘apparent’ we must refer to 
texts on mathematical logic. The x in such a statement a8 
‘for all x, f(x) is apparent, the range of x being over the whole 
set of values for which f(x) is significant. A mathemane 
analogy is the variable of integration in a definite integra’. 
The four statements: (1) “A function of the first order is on¢ 
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which involves no variables except individuals, whether as 
apparent variables or as arguments.” (2) “A function of the 
(n + 1)th order is one which has at least one argument or 
apparent variable of order #, and contains no argument or 
apparent variable which is not either an individual or a first- 
order function or a second-order function or . . . or a function 
of order n.” (3) “A predicative function is one which contains 
no apparent variables, i.e. is a matrix. It is possible, without 
loss of generality, to use no variables except matrices ands 
individuals, so long as variable propositions are not required.: 

(4) “Any function of one argument or of two is formally of - 

lent to a predicative function of the same argument orargu- 
ments.” The cordial invitation to controversy a ded by 
Russell’s theory of types to philosophers, mathemati Hogicians, 
and others was eagerly accepted, and before econd edition 
(1925-7) of Principia appeared several moilifications or sub- 
stitutes for the pioneering theory wer @ailable. That none 
has escaped the ravages of less thai generation unscarred 
is indicative perhaps only of a grea accelerated interest in 
mathematical logic since the firs edition (1910-13) of Principia 
set a new and faster pace in«tlé foundations of mathematics. 
A usable form of the theorySof types as of the 1940’s stated 
essentially that “each e! is regarded as belonging to pre- 


cisely one of a hierar “types,’ and any formula representing 
her than consecutive ascend- 


membership betwe tities of ot : r 
ing types is re. as meaningless together with all of its 
contexts.” ‘ther details Quine (1936, 1940) may be 
consulted. 


the contradictions were solved 
to the ‘al satisfaction of some for a time. In more orthodox 
tics, Kronecker’s God-created 1, 2, Bypass demanded 
jstence’ of an infinity of propositional functions. jot 
beig immediately forthcoming, the necessary functions were 
postulated in the so-called axiom of infinity which, however 
left open the question of ‘existence.’ Logicalism, as far as me 
natural numbers were concerned, thus returned to the J 
mathematical analysis of the Middle Ages- And just as t - 
analysis stirred up interminable controversy; 6° did the axioms 
reducibility and infinity provoke all but endless dispar 7 
Other debatable points in the Principia prove equal, 
stimulating, for example, the basic concept of proper m 
The difficulty here was the lack of a criterion for deciaing 


eroic assumptions, 
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whether certain statements are propositions or whether they 
are nonsense, or whether they are neither true nor false. What- 
ever is to remain of the revised Principia of 1925-7, the original 
of 1910-13 will retain its place in history as the work which 
began a new epoch in mathematical logic and the foundations 
of mathematics. 

Our principal interest here in mathematical logic is its bear- 
ing on mathematics, particularly arithmetic. Controversies en- 
gendered by Principia at least cleared the air; and b ids which 
seemed reasonable in 1913 were no longer held a ays ter of a 
century later by those who could profit by the cise of their 
reason. Russell, for example, was severely crititized by some 
philosophers for his propensity to renou liefs when he 
found them untenable, Ignoring crit} 5 he persisted in 
changing his mind when he believed ¢ hange conducive to 
mental health. In the second editio, 38) of the Principles, 
he recorded one such change whi of particular interest to 
mathematicians, Having recall e influence of Pythagorean 
numerology on all ee eae hilosophy and mathematics, 


Russell states that when he Wrote the Principles, most of it in 
1900, he “shared Frege’ ief in the Platonic reality of num- 
bers, which, in my i mBhation, peopled the timeless realm of 
Being. It was a coi g faith, which I later abandoned with 
regret.” Possibly, distinguishing peculiarity of the human 
race is its capacttyMor getting comfort out of the most unpromis- 
ing material, ssell’s faith in logicalism, however, remained 
unshaken. ough modified to accommodate competent criti- 
cism of ‘ls. Concurrently with the abandonment of Platonic 
num gy, “many apparent entities, such as classes, points, 
a ‘tants, have been swept away.” Classes were said to 

been abolished in Principia; Whitehead is credited with the 


©) artan ruthlessness of abandoning instants of time and particles 
of matter to the mercy of the elements, and “substituting for 
them logical constructions composed of events.” From one 
point of view, the mathematical physics of relativity with its 
intersections of world-lines as point-events, and quantum 
mechanics with its exclusive attention to observables, present 4 
similar world picture, as unsubstantial as the dream of Pythag- 
oras. If everything is no longer mere number, it is mathematics, 
and this, according to logicalism, no less than number itself, a8 
logic. It is a comforting faith for those who can embrace it. 
Every creed appears to breed heretics as freely as it spawns 
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believers. Before Principia mathematica was off the press, 
Brouwer (1907, 1908, 1912) had challenged beliefs which nearly 
all of his predecessors in mathematics had accepted without 
question. The one outstanding exception to respectable ortho- 
doxy had been Kronecker (1823-1891). In his merciless attack on 
Weierstrass, Kronecker declared that if he himself should not be 
granted the years and the strength to destroy mathematical 
analysis, his successors would finish what he had begun. Although 
neither Brouwer nor anyone else has yet (1945) destroyed mathez 
matical analysis, it appeared by 1912 that a successor to Kron) 
ecker had at length arrived. Brouwer’s doctoral dissertation if 
1907 dealt with the foundations of mathematics. This, Was fol- 
lowed in 1908 by a blast of only six pages on “the unreli ‘lity of 
the principles of logic.” A modest fifteen pages ‘ on in- 


tuitionism and formalism,’ consolidated B v's creed— 
intuitionism—and simultaneously attacked tival faiths. 
It will be remembered that David slew Glieh with a single 


well-aimed pebble from his trifling ‘ot. Not that either 
logicalism or formalism expired unde 
fifteen pages, for neither did. But, 
Striking at the very hear 
Brouwer denied the ory eraabalidity of the law of excluded 
middle (in the form that adpr ition is either true or false) in 
deductive reasoning as,itjoccurs in mathematics. In particular, 


it is forbidden, in th eneral assertion 


fe impact of Brouwer’s 
h bestirred themselves. 
accepted beliefs in analysis, 


iituitionism, to make a ge i 
about an infinite as unless a method is prescribed for proving 
or disproving ssertion in a finite number of steps} an 
‘existence’ wi t ‘construction’ is likewise banned. To illus- 
trate by implified detail from one of Brouwer's examples: 
“the seqi@aice of digits 123456789 occurs somewhere in the 
deci epresentation of ae(=3.1415926 «+ + ) hha ae 

i to be either true or false, because no mere ; mene : 


(1945) for deciding. From this it is easy to descri 


the logic of a possible ‘mathematics’ nec 
two-valved ‘truth’; ‘mathematics’ may 
than the system contemplated in logicalism. 
traditional logic is Brouwer’s theorem that 
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absurdity of the absurdity of 4, but the absurdity of the ab- 
surdity of 4 does not imply 4.” At this point, some may feel 
inclined to abandon intuitionism as itself absurd. But if they do, 
they may miss a great deal of nourishing entertainment, 

After Brouwer’s assault, Wey! followed with a subversive 
critique, Das Kontinuum, u.s.w., 1918, in which he reached the 
disturbing conclusion that “‘the firm rock’ on which the house 
of analysis is founded in the sense of formalism” appears on 
critical inspection to be illusory: “that house, in an/essential 
part, is built on sand.” Remembering a parable i the New 
Testament, we do not need to be warned how Ag h it is to 
build a house on sand. Weyl abandoned the fc alists’ house 
and took up his residence with the intuitionigts, as did several 
other distinguished mathematicians. °O 

It cost them something to movi NT fiey could no longer 
believe, for instance, that the real m Ts are more numerous 
than the rationals. What they ret: ig of their classical mathe- 
matics was less even than the ng Kronecker would have 
permitted them to keep. Had necker lived till 1918, he too 
would have been induced tos move out, dispossessed by the 
sheriff who arrived in nse to the call for a disciple. In 
addition to all these seyére deprivations, the intuitionists sur- 
rendered the good witkot Hilbert, founder and uncompromising 
director of the for, st school, 

The _ttog de@itionse battle” of the 1920’s~30’s between the 
formalists and, the intuitionists has already been mentioned. 
We must tiefly answer Einstein’s question, and say what 

8 about. Unlike the gaffer who could not remember 
of the battle of Blenheim, but who did recall that 
80: y won a memorable victory, we are unable to state 
that anybody was victorious, athough we do know what the 

at fight was about. It was a batile to the death between 
ilbert’s formalism and Brouwer’s intuitionism for the posses- 
sion of mathematics. It does not seem to have occurred to either 
combatant that while he was engaged in trying to exterminate 
his enemy, some ragged camp follower might make off with the 
prize; or that it might not make the slightest difference t0 
mathematics whether the battle for him was won, lost, oF 
drawn. The entire fracas bore a singular resemblance to the 
wars of the Middle Ages over subtle questions of religious dogma 
that later and saner generations perceived to have been pseude. 
questions devoid of meaning. 
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Formalism denies logicalism and seeks to controvert the 
conclusions of intuitionism. It ignores the technical difficulties of 
logic as being irrelevant for mathematics, and seeks to reduce 
all mathematics to the manipulation of symbols, ‘meaningless 
marks,’ in accordance with definite rules. The rules are ex- 
tremely simple, such as that permitting the substitution of one 
symbol for another in a deductive proof under certain prescribed 
conditions. Incidentally, the symbolism contains far fewer signs 
than Whitehead and Russell used in Principia mathematica, 
As has been said by many, mathematics is reduced in formalism 
to a game like chess. People play chess; they do not as a 
particularly game ‘means.’ Conceivably chess may s ay be 
interpreted in terms of the weather, or politics, regipehiy 
it will then acquire a meaning. In applied mathe 's there is no 
necessity, of course, to interpret the equatiohgof mathematical 
physics, for example, in terms of cieruppenonent in the 
physical universe; and formalists deliber: eave all such ‘ reali- 
zations’ of their game aside, as beings? vant for mathematics. 

Nearly all mathematicians agreéwith the formalists up to 
a certain point; for nothing so ¢: rates a mathematician who 
knows his trade as to hear qth called a physical science. 
Whatever goemetry as ma aticlans understand it may be, 
and whatever scientific lications it may have, it is not a 
science in the sense ‘physical measurement is. Not all the 
gadgetry of all t entific laboratories in the world would 
suffice for a proof.fhat the sum of the angles of a plane Euclidean 


triangle is tw t angles. If the formalists succeed in eradi- 
“geometry is the simplest 


cating the i sepa misconception that PX the si 

of the ph; sciences,” they will have justified their existence. 
Nor is much point in berating the formalists, as some have 
done,sbcause their program temporarily divorces mathematics 
feta possible practical utility. If the history of mathematics 
tea¢hes our all but unteachable race anything, it is the futility 
of trying to take two steps at the same time in cillereat ites 
tions.. To advance at all, the formalists were forced to ie e one 
step at a time. The capital problem of formalism, pat provi ig 
the consistency of analysis and, more generally, of all t i ma ae: 
matics believed by a majority of competent experts e oe st 
tially sound, is difficult enough. So also is the more phil again 
problem of the ‘meaning’ of mathematics. It has yet to be a 
that the second problem is not a pseudo problem, andi i : 
hot, to exhibit its exact relevance for the first problem. Whateve 
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the outcome is to be, the formalists have proceeded on the 
assumption that ‘divide and conquer’ is as sound a strategy in 
mathematics as it is in war. Whether or not they have con- 
quered so far will be seen when we consider the fate of consist- 
ency-proofs in arithmetic. 

Having mentioned pseudo problems, we may note in passing 
one of the more disastrous consequences of Hilbertian formalism. 
There can be but little doubt that a principal source,of the 
revived logical positivism of the twentieth century ‘ya’ the 
renewed interest in the Euclidean program that An with 
Hilbert’s Grundlagen of 1899, Postulational technigue th mathe- 
matics, and the consequent sharpened logical a sis of mathe- 
matical foundations, inspired one work i ce that 
suggested a wider attack on the problez metaphysics: L. 
Wittgenstein’s (Austria) Logieh-phissopiee Abhandlung, 1921 
(reprinted with an English transl as Tractatus logico- 
philosophicus, 1922). hat ree sis is that mathematics 


is a vast tautology, that it repe: nly ‘a is a’ over and over 
again in endless convolutions,\A” complete pure mathematics 
would be a ‘logical syntax’ “th possible ‘symbolic languages.’ 
This, however, was no diggrers what issued from it, was. 

Wittgenstein’s views profoundly influenced the positivists of 
the so-called Vienna @ivdle, an extremely aggressive and equally 
progressive bandgreépuited in the 1920's by M. Schlick (1882- 
1936), of whomyRNCarnap (Vienna, Chicago) became the leader 
after Schlick’s,AsSassination. Carnap’s program is much broader 
than any of¢those of other workers in the foundations of mathe- 
matics. cludes also logic, language, science, and, in a wry 
sense liar to itself, metaphysics. Broadly, the aim is an 
i8 of languages and their semantics. In 1934 Carnap sum- 
zed and further developed his conclusions, elaborating his 
‘tax of “theorems about theorems” in his Logische Syntax der 
‘prache (English translation, 1937). The relevance of Carnap’s 
logical syntax for metaphysics is described in untechnical lan- 
guage in a short popular work of 1935, Le probléme de la logique 
de la science. Science formelle et science du réel. Here the adept in 
classical metaphysics will find much to interest him, among other 
things the thesis that the greater problems of metaphysics that 
have exercised many philosophers from Plato to the present are 
pseudo problems without meaning. We begin to sense disaster 10 
the offing. 

It is small wonder that the logical positivists were as soundly 
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trounced as they no doubt deserved by irate philosophers. 
Our interest here in this wholesale spanking is that we should 
probably never have heard it, had it not been that the labors of a 
long succession of mathematicians from Pythagoras to Hilbert 
inspired a few free spirits to challenge the pontifications of 
traditional authority. And those who blithely imagine that de- 
bates over the meaning of mathematics are of no human sig- 
nificance may be reminded of the fate of Schlick. So disturbing 
to some reactionaries were the theses of the positivists, seemi 

as they did to make nonsense of more than one See . 
that an overzealous defender of established creeds put a ballet 
through Schlick. Although that shot was not heard found the 
world, it announced the opening of the most efficieiit\campaign 
against reason that the world has seen since thedays of Galileo. 
Mathematicians, along with other consci ny s objectors to 
obscurantism, were effectively silenced. AL was only reason- 
able from the standpoint of the authorjt@pians; for where igno- 
rance pays dividends, itis folly to cle. Butit was somewhat 
of a shock to realize that the fear hatred? of science which 
Galileo thought he had quenchedthad been smoldering for three 

SS 


hundred years 

i, = SS teat 

On the logical-mathematical front, before more realistic 

arguments terminated emic debates, Hilbert and Brouwer 
nor of their respective creeds. There 


fought valiantly ee 10) 


was something exhilafating to disinterested bystanders in this ex- 
change of incivilitigs between the Prussian veteran, well past his 
prime, and t Cates Dutchman in his forties who refused to 
be shouted n by all the authority of a great tradition. Even 
granting\that Hilbert’s project of proving mathematics free of 
contradiétion by his theory of proof might succeed, Boe 
roared that “nothing of mathematical value will be ate 
i$thanner; a false theory which is not stopped by a eee 
tioh is none the less false, just as 2 criminal policy unchecke: 


b : + the less criminal.” 
y a reprimanding court is none Sia’ kind. “What Weyl and 


Strong language was answered i ras 
Brouwer ‘ae doing,” Hilbert shouted, “is mainly cnet 
the steps of Kronecker. They are trying to establish eon = 
matics by pitching overboard everything that does not Sead fe 
and setting up an embargo.” Alarmed by the mere ies ave 
of what the rebels were jettisoning, Hilbert in his annety ee : 
intuitionism an unintentionally excellent advertisement tha 
attracted many customers for its gruesome charms? 
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The effect is to dismember our science and run the risk of losing a large 
part of our most valuable possessions. Weyl and Brouwer condemn the general 
notions of irrational numbers, of functions—even of such functions as occur in 
the theory of numbers—Cantor’s transfinite numbers, etc., the theorem [basic 
in analysis] that an infinite set of positive integers has a least, and even the 
law of excluded middle, as for example the assertion: Either there is only a 
finite number of primes or there are infinitely many. These are examples of 
forbidden theorems and modes of reasoning. I believe that impotent as 
Kronecker was to abolish irrational numbers (Weyl! and Brouwer do permit us 
to retain a torso), no less impotent will their efforts prove today. AS 

rmal- 


The final shout re-echoed to cheer the dismayed troo} 01 
ism on to a final victory, ‘““Brouwer’s program is, 8 revolu- 
tion, but merely the repetition of a futile coup di in with old 
methods, but which was then undertaken erste verve, 
yet failed utterly. Today the State is thor ry armed through 
the labors® of Frege, Dedekind, and tor. The efforts of 
Brouwer and Wey! are foredoomed tility.” 

So all day long, and for many a the noise of battle rolled 
from Amsterdam to Géttingen ack again. Having recov~ 
ered from their momentary shoek of alarm at the unwonted 
uproar in the ranks of the mathematicians, the physicists 
stood back to avoid the missiles and shook with laughter. Mean- 
while the opposing factidns, their dumps of epithets squandered 
without scoring a si direct hit, set about consolidating their 
respective gains, intuitionists showed that a surprisingly 
large tract of Stliematics could be revised to fit their ‘original 
intuition’ wij t exceeding the drastic limitations imposed by 
the creed jtism; and the formalists continued their labors 


in. ae ‘theory of proof, confident that they were about to 


estab) he eternal freedom from contradiction of traditional 
m. atics. And simultaneously, mathematical logic began to 
e way of all mathematics of the recent period. It started 
dividing and multiplying upon itself like a horrible nightmare, 
Instead of only the three creeds of logicalism, formalism, am 
intuitionism to bewilder introspective mathematicians with 
‘the will to believe’ in something, no matter what, crossbreeds 
between the original three were competing in the 1940’s with 
attractive mutations of the originals for universal acceptance 
Much of the highest interest was developed; but the total effect 
was one of anarchy and ungovernable confusion. Unreconcile 
differences of opinion between equally competent experts hinte 
that the entire problem of the foundations of mathematics mig t 
be but another of the pseudo problems of metaphysics in @ 
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modern disguise. Of many undeveloped suggestions—or proph- 
ecies—for a possible way round the apparent stalemate, only the 
more mathematical are of interest to us here. 

It has been suggested that the ultimate course of mathe- 
matics will resemble that followed by geometry after the inven- 
tion of non-Euclidean geometries. There may be no necessity to 
have but one kind of mathematics, if the objective is scientific 
applications; and there are no reasons for supposing that a 
single, all-inclusive mathematics can embrace all the usefys 
kinds without internal contradictions. Again, in the same diese 
tion, but going deeper, it has been very hesitantly sug 
that complete self-consistency is more of a luxury tham a‘eces- 
sity in a usable mathematics. Looking far ahead, whose 
work entitles them to an opinion believe that the” paradoxes 
which have infested mathematics since Zeno aN solvable, and 
that the mathematics of continuity will be ‘wbandoned, to be 
succeeded by a type of reasoning in whic isolvable paradoxes 
cannot arise, What this is to be, providt@s is possible, of course 
nobody can predict. It may be worth méntioning that one of the 
most distinguished mathematiciarg\ of the twentieth century 
practically abandoned analysis sig’ which he had done outstand- 
ing work, because he had convinced himself that the foundations 
of analysis are unsound nd repair. (This is not the sort of 
opinion a man cares tog sh today; he might change his mind 
tomorrow.) A last es ty is suggested by a similar situation 
in quantum mec! 5. With the apparent necessity for some 
form of ind acy in the physical sciences, the classical 
dichotomy ¢ false? is modified by an admixture of probabili- 
ties, In an} ry with this, 


mathematics may cease to insist ona 
two-val logic, and develop jn accordance with a logic of three 
: 
or m tuth-values. 


t oO w items from the post-Principi 
ortheir affiliations with the capital pro! u C 
which we shall pass presently. Among numerous modifications 


‘ wane i dd princi- 
and rectifications of Principia mathematica, concern’: 
pally with the theory of types and the axiom of rete ee 
application (1926) by F. P. Ramsey (1903-1930, Png tt) o 
Wittgenstein’s ideas gave some promise of freeing Princtp 


contradiction. A technical detail of considerable en es 
(the omission of scope indicators) in the Principia 505 . osed 
be inconsistent by L. Chwistek (Polish), who in 192. prope i 
his theory of constructive types for salvaging mas 


ia period may be mentioned 
blem of arithmetic to 


572 THE DEVELOPMENT OF MATHEMATICS 


Principia which remains if the axiom of reducibility is rejected 
(along with another assumption, which need not be stated here). 
Chwistek found it necessary to invent a new symbolism to ex- 
press some of his ideas. In his efforts to escape the theory of 
types, Chwistek developed his own metamathematics (1929, 
1932), substituting for a hierarchy of types one of Janguages, in 
which any language in the hierarchy becomes the subject mat- 
ter of the next higher language. For reasons that will appear 
when we describe Gédel’s work, these and other attefppts to 
patch up Principia took on a new aspect in 1931. : 

: Generalizing Principia in some respects, for e8feip 
method for proving theorems concerning gereta relations 
among n terms, W. V. Quine (U.S.A.) devel his System of 
logistic, 1934, said by Whitehead to be a ie mental advance: 
“Tn the modern development of Logic, te itional Aristotelian 
Logic takes its place in a simplification of the full problem 
presented by the subject. In this sgn an analogy to arithmetic 


le by a 


of primitive tribes compared to rn mathematics.” The case 
n = 2 of Quine’s system is that ‘discussed in Principia. 

It is interesting to recordlitre Whitehead’s tribute to H. M. 
Sheffer and “the ers of Polish mathematicians,” for 
their “influence on DrnQuine’s thought.” The tribute (dated 
October 8, 1934) cleges with the comforting assurance that 
“There is continyity’in the progress of ordered knowledge.” 
Five years leap be month later, “‘the great school of Polish 
mathematiciags’ was being bombed from the air in the progress 
of ordered rance, that is, in the general progress of Euro- 
pean civitigdtion. What had taken twenty years to gather was 
dispe: ‘and in part obliterated in about twenty days. “The 
greaéschool of Polish mathematicians” followed the Vienna 
cee into death or exile. . 

S The progress (in mathematical logic) just noted was in the 
general direction of logicalism. Intuitionism also advanced, pat 
ticularly in A. Heyting’s (Dutch) discussion (1930) of the formal 
rules of intuitionist logic. At the same time H. B. Curry (1900-, 
U.S.A.) began his extensive combinatorial logic, a new depar- 
ture. Formal logics having a wide degree of freedom in the 
expression of their formulas as values of functions were con 
structed (1933) by Curry and by A. Church (1903-, U.S.A.) 
Illustrative of the rapidity with which symbolic logic advance 
in the 1930’s both of these logics were proved jnconsistent 10 
1935 by S. C. Kleene (U.S.A:) and J. B. Rosser (U.S.A.)- Ar 
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other result (1942) of Rosser’s attracted considerable attention 
from experts in mathematical logic on account of its unexpected- 
ness. In attempting to avoid the Burali-Forti paradox (described 
here in an earlier chapter), Quine in his Mathematical logic (£940) 
effectively admitted the paradox in a disguised form, thereby 
invalidating parts of his system. As stated by Rosser the nature 
of the oversight was as follows. Four of the basic principles of 
the theory of ordinal numbers and well-ordered series are: (1) 
To every well-ordered series there corresponds a unique ordinal 
number. (2) The series of ordinal numbers is wellordered\(5) 
If.x is a term of a well-ordered series S, then the series c isting 
of all terms of S which precede « is also welerdra tea a 
smaller ordinal number than S. (4) Any ordinal nu a, is the 
ordinal number of the series of all ordinals recede a, 
The Burali-Forti paradox asserts the incom ity of (1)-(4). 
To avoid the paradox, two devices have bee: a theory of 
types to invalidate (4); an effective inva ion of (1) in certain 
critical cases. Essentially 2 combina of these two was pro- 
posed by Quine. It failed to Bio a 4) and did not invalidate 
(1) at certain critical points. Bye ght but significant omission 
from his system, Quine circu vented the paradox. The modified 
system was then compang Wit others, including Zermelo’s. 
By the addition of t joms, one of which postulates the 
existence of a most ifdlusive class, Zermelo’s system becomes 
equivalent to Quine’s up to the point where Quine imposes 
axioms of eleménthood. 

A fittin; fax, logically but not historically, to the sym- 
bolic logic a evolved from the symbolism in Laws of thought 
(1854) ij he system of mathematical logic in Whitehead and 
Russ rincipia mathematica (1910-13), suddenly material- 
ize . Lukasiewicz’s two-page paper of 1921 on three-valued 
] . Practically simultaneously, and in complete independ- 

ce of Lukasiewicz’s work (published in Polish, as the author 


Was a member of “the great school of Polish mathematicians”), 
E. L. Post (1897-, U.S-A.) passed at once from the two-valued 
, where m is any 


logic of Aristotle to m-valued truth-systems, 
integer greater than one. 

The mathematical significance 
comment. The history, we recall, began 
buried discovery of a three-valued log’ 
matical analysis of the fourteenth century was resu: 
the mathematical logic of the twentieth. It is 4 mos 


e of this advance needs no 
with William of Occam’s 
ic. Thus the submathe- 
rrected in 
t remark- 
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able fact that some of the subtlest reasoning of the Polish de- 
velopers of many-valued logics, like Occam’s, was carried on 
without symbols. To common mathematicians constrained to 
manipulate symbols in order to reason consistently, this feat of 
Occam’s and the Polish logicians almost passes belief. Possibly 
the explanation in both cases is the same: several of the Polish 
logicians, like Occam, were of the Catholic faith, and no doubt 
had mastered the difficult technique of reasoning in words which 
usually accompanies a Jesuit or other Catholic training in JOgic 
as part of a liberal education. But it seems unlikely tha; arely 
verbal argument could transcend the finite m in Post’ je-Valued 


truth-systems to reach the infinite-valued logic a con- 
tiouous range of truth-values, devised in 1932 Reichen- 
bach (1891-, Germany, U.S.A.) as a basis for mathematical 


theory of probability. \ 

Another possible use for multivalued Igpies was noted (1933) 
by F. Zwicky (1898-, Swiss, U.S.A.), €@no observed that such 
logics should be applicable to the qi Sim theory. The reception 
of these logics by physicists was ilar to that of all non- 
Euclidean geometries until Ejastéin discovered Riemann. A 
reconsideration of Kant’s co tion of time, complementary to 
the rejection of his theo space, seemed in the 1940’s to be 
demanded in physics. ig gt also appeared to be about to 
moderate the univer: of his ‘number’ as the measure and 
meaning of all t! ine) and likewise for Aristotle and his cherished 
‘identity.’ In ma€toscopic phenomena there is no difficulty about 
counting cig ntifying the objects contemplated. But the 

i 


quanta of ? itis asserted, are unidentifiable and uncountable, 
wherea: ‘trons are unidentifiable but countable. Should these 
ie be correct, the immemorial label of ‘number’ is no 
niversally applicable. Space and time likewise shed their 
tional universality when pursued to the atomic nucleus. Tn 
attempt to put a workable logic into the metaphysics of the 
physics of the 1940’s, Reichenbach published (1944) an account 
of his application of a three-valued logic to the quantum theory. 
In concluding this sample of. post-Principia mathematical 
logic, we remember the distinguished American philosopher who 
in 1939 informed his scholarly public that mathematical logic 
had contributed nothing new to either mathematics or epis- 
temology. We pass on to that item which may prove to be of 
the greatest interest for all mathematics in the entire develop- 
ment since Leibniz. It is the outcome of attempts with the 
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refinements of modern mathematical logic to prove the con- 
sistency of arithmetic. Hilbert in 1898-9, we recall, emphasized 
the basic importance of this problem for geometry. Its sig- 
nificance for analysis needs no emphasis. 

What at the time seemed like a promising attempt was j. 
Herbrand’s (French) begun in 1929 and essentially completed 
in 1931-2, as a concomitant of the author’s technique for solv- 
ing certain problems in metamathematics. This appears to have 
Mallen by the wayside. G. Gentzen (German) followed in 4 
with a proof for the consistency of a part of arithmeticgwhich 
he simplified in 1938. In the latter work, Gentzen ee his 
belief that the lack of a constructive proof at one Sta e of the 
entire demonstration would shortly be suppli he actual 
demonstration therefore did not fully mene Kronecker- 
Brouwer demand for finite constructibilit; jContrary to Hil- 
bert’s formalistic program of tenting SN classes by the 
same methods as those used for finitesc! ses, Brouwer admits 
an infinite class only in the sense egy tree any finite class, a 
larger finite class can be taken. .B wer’s restricted ‘infinite’ 
had not sufficed to bridge the gap in Gentzen’s proof early in 
1945. Its transfinite eleme' ‘ad been refined by Gentzen in 
1943, Whether this pro ‘ most nearly complete up to its 
time, is to survive cai predicted only by one competent to 
finish or to destroy< Not being in that fortunate position, we 
proceed to the end, what appears to be a blind alley in this 
direction. 

Efforts 


matical logi 


‘ove the consistency of arithmetic by mathe- 

of the genera developed in Principia mathematica 
s theory of proof (Beweistheorie) were believed by 
1945 to be necessarily futile. The official manifesto of 
} sCormalict school, Grundlagen der Mathematik, by Hilbert 

. Bernays, appeared in two substantial volumes in I 

and 1939. It was not clear in 1945 that the work of 1939 had 
righted the fiasco—the authors’ word—in which the Beweis- 
theorie seemed to have collapsed in 1934. As the authors ob- 
served, the final test of the theory will come when it 1s applied 
to prove the consistency of analysis. Gentzen’s proof for axith- 
Metic was accepted. . 

The Spat fiasco was occasioned by 2 disturbing sae 
proved in 1931 by K. Gédel (Austria). According to Go els 
theorem, it is impossible in certain logical systems to proves y 
the rules of the system, certain theorems belonging to the sys- 
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tem which can be seen otherwise to be true. This is no mere 
existence theorem of the non-constructive type to which Kro- 
necker objected: Gédel constructed a true theorem such that 
a formal proof of it leads to a contradiction. Undecidable 
statements exist: within the system certain assertions can be 
neither proved nor disproved. The logical systems for which 
Gédel’s theorem holds include what is called the restricted 
calculus of propositional functions (quantification extends only 
to the arguments of the functions, not to the functions). - 
out technicalities it is impossible to be precise; but it be 
said roughly that Gédel’s theorem establishes the i euity 
of proving the consistency of any system S containing cither 
what is essentially the system of Principia matica, or 
arithmetic, by the methods of proof used in S.<° 

Gédel’s theorem has been called the m ecisive result in 
modern mathematical logic. In proving it, el invented a new 
device of symbolism: the usual sym of the propositional 
calculus were replaced by the Bias mbols for integers. A 
provable theorem, for example, is represented by a sequence 
of integers, and likewise for stateiNents concerning the theorem. 
The outcome is a numerical rithm. It might seem that this 
device when applied to th 3 in arithmetic is a vicious circle. 
But obviously it is legitiMate; any other recognizably distinct 
signs would serve the ¢ purpose as the signs for the integers. 

Gédel also provédsa more general theorem than that men- 
tioned, from whigit follows that the calculus of propositional 
functions Se so symbolized as to furnish the kind of con- 


sistency-pr ? contemplated in Hilbert’s theory of proof. 
Another ,db3tacle to the Beweistheorie of 1934 appeared in a 
theory Proved in 1936 by A. Church (1903-, U.S.A.), who 
demofistrated the impossibility of producing a general solution 
ay ean problem (Entscheidungsproblem) of Hilbert’s theory 

riginally formulated. The matter, too technical for descrip- 
tion here, is discussed in the ‘Hilbert-Bernays work of 1939, 
Supplement II, to which the reader is referred for a full account. 

Another result cognate to the possibility of a consistency 
proof for arithmetic concerns the potential solvability of arith- 
metic problems. It seems reasonable to define an arithmetic 
theorem as a propositional function of integers constructible by 
the use of logical symbols from the three elementary relations 
“x=y, x =y+2, x = yz. With this definition and proved 
propositions of Gédel and S. C. Kleene (1909-, U.S.A.), Skolem 
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showed that every equation between general recursive functions 
is equivalent to an arithmetic proposition. The set of all arith- 
metic propositions is effectively enumerable. Skolem proved that 
no general method of solving all arithmetic problems is obtain- 
able. Like Gadel’s theorem, conclusions such as this were prob- 
ably unthinkable to the mathematicians of the nineteenth 
century. Although it is no sense profound, as the preceding is, 
another supposition of the past may be easily set aside. Poincaré 
insisted that mathematical reasoning par excellence is reasoni, 
by recurrence as in mathematical (or complete) inducti St 
might be imagined then that any arithmetic theorem is £0 ble 
by mathematical induction. This is not so. rs) 
Skolem’s theorem is in the general domain of pleteness 
theorems and decision problems. A unified accor 6f complete- 
ness theorems was given (1943) by Kleen se main non- 
equivalence theorem includes the theorems 01 del and Church. 
These are to the effect that one-quanti redicates exist for 
which there is no complete formal tive theory, and that 
there also exist such predicates for » the decision problem is 
unsolvable, . 
From all this it would seedt that the consistency of arith- 
metic had yet to be prove: 1945. The potential significance 
for all mathematics of << a proof, or of an acceptable state- 


ment of conditions undéh which it may be attainable, is obvious. 
The residue so far ofthe struggle to construct a proof is recog- 


nized as one of t ost suggestive contributions that symbolic 
bout two and a half centuries 


logic has made athematics in al 
from Tenia Godel 
RS Algebra of relations 


~) 
GYithematies has been described (but not defined) as a study 


ofvélations. From the earliest systematic exposition of a mathe- 
matical theory, that of elementary plane geometry by Euclid in 
the fourth century B.c., to the twentieth century, relations have 
dominated extensive tracts of mathematical reasoning, and the 
simplest properties of a few relations were recognized abstriery 
from the earliest times. Among other relations admitted or use 

by Euclid, equality and congruence as in elementary geometry 
are instances of the general equivalence relation. Euclid ince Be: 
rated some but not all of the equivalence properties of equality 
into his postulates. The corresponding properties of congruence 
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were taken for granted in tacit assumptions wherever required in 
attempted proofs, as in the fourth proposition of the first book. 
Even as late as the first decade of the twentieth century, the 
postulates for equality were not always stated as a necessary 
part of the axiomatization of many disciplines. Classic papers 
on the axiomatics of algebra and geometry of the second decade 
of the twentieth century continued to ignore the necessity of 
defining equality by a set of postulates before using equality in 
proofs, Although the Principia mathematica of Whiteheadand 
Russell undoubtedly was partly responsible for the sh, med 
precision of axiomatics after 1920, it seems to have beenonfly in 
the early 1930’s that the inclusion of a complete set postulates 
for equality became customary. Until then the u: rst postu- 
late had been overlooked or included only by iniplication. 
While an abstract theory of ae anes ations was thus 
hesitantly emerging, a theory of relatio ce: the tradition of 
mathematical logic reached a certain m ity in a rudimentary 
but adequate algebra of such conce inclusion and relative 
product. This development possib| as of greater interest to 
logicians than to mathematicia, he techniques of modern 
abstract algebra seemed to est little of technical mathe- 
matical interest in the logical $tudy of relations as such, whereas 
the algebra of classes had-Been fitted into the general scheme of 
modern algebra by the work of Stone and others. At last, in 1942, 
more than a beginniigvof an autonomous mathematical theory 
of relations appear@d in Ore’s general investigation of the prop- 
erties of the s relations actually occurring in mathematical 
theories. Th phasis here was primarily algebraic, although 
some of ke perties studied might be of interest to logicians. 
The ¢tassical relations of mathematics, such as inclusion and 
betweemhess, suggested to Ore a more general type, considered 
as.cOrrespondences 4 —+ Ra between sets, where the Ra corre- 
sposiding to a set 4 may depend upon both the elements of 4 
and a certain grouping or ordering of the elements. The notation 
@RA signifies that an element ain a set belongs to a subset Ru. 
Normal forms of relations are definable from combinations of 
such relations aR4, Automorphisms or endomorphisms of 4 
relation R are those one-one or many-one correspondences a such 
that any relation aR4 goes into another valid relation, say 
a*RA*, The problem of determining all automorphisms is con- 
nected with that of finding all correspondences commuting with 
a given correspondence; and this problem leads to a study of 
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monomial groups and to problems in a general Galois theory, 
extending the Galois theory of equations. 

On a more familiar level, the theory of binary relations, first 
systematically investigated by Peirce and by Schréder, becomes 
a theory of matrices (in the algebraic, not the Principia, sense) 
over a Boolean ring. In an alternative presentation, binary rela~ 
tions are pictured by graphs; symmetric relations correspond to 
symmetric matrices and to graphs whose edges are considered 
as undirected, The matric representation of relations combin 
the theory of relations with the well-developed theory of v to 
spaces over special rings. Sum, intersection, multiplicati a 

of the 


dual multiplication are definable for relations; whence 
theory of rings and ideals of binary relations, rnd 
theory of 
ations differs 


theory of linear algebras can be transposed to th 
relations. But in other aspects the theory 
from the classical theory of matrices. In this whe 
relations, the automorphisms are of igfgortance; the auto- 
morphisms correspond to the permut: matrices commuting 
with the relation matrix. The similasity here with somewhat 
analogous situations in projectiy ometry and the quantum 
theory is at least suggestive and,” as for the debates of meta- 
physicians over the nature of €8pace,’ may hint at a concealed 
necessity of a two-valued Jogic. 

Transitive relations Rare characterized in Ore’s theory, 
among other ways, R rtain units or as certain sum relations; 
they are closely, Qyinted with the idempotents of the rings 
of relations. Anytransitive relation is decomposable into an 
on and a partial order relation. Complete 


equivalence fi 
solutions eral important algebraic problems are given for 
R he partially 


al relations, so the interest passes to 1 hy 
ts. As was seen in connection with lattices, and as is 

n much of twentieth-century abstract algebra, abstract 
partial ordering has become 
matics of the recent period. 


geometry, and abstract analysis, 
of basic importance in the mathe! ak 
Lattices or structures are among the most useful of partially 
ordered sets. Their appearance in the theory of relations et 
plements their earlier recognition in classical Boolean algel rae 
Tt may be mentioned that in the domain of an nevalued Esk 
system, a practicable algebraic algorithm is available er the 
discovery and exhibition of all relations in the system ae 
prescribed characteristics, such as reflexivity, commutativity, 


transitivity, and the like. 
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Consistency proofs 


Technical difficulties and obscurities in classical mathe 
matical analysis were responsible for some of the more subtle 
developments of the mathematical logic of the twentieth century. 
The reactions of the resulting logic on analysis either clarified 
the obscurities or disclosed unsuspected flaws in accepted reason- 
ing. Concurrently, the older programs of attempting to prove 
certain crucial hypotheses were replaced where feasible by p: Oe 
that sets of postulates containing at least one of the doubtful 
hypotheses are consistent. As a typical example, Can; en~ 
eralized continuum hypothesis, fundamental for the eal’ number 
system and all the centuries of analysis and metéphysics that 
have issued from it, passed in 1938 from the igs pha to the 
second. Up to 1938 the first case of the esis had been 
turned this way and that in numerous attempts to deduce from 
it either a contradiction or a valid conc! n. Should the latter 
succeed, and should the steps leadigtgsto the conclusion be 
reversible, the hypothesis would proved. An exhaustive 
account of efforts up to 1934 i direction was published 
by W. Sierpinski (Polish), hiiself one of the most prolific 
contributors. \y 

At the Zurich Confergnce of 1938 on mathematical founda- 
tions and methodologys‘Sierpinski gave an elementary résumé 
of his own attempts&and those of others to discover principles 
implying, or equivalent to, or implied by, the continuum hypo- 
thesis, the axioi hoice, and others of the same genus. Shortly 
thereafter a rity of the Polish mathematicians were con- 
cerned ema more urgent than the speculations of two 


German ematicians (Cantor, Zermelo) on the continuum. 
Banach} for example, after having been elevated by the Russian 
pa. ers of Poland to the rectorship of the University of 

saw, succumbed to the zeal of Cantor’s and Zermelo’s 
compatriots when the Russians precipitately withdrew from 
their share of the victim’s homeland. But this is only in passing, 
as a mere footnote to European culture. It has little or no bearing 
on the advancement of mathematics, except possibly as a 
reminder that too many footnotes retard scholarship and are an 
evidence of pedantry rather than of learning. Pessimists of 1945 
were confidently prophesying an avalanche of footnotes about 
the year 1960, halting the advance of mathematics indefinitely 
and obliterating whatever traces of logical and/or sane reason~ 
ing, mathematical or other, may then remain. 
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In its mildest form as originally proposed by Cantor, the 
continuum hypothesis asserts that every nondenumerable set 
has the power of the continuum. To recall the definitions: two 
sets are said to have the same power if there is a one-one corre- 
spondence between their respective elements; sets having the 
same power as the set of positive integers are called denumerable; 
sets having the same power as the set of all real numbers are 
said to have the power of the continuum, Attempts to invent or 
discover a set of real numbers which is not finite, nor denume® 
able, nor of the power of the continuum, have been unsucce: . 
nor is it known whether one or other of these feneee % y is 
an inherent property of a set. We recall that some 0: con~ 
troversial topics in Cantor’s Mengenlehre stem ‘om, his 
meticulously phrased but dubiously comprehe! definition 
of Menge (set, class). An alternative stat t of Cantor’s 
continuum hypothesis is 249 = 41, where for typographical 
convenience the Hebrew aleph is written ere Ap is the power 
of a denumerable set, 4; that of the c ifipium. All nondenumer- 


able well-ordered sets all of whose Segments are finite or de- 
definitions of the alephs 


numerable have the power 4: 0 
4., a > 1, we must refer to text on transfinite numbers, 
noting only that Borel and_other skeptics early denied any con- 
ceivable meaning to thes. her alephs, while believers expez- 
enced no difficulty & they have thoroughly assimilated 1. 
Including Cantor’s thesis as stated above, the generalized 
continuum hyp ee asserts that 24 = Aay1 for any a Accom- 
hestrong form of the axiom of choice, permitting 


panying this is 
choice of an element from each nonempty set 


the simulta: : p 
from the y of sets, the choice to be a single relation, In 


1938-9 Qu ished, 1940), Gédel proved that if a certain set of 
axiomsfrom Mengenlehre is consistent, then the set of axioms 
f by adjoining to the original set both the generalized 


continuum hypothesis and the strong form of the er of 
choice, is also consistent. Some of the axioms of the original a 
have themselves been the occasion for controversy, for examp! 
the axiom of infinity. Nevertheless, experts in the area ° 
analysis agreed that Gédel’s proof marked a long step in advance 
in this much-disputed territory. 
“The solid ground of nature” ; 
“To the solid ground of nature trusts the Mind that builds 


for aye,” Wordsworth declared, occasionally fitting deeds to ue 
words; and again, “Come forth into the light of things; le 
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nature be your teacher.” Heeding Wordsworth’s command, we 
shall ascend from the subterreanean regions of mathematics for 
a brief look about us, to see what became of the ‘natural’ half 
of the dream of Pythagoras. 

Although profoundly altered after twenty-five centuries of 
incessant change, the dream is still recognizable. “The solid 
ground of nature” vanished from under our feet in the late 
1920’s in a haze of mathematical abstractions called the quan- 
tum theory. Whether it is ever to materialize again is not ‘lear, 
even in “the light of things”; for ‘things’ have ebbed in 
‘waves of probability,’ and ‘light’ is a discontinuity et betng 
photons. Nevertheless, number still rules the univetye of the 
exact sciences; and since the beginning of the afeatieth ccn- 
tury, number has begun to penetrate the le; < Cece sciences. 
Wherever the statistical method is ap; Re) mathematical 
probability is implicit; and this probatany is measured by 
numbers. <O 

If the application of mathematic: bability to the physical 
sciences softened them into some ig less deterministically 
rigid than they were in the nineténth century, a similar appli- 
cation stiffened the social scientés with a dash of determinism. 
An indivudual human bei ay still be as free as a famous 
document declares him tohave been when he was created; but 
a hundred and thirty refition individuals are no longer as free as 
they once imagined *themselves. Mankind in the mass is more 
despotically govertied by the laws of chance than it ever was by 
the decrees of tyrant. If our shambling race is ever to get 
anything butyswicidal destruction out of science, it may be a 
necessary, filgt step that half a dozen human beings in every 
hundre ousand understand the mass-reactions of creatures 
who, individuals, occasionally show that they can stand 
erect-and walk like men. To grasp and analyze mass-reactions, 

her of atoms or of human beings, a mastery of the modern 
statistical method is essential. The statistical method is social 
mathematics par excellence. A brief indication of the principal 
stages by which this humanized mathematics developed may 
therefore stand as the conclusion to our account of what mathe- 
matics had done—or may do—for the mass of mankind. On the 
technical side, the mathematical theory of probability seems 
to have contributed less to modern pure mathematics than any 
other major division of mathematics. It has been parasitic, 
deriving its vitality from the sciences to which it attached 
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itself. No great method of analysis originated in the theory of 
probability, as several did in astronomy, mechanics, and 
mathematical physics. 

Four contributions in the eighteenth and early nineteenth 
centuries overtop all the rest in importance for modern work. 
James Bernoulli’s (1654-1705) posthumously published rs 
conjectandi (1713) made a mathematical science of the elemen- 
tary theory which had originated in a gamblers’ dispute in the 
year of his birth. Bernoulli foresaw the social Fares 
probability, and is said to have had some notion of inve: 
probabilities. He also stated the theorem known by his e, 
that by sufficiently increasing the number of observa any 
preassigned degree of accuracy is obtainable. To antidipate, P. 
Tchebycheff (1821-1894), founder of the influ 1 "Russian 
school in mathematical probability, generalize Bernoulli’s 
theorem in the law of large numbers. SS 

Next, DeMoivre, in his Doctrine o pines, 1718, took 
several long steps forward, devising ethods for specific 
problems and inventing means for ximating to functions 
of large numbers. On the basis ea aa (1733) to 
sums of terms of a binomial e: jon, DeMoivre is now com- 
monly credited with the all-imiportant idea of the normal dis- 


tribution curve. eee: 
Sociology and seat being barely distinguished from 


each other in his ER Moivre confined his more ambitious 
applications of probability: to establishing the credibility of “A 
Great First Cqu@e” Similar considerations led the Rev. T. 
Bayes (?-17 English) to his theorem—or formula—for 
inverse pr abhi, published in 1763-4, relating to the prob- 
abilities S ferred from observed events. 


Bayes’ Sreof of his formula rested on an unsatisfactory postulate, 


on entire subject of inverse prob n 1 
les&ebntroversial until R. A. Fisher (1890-, English) put it on a 


his immortality: he was the first to use mat! 
inductively, “that is, for arguing he pa 
general, or from the sample to the population.” ee 

The fourth outstanding advance of the period was Lap ace’ : 
Théorie analytique des probabilités, 1812, the third edition : 
which appeared, with three supplements, 1n 1820. Before nearly 
seven hundred pages of not always fucid reasoning and soeaag 
analysis, Laplace optimistically” remarks that “At bottom, 
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the theory of probabilities is only common sense reduced to 
calculation.” This masterpiece, usually rated the greatest con- 
tribution by one man to probability, incorporates Laplace’s 
previous work extending over about forty years. It is impossible 
to give an adequate idea of the richness of Laplace’s work in 
short compass; but it may be said that it was distinguished by 
a free use of mathematical analysis. Laplace may not have been 
the first to conceive of a continuous distribution of probability, 
as T. Simpson (1710-1761, English) had introduced continuity 
into the theory of mathematical probability in 1756eBut 
Laplace was the first to apply analysis consistently exten- 
sively to what, from its very nature, is a departm com- 
binatorial mathematics. The gain in power and. Alaxibility was 
immeasurable, NS 

Although the specific details of Laplace’sgynthesis of his own 


work and that of his predecessors in rope ity add up to an 


impressive total, their sum is scarcely, parable in over-all 
importance to this application of i esimal analysis to an 
essentially discrete department of hematics, We have seen. 
what analysis did for geometry ig the seventeenth century and 
in the differential geometry cite eighteenth to the twentieth 
centuries; we saw also bows lysis brought vast tracts of the 
theory of numbers und ntrol. Laplace’s advance in meth- 
odology similarly transi ed mathematical probability. Always 
inventive of the A algorithms appropriate for his prob- 
lems, Laplace a the method of generating functions to 
probabilities, and.thade free use of what are now called Laplace 
transforms. last, as noted earlier, acquired a new importance 
in applied fathematics when it was observed that Heaviside’s 
operati calculus is properly a topic in these transforms. 
With, excessive caution consequent on the work of Cauchy 
ae on convergence, the method of generating functions 


into disrepute. However, for many of Laplace's applications 

the method, convergence is irrelevant, and parts of it are 
easily recast in terms of what Menger has called (1944) algebraic 
analysis. 

On the historical side, Laplace in his masterpiece on prob- 
ability overcomes—as usual—the temptation to give just credit 
to his contemporaries. It would be an interesting exercise for 
some historian of mathematics to separate what is indisputably 
Laplace’s own from what is not. If Laplace did not originate the 
method of solving Ynear differential equations by definite 
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integrals, he made such extensive use of it that it is usually 
credited to him, and likewise for the application of equations in 
partial differences, to which Lagrange has a claim. 

The Essai philosophique sur les probabilités contains Laplace’s 
reflections on the epistemology of probability. As this aspect of 
probability is still under dispute by metaphysicians and mathe- 
maticians, it seems unlikely that Laplace can have said the final 
word, One detail will suffice to show that it may be of practical 
importance to attempt to understand what ‘probability’ mi; 
mean in science and mathematics. If it is known only that 
event has occurred n times and failed f times under give: 
tions, the probability that it will occur when these ventions 
next obtain is (n -+ 1)/(n + f + 2). Both the reaso: ira by which 
this formula is derived and the formula itself ha en rejected 
by some authorities and accepted by others ly competent. 
The profound cliché that we do not know her the sun will 
rise tomorrow is disposed of by Laplaceeext a deduction from 
the formula—by the comforting ass that there is only one 
chance in 1826214 that the sun eae tomorrow. Lagrange, 
if asked, might have answered simply with his usual formula 
when he had no grounds for by or disbelief, “I don’t know.” 
But the man who convinced ‘self that he had proved that the 
solar system is a mathemétically determined perpetual motion 
machine (when excised(from the rest of the universe of which it 
happens to be a part)\had no doubts on the matter. If the crit~ 
ical examination, the postulates underlying probability no 
less than any other part of mathematics has done nothing else, 
it has made ‘e mathematical astronomers of the twentieth 
century legs)Jehovahlike than their predecessors of the eight- 
eenth ay@ nineteenth centuries when legislating for the universe. 

Laplace’s interest in probability was subordinate to his pas- 
a ¢ celestial mechanics. Problems in dynamical astronomy 
mee thus indirectly responsible for some of the mathematics 
applied to economic affairs, from estimating by random sam 
pling the marketability of a batch of telephone recesvers manu- 
factured by mass production, to forecasting by intelligence 
testing the fire-resistant qualities of a crop of appa eme 
fodder harvested by conscription to make the world safe for 
democracy. Bayes’ theorem is applicable in the first of these 
projects, 

_ Mathematical astronomy wa 
indispensable technique of the more exact 


3 also responsible for another 
social sciences, the 
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calculation of probable errors. It also was the source of the 
method of least squares, in which it is required to find the dis- 
tribution of the measurements of an observed datum when 
the measurements differ due to errors of observation. The 
method was used by Gauss in 1795, and reinvented in 1806 by 
Legendre. Its history is marred by a priority dispute, dignified 
on Gauss’ side, bitter on Legendre’s. In his astronomical work 
of 1809, Gauss postulated that when any number of ‘equally 
teliable’ measurements of an unknown ‘magnitude’ are Bien, 
their arithmetic mean is the most probable value. y 
Phrases like ‘equally reliable,’ ‘equally probable,’ ated 
much controversy over the ‘meaning’ of probabili d led in 
the twentieth century to attempts at a co: ate theory. 
Early efforts to prove the normal distributio; ‘law’ appear to 
be vitiated by a tacit assumption that a “natural law’ can be 
demonstrated mathematically without.a8suming anything. 
‘This may sound absurd; but it was only, ithe twentieth century 
that the Euclidean methodology bepeo be taken seriously by 
natural philosophers. Where it w; cognized that postulates 
must precede proof, the postulates ‘laid down as the ‘natural’ 
basis for a proof were sometities no simpler than the ‘law’ 
which it was desired to prové) Modern practice tends more and 
more to accept the ‘laws themselves as facts of observation. 
Dynamical astray was again responsible, at least his- 
torically, for one ofthe most extensive scientific applications 
of probability ob) the nineteenth and twentieth centuries. 
Maxwell in 18 came interested in the kinetic theory of gases 
(it is said) ag.a’direct consequence of his work on the stability 
of Satur eo igs. The kinetic theory may be traced back to the 
RHA, Democritus, Epicurus, and Lucretius; but as 4 
mathera tical discipline it originated with Daniel Bernoulli in 
1738) and was first extensively developed by Maxwell, begin- 
in 1859, Others quickly followed Maxwell, particularly L. 
Boltzmann (1844-1906, Austria), beginning in the 1870's. The 
dates here are important: the earlier precedes the rigorization 
of analysis, and the later overlap Cantor’s Mengenlehre. This 
hint should suffice to suggest that a fundamental part of the 
theory of statistical mechanics, which evolved from the kinetic 
theory of gases, could not possibly have been discussed ade- 
quately when it was first proposed. We refer to the ergodic 
theorem, or ergodic hypothesis, in any of its forms.1? An his- 
torical sketch of the relevant matter would take us too far 
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afield; our interest here is in the necessity for refined analysis in 
modern scientific applications of probability. The first satisfac~ 
tory treatment of ergodic theorems’ was delayed till 1932, when 
great progress was made by von Neumann and G. D. Birkhoff. 

A rigorous discussion appeals to several of the theories noted 
in previous chapters, for example linear integral equations, non- 
linear differential equations, harmonic analysis, Hilbert space, 
and modern theories of measure and integration. In somewhat 
the same direction, N. Wiener in 1937-8 attacked the problem, 
of turbulence, mentioned in the Prospectus as basic for ePo- 
dynamics. From Saturn’s rings to airplanes may seem quite a 
gap; but it is bridged by the modern theory of ma: Hematical 
probability. < . 

Until the 1930's, statistical mechanics was ost highly 
developed physical application of probability. e more recent 
work appeared in 1945 to hint at some r nin the funda- 
mental concepts of probability underlyifg*classical statistical 
mechanics, either in its pre-quantu ) odernized form, By a 
curious historical coincidence, Gibb fassic Elementary princt- 
ples in statistical mechanics was published in 1901, the same year 


as the older quantum theory,ivhose revised form, initiated in 


1925, was to clear up much t ad been obscure in the classical 
statistical mechanics. Bu revisions are likely to affect Gibbs’ 
Teputation as the greatest Snathematical physicist produced by 


the U.S.A. up to 1945Naind one of the greatest of the nineteenth 
th-century applications 


century. The dee evisions of nineteen i 
of probability f the same genus as those of the twentieth 
century in ‘mathematics They affect our entire outlook 
on epistemélogy. But we must pass on; for it is still true, as 
Russell cQuarked® in 1929, that “probability is the most Impor- 
tant cofftept in modern science, especially as nobody has the 
slighfeSt notion what it means.” The justice of this irony 18 évir 
dehw on reading the discussions on free will and deter 
touched off by Heisenberg’s uncertainty principle in 1927. n 
apparently ineradicable’ indeterminacy in the physical aera 
was seized upon to prove (1) that man has free will, (2) that 


“This devel: t of probability 
i i i in the developmen’ robal 
his brings us to that item in : ind i 


which promises to be of greatest signi dint 
mass, the modern statistical method.'® Whether or not ne 
uals have free will, it seems to be established that cro si 
not. Nevertheless, the simpler reactions of masses 0 


588 THE DEVELOPMENT OF MATHEMATICS 


beings to external stimuli appear to be not entirely lawless. A 
typhoid epidemic will slay a roughly predictable percentage of 
the uninoculated and another roughly predictable percentage of 
the inoculated in the same environment. Again, philanthropists 
who insist on marrying their feeble-minded cousins to take care 
of them may expect a roughly predictable percentage of their 
(usually numerous) offspring to be feeble minded. And so on; 
there seems to be no escape from the mathematical laws of 
chance. IN 

A history of the statistical method would fill a lar ook. 
We shall note only five of the main episodes partly rete ible 
for modern developments. The first statistical bean wn of a 
national census was A. Quetelet’s (1796-1874, Belgian), who in 
1829 analyzed the first Belgian census, noti influence on 
mortality of age, sex, season, occupation, a 
The bearing of such an analysis on life 
actuarial science in general it may be 
thoroughly explored that little remaig@Xo attract a professional 
mathematician, The and he ga ictuarial mathematics re- 


that it has been so 


quires no originality; and the. ble man is the one with 
imagination enough to deviseRew policies (both senses) that 
will make a profit for his company. 

To Quetelet is due valuable but somewhat damnable 
concept of “the sven an”—“Phomme moyen.” Quetclet’s 


statistical studies cofinced him that crime in a given popula- 
tion is to a ae mathematically predictable. Writing 


in the darkest Age’of pietistic moralizing, he had the courage to 
face down F “sentimental obscurantists who called him 4 
materialistOthe ultimate in opprobrious epithets at the time— 
for su ting that ‘moral’ and ‘intellectual’ qualities are 
messin le. Number had invaded the heavens and had replaced 
8 ition by celestial mechanics. It was now about to attack 
the/last stronghold of ignorance, the human mind. The desecra- 
tion of this holy of holies was too much for the good people of 
Quetelet’s day. A world war was required to teach homo sapiens 
that intelligence testing is not immoral. The U.S. Army tests 
in 1917 accomplished in a few months what Quetelet and his 
successors had been unable to do in seventy years. By 1919, 
intelligence testing in the United States was accepted with- 
out too violent opposition as a useful tool in education and 
criminology. 

Among Quetelet’s most ardent converts was Florence Night- 
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ingale, who, according to Pearson, believed that “to understand 
God’s thoughts, we must study statistics, for these are the 
measure of his purpose.” As it would be impossible to give a 
higher recommendation for the study of statistics, we pass on to 
the next notable manifestation of this divine mathematics, 
with the parting tribute to Quetelet that for thirty-five years 
(1837-71) he slaved at anthropometry—the measurement of 
man, 

An obscure but highly intellectual contemporary of Ques 
let’s was the next to apply arithmetic to the inner secr 
living things. G. Mendel (1822-1884, Austria), abbotwef<the 
monastery at Briinn, in 1865-6 published the engae his 
beautifully scientific experiments on the hybridiz; fion of peas, 
Persuch uber Pflanzenhybriden. For the first in history 
heredity was linked to mathematics. J Ps work was 
overlooked until the discovery of his buri per in 1900. By 
then, others had found similar trails leading to the science of 
genetics; but Mendel is universally seni as the founder of 
that vast science. It would be interesting to know what the abbot 
would have thought could sglleome that his arithmetic 


of heredity was to be used as rgument for compulsory birth 
control among the criminal the feeble-minded. 

An intellectual synthésid of both Quetelet and Mendel ap- 
peared in the peculia is of F. Galton!” (1822-1911, English, 
a cousin of Charles ~win), who made the next epochal con- 
tribution to the hematics of man, in his investigation of 
correlations (1. 9). By 1877, Galton had arrived at the law 
he standard error of estimate. 


of regressio the formula for t : 
The expegimeéntal data from which he constructed his charts 
ranged sweet peas through moths and hounds to human 
rata was in the period 1885-8, apparently, that Galton 


fi rked out correlation coefficients. In 1889 he published a 
summary of his work on correlation in 
earlier books, Hereditary genius, 1869, n 
Science, etc., 1874, still make good reading, especially for those 
who ike to debate on environment versus heredity. Galton’s 
work, on the whole, argues against Rousseau’s conception et 
democracy, and possibly also against, the somewhat dilute 
form of Rousseau’s doctrine which inspired the Founding 
Fathers of the U.S.A. 

Galton himself had an insati 
thing under the sun. His interests em 


Natural inheritance. His 
and English men of 


able curiosity regarding every- 
braced criminology and 
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finger prints; numismatics and eugenics; and a few that can be 
described only in De Morgan’s words as ‘the crockiest crotchets 
you ever saw.” Galton’s strength was twofold: he had inherited 
(or acquired?) a first-rate intelligence; his education had 
included mathematics, botany, and anatomy. This biologist- 
mathematician was the ideal candidate to invent a social mathe- 
matics, the modern statistical method. Galton’s technical skill 
in mathematics was very limited. But his ideas were essentially 
mathematical, and they were new. When some clemegetry 
transformation bothered him, Galton called on his math¢matical 
friends, of whom one was Cayley. \\ 

The decisive step took off from Galton’s works W.F.R. 
Weldon’s (1860-1906, English) studies of variapiOn among indi- 
viduals and local races. Weldon’s ‘populatiérs’ consisted of 
shrimps and shore crabs; his statistics wastawght to him by the 
master himself, Galton. Measurements e organs of shrimps 
(1890) convinced Weldon that certainth logical characteristics 
are expressible in terms of correlati nd variation. In 1892, he 
devised a method for computing, Gorrelation coefficients. Inci- 
dentally, the perfection of computing machines greatly acceler- 
ated the applications of rage methods. Weldon was not a 
mathematician by training\but a biologist. In 1901 he and K. 
Pearson (1857-1936, lish) founded Biometrika, a journal 
devoted to biometry, ie science of the measurement of life.’ 

Continuing ii Me on’s direction, Pearson gave the statis- 
tical method it; Ponsert impulse since Quetelet. Pearson was 4 
highly train fathematician before he ever thought of biome- 
try. The ematics of statistics therefore caused him little 
troubles Bis earlier work!® was in mathematical physics, in 
such things as theories of ether-squirts, as he called them, to 
act t for the existence of matter. But he quickly dropped these 

ly academic exercises when he found his true vocation in 4 
w subject just opening up and suggestive enough to give even 
his restless imagination pause. 

To Pearson more than to any other one man are due the 
mathematical techniques used by the majority of American 
educationists. Other methods are available, notably those 
developed with great skill and mathematical tact by the Scandi- 
navian school; but in the main, Americans have preferred the 
procedures of the British school. The preference was confirmet 
by the work of R. A. Fisher, especially in applications to agt!- 
cultural and horticultural experimentation. Although Fisher 
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struck out in new directions of his own, he is usually regarded in 
the United States as Pearson’s successor. Concerning the 
Scandinavian procedures, it seems just to say that the differ- 
ences between them and the British are more a matter of tech- 
niques in calculation than any addition of significant statistical 
concepts. The basic ideas, the ‘philosophy,’ of the modern sta- 
tistical method originated in the British school—not forgetting 
“the late Rev. Mr. Bayes.” 

Since the foregoing remarks on Fisher’s work were writtey® 
(1940), an uninformed criticism of his contribution to mo 
statistical methods appeared where it is likely to do most, 
namely, in a journal addressed primarily to educ 
Statistical analyses of test data forming so prominent art of 
educational technique, it will be well here to qi toa leading 
American expert on statistical theory ot criticism in 


question, so that others than the author of istaken judg- 
ment may not be misled. Replying (19: ‘O the misguided 
critic, H, Hotelling (1895-, U.S.A.) pupth® matter right: 


The statement that “except for the di tioh of the coefficient of correla 
tion for small samples, there is not a sing! g that is fundamentally new in 
the work of one of the greatest 


the Fisher system” does not do justi 

originators in the history of eatviegh metho R. A, Fisher has been re~ 
sponsible for so many and such ingeni us advances in the theory of statistics 
and in statistical methods that ixTimpossible in a brief note even to enumer- 
ate them. Among them are tematic use and treatment of the method of 
maximum likelihood, the id&a)of sufficient statistics, the demonstration of the 
inefficiency of the meth ff moments which has been universally used and 
taught as the sole ms of fitting frequency curves, the exact distributions, 


not only in small safaples of any size, of the correlation coefficients, and also 
of the partial elie correlation coefiicients, of the variance ratio, and of 
other statisticgsRigher was the principal leader in bringing about the use of the 
correct uray ot degrees of freedom in testing independence from contin: 
gency tabla and also in the introduction of valid and efficient experimental 
signs thyough the principle of randomization. He has made valunbe oe 
hs to computational techniques, including his useful method of finding 


an invérse matrix. 


Incidentally, the mention of the inverse matrix is a reminder 
that matrix algebra, especially on its computational side Ga 
which Hotelling himself has made notable advances among iS 
humerous contributions to statistical theory and methods), has 
become a commonplace of modern statistics. Algebraists asa 
rule have been rather indifferent to the computational aspects 
of matrices, There is still much to be done; the recent Sets 
experts in modern algebra, for instance A. A. Albert ( > 


tril 
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U.S.A,), in this practical department of the theory of matrices 
promises that some of what is required will be forthcoming. The 
demands of atomic and molecular physics are equally compelling, 
Some of Pearson’s most important contributions are con- 
tained in the long series of memoirs beginning in 1894 and ex- 
tending over about twenty years, with the rather curious title 
Contributions to the mathematical theory of evolution. Geneticists 
and other practical biologists who work with living animals and 
plants, from fruit flies and the greater families of the info 
feeble-minded to evening primroses and jimson we ‘look 
rather coldly on purely mathematical attempts to on 
the tangled complexities of heredity. Neverthel 


most hardened experimentalist uses the statis 
interpret his genetic findings. Pearson hims 


to have lost some of his youthful faith tha athematics can 


guide biology. Apparently it cannot, more than it can 
render physical laboratories superfluou: 
On the technical side, Pearson ( introduced the method 


of moments, and defined the nor 
ation. In 1900 he independent] 
‘chi-squared’ test for goodne: fit. In this he had been antici- 
pated by Helmert in 1875-\s pointed out by Fisher,® “Pear- 
son’s paper contained rious error, which vitiated most of 
the tests of goodness up to 1921, yet the correction of the 
error” necessitates Only minor numerical changes. This circum- 
stance in itself si sts an interesting problem in probability. 
Modern st ‘ics makes heavy demands of knowledge and 
skill on its tees in pure mathematics. Among the mcthods 
which nav und applications in statistics are those of spherical 
RL ty in space of m dimensions, topology, and abstract 
spac wo details of the modern pure theory will suffice. To 


a curve and standard devi- 
vented the extremely useful 


ve fF (1856-1922, Russian) is due the concept of enchained 
probabilities. This concerns chains of successive probabilities, 
in which the value of the probability for a variable in a given 
place in the chain depends on the values obtained for the pre- 
ceding variables, The Russian and French schools have investi- 
gated such probabilities most extensively. For an account 
of modern work, we refer to Fréchet’s Recherches théoriques 
modernes en calcul des probabilités, 1936. Fréchet himself general- 
ized the classical theory of probability as an application of his 
abstract spaces. Among general theorems, the following is one 
of the most curious: whenever the probability p of a determinate 
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event is not changed by the knowledge of a finite number of 
results, » cannot be either 0 or 1. As a last specimen of the 
unexpected, Borel convinced himself that he had proved the 
astounding theorem that the human mind cannot imitate chance. 
Venturing no opinion on the reality of this diaphanous ghost 
of human free will, we merely note that a mastery of the 
modern statistical method demands a subtle mind and much 
mathematics. 

The pure theory of the 1930’s also appeared at last to be on 
the point of generating essentially new mathematics, for hy 
first time in the history of probability. In his analysis of ‘ 
tives, R. von Mises (German) encountered novel prob 8 in 
convergence, To circumvent endless metaphysical dis@usion on 
the meaning of ‘equally likely’ and ‘random,’ yo Mises con- 
sidered the actual sequences that might arise, in throwing a 
die, such as 6, 6, 2, 1, 4, 3,....- Sucha nce is called a 
collective; and it is postulated that if, among‘the first numbers 
of a collective, a specified number occu; times, then m/n ap- 
proaches a limit, ‘Randomness’ is xepliced by the postulate 
that if from one collective anothe, iS tormed by selection with- 
out knowledge of the value of @selected term, the limits de- 
scribed remain unchanged. J? may therefore be possible to 
teplace doubtful metaphystés ‘of probability by sound mathe- 
matics. If so, we may day begin to understand why our 


race, endowed with yi as it is supposed to be, occasionally 
behaves so unrea onhel . 


KS Retrospect 
Here w Qh the end of our journey. Looking back over t! 


he 


long and jous road, we see that mathematics -in the = or 
seven sand years of its known progress has contribute to 
; to be of enduring worth: 


Yon two things which promise a a 
the méthod of deductive restoning as it has developed in techni- 
cal mathematics; the mathematical description of nature. 

It was in mathematics that deductive reasoning, first ap- 
peared, and it is from the same source that its successive exten- 
sions and refinements have issued. In its most powerful on 
deductive reasoning is mathematics. The logical appar ber 
in mathematics is incomparably more varied, more su ve 4 
more creative of new combinations than that associate a : 
any other field of knowledge. And there has yet to be ane 
method more efficacious than the mathematical for enabling 
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human beings to reason about the results of scentific observa- 
tions and experiments. 

Compared with these two, all the rest is a matter of tactics. 
Thus, for example, the fact that analysis since the seventeenth 
century has proved more pliable than synthetic geometry in the 
mathematical description of nature is of historical interest, but 
it is not necessarily of any lasting significance. Geometry in the 
past held the same position relative to science that analysis 
holds today. A century hence, topology or some as yet uncxéated 
mathematics may have revitalized geometry and restoréd'it to 
scientific favor. But unless the mathematical meting cole 
into another, as distinct from what mathematics Ow as was 
the empiricism which preceded mathematics fr thematics, 
it seems probable that the mathematical deg tion of nature 
will retain its significance. S 

Alternatives are conceivable, indeed\possible. Mystics, to 
whom, the scientific habit of mind is onlwless repellent than the 


precision of mathematics with its ; sharp clarity, prophesy 
a method more intuitive than th: f science and mathematics. 
Adepts will perceive the uni as it ‘is,’ without an effort 
of sense or thought. Even ger things have happened; and 


perhaps the strangest of ‘all is the marvel that mathematics 
should be possible to ¢ akin to the apes. 


& 
& 
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opinion; argument against, 4 

5 2, 354, 457. 

randria knew the special case for reflection from a plane. 
id disquirendum maximum et minimum, Ocwores, 1. 

tes a number, and 1 the unit ‘Jength, x” denotes the number x X 1. 
-¥ of vortices. 

je sort of story a little boy might m: 
ibnizens mathematische Schriften, hsg- 
10-35, espec. 21. 

17. Among projected applications was a lo 
called by Leibniz analysis situs. This has_no 
analysis situs. i 

18. Disquisisiones arithmeticae, Lipsiae, 1801, 745, ($76): “ » - » et eck. Waring 
fatetur demonstrationem eo difficiliorem videri, quod sulla notatio fingi possit, quae 
numerum primum exprimat—At nostro iudicio buiusmodi veritates ex notiol ier 
potius quam notationibus hauriri debebant.” This is the one place in what he himself 
published that Gauss indulged ja irony and sarcasm (also a pun), perhaps to show that 
he was more human than come of his admirers. Contrary opiaion on notation, especially 
in regard to the calculus, by M. Cantor, AT. 

19. See 7, where Newton explains his notation. 


ake up,”—Madeleine Dimytryk. 
C. L Gerhardt, Berlin, 1850, Abt. !, 
Bd. i‘ 
gical calculus of geometrical propositions 
connection with the modern meaning of 
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20. W. D. Ross, Aristotle selections, New York, 1927, espec. 88-99 (Metaphysics, 
1066-7, 1068-9; Physics, 231-3, 239-40). 

21.’ Correspondence in Fermat’s Orusres. 

QB. De ratiocintis in tudo alacae. 

28. L. E, Dickson, Hist. theory of numbers, Washington, 1919, 1, 59. 

24. For a spectacular instance, 5, Skewes, Jour, London Math. Soc., 8, 1933, 277. 

25. H. J. 8, Smith, Coll. math. papers, Oxford, 1894, 1, 42, 

26. Cajori, in Napier tercentenary ol., London, 1914. 

27. Discorsi e dimostrazioni matematice etc., Leyden, 1638, E, Mach, Die Mechanik 
in ihre Entwickelung, 1883; (trans., T. J. McCormack) London, 1902; A. Einstein and 
L. Infeld, Evolution of physics, New York, 1938, Chap. 1. 

28. A. 8, Eddington, The philosophy of physical science, London, 1939. << 

29. Much scholarly and inconclusive disputation on both sides. » 

30. Portsmouth papers. 

81. Horologium oscillatorium. 


Chap. 8 


1. Credited by some with exponents. 
2. A proof of consistency is external to the formali 
3. Mémoir sur la théorie des équivalences algébrig: mercies @analyse, etc., 4, 


94). 
4. Schriften (ed., Gerhardt) IT (3), 12; V ©), 288 60. 

4a, Euler's, 5 May 1777. 

5. Harmonia mensurarum, Cambridge, 172828. 

@. Not to be confused with Horst WestelS 

7. Corrected by A. Ostrowski, Gaugs’Werke, 102. 

8. Texts on modern higher algebratwritten after 1929; concise summary by O. Ore, 
Lalgébre abstraite, Paris, 1936. 

9. References and historical eVatuation, Gauss, Werke, 102, 1923, 56-. 

10, Report, British Assoc. Add> Sci., 3, 1834; Symbolical algebra, 1845. 

11. The terms ‘commutative,’ ‘distributive’ were introduced in 181¢ by F. J. Ser- 
vois Gergonne’s Annalég,<54814-15, 93); ‘associative’ by Hamilton. 

12. A8, 1, 460. 

18. Dedekind, , 3, 335. 

14. Allgemei ction-Theorie, 1882, 54. , 

1B, Compiz tendu du 2”* (1900) congrés internationale des mathématictens, Paris, 
1902, 72. Vy 


YO Chap. 9 


reseen by Gauss in 1831; Werke 2, 176: “Der Mathematik... ” 
> Combinatorial multiplication, 
.®) - Alternate numbers. 
4. Uber der Zahlbegrif.. 
6. Die lineale Ausdeknungstchre, ein neuer Zoveig der Mathematik, 1844; Die dus- 
dehnungslehre, vollstandig und in strenger Form bearbeitet, 1862. 
6. Werke, 8, 357-62, espec. 360. ‘ 
7. Mabius tried but failed to make Gauss publish his thoughts on analysis situs- 
‘i 8. Berichte... der Sachsischen Gesellschaft der Wissenschaften xu Leipxig, 62, 
0, 189. 
9. Amer. Journ. Math., 4, 1881, 97-. 
10, Proc. Amer. Assoc. Ado. Sci., 35, 1886, 37; Collected works of J. W. G., New Yorks 
1928, 2, 90, Vector analysis, New Haven, 1881, 1884. 
1L, Life, etc., of P. G. Tait, Cambridge, 1911, 164. 
12, dn elementary treatise on quaternions, ed. 3, 1890, vi. 
43. Delle derivazione covariante ¢ contravariante, Padova, 1888. 
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14. L. E, Dickson, Algebras and their arithmetics, Chicago, 1923, 200; L. E. D., 
vant, Amer. Math, Soc., 4, 1913, 13; E. V. Huntington, ibid., 6, 1905, 181. 

15. Ocuores, Christiania, 1881, 2, 224, 330. 

16, Oeuores, ete.; Journ. des Math., 11, 1846, 395, 417-8 

41. First paper, 1853; Werke, 4, 1929, L 

18, Beginning in 1858; Werke, 3, 439. 

19. In the 1930's, ‘structure’ appeared with a different mesning in abstract alge- 
raj ‘structure’ as explained here dates from 1912 at latest. 

BL. Principia mathematica, Cambridge, 1912, 2, *150; B. Russell, The analysis of 
satter, New York, 1927, Chap. 24. 


Chap. 10 


1. Kronecker’s history (1875) is followed here; Werke, 1897, 2, 1. Res 

2. Generalized in the theory of relative fields. N 

B. See H. J. §, Smith, Report on the theory of numbers, Oxford, 1894, 1, 93 Oy 
rer dvew a bivarre analogy between the invisible activities of his implicit ideal num@be 
rer oie of the thenndiscovered element fuorine. Advances in arithmetié and 
hemistry quickly made nonsense of the analogy—retailed, with spproreh ay late as 
921 by a prominent mathematician. a 7 

4. The ideals of a given number field are classified with respe: tain equiva- 
ence relation into a finite number of classes; a usable Seba 
astance, of this ‘class-number’ is an outstanding desideratum, 

5. G, Zolotareff’s (Russian) of the 1870’s-80's has bee: ts 

8, Historical-critical account in H. Hasse (German) er... Zahikirper, 
2, Leipzig, 1930. Modern generalizations originate imthe)elass-feld theory, begun by 
Titbert in 1898; the landmarks are the theorems of P. ‘wanglcr (German), 1902-28; 
, Takagi (Japanese), 1922; E. Artin (Germany, ), 1927-8; HL Hasse, 1924-30. 
the modernized Galois theory of fields is basi 

1, Daughter of M. Noether, mathemal 
nathematician), “Emmy was the origin 

8. Werke, 1932, 1, 64 


9. Acta eruditorum, 2, 1683, a 
VEnglish) work 1832-5. 


10. Special case of G. B. Jerr Pe fo 
AL. Oeuvres, 3. Similar p an by C. A. Vandermonde, Mémoire sur la résolution 
les Equations, Paris, 17745 ar Milton! (731-1807, Italian), De aequationibus [of 
Jegree 6), Siena, 1773; D per ta risolusione [of equations of degree 5} ibid,, 172. 
12. Coll. Math. Pa: 402: “A group is defined by the laws of combination ofits 
symbols.” Ibid., 403, oe a rametimes called Dyck’s theorem (Math. Annalen, 20, 


1882, 30): every ate Faap is representable as a permutation grOuP- 
TG: fondo Tra Paris, 1870, 42. 
Traité des substitutions, ‘aris, ), 42. 

rized presentation of the Galois theory proceeds from the group of 
eee sdrmal field, (See A. A. Albert, Modern higher algebra, Chicago, 


autol 
1937, ce 8). 4 
U ae account, with historical notes, in F. Klein, Lectures om the icosahedron 
(trans., G. G, Morrice, London, 1913, of Das Ikosaeder, v8. 1884). i 
17. Moore and Hélder almost simultaneously (1893) discovered the group of auto- 
morphisms of any finite group, basic in 18. 
18. Notably I. Schur (German). 


ton, inany given 


cervedly neglected. 


according to E, Landau (German 
dinates in the N. family.” 


Chap. 11 


1. Algebras without 2 finite basis have been much less studied. 
2. Principally in the class-field theory. di 
01 
8. Whar God told Eve, 25 reported by Milton pinear algebra, Cam- 


4, Exposition and bibliography to 1916 in L. E. Dicsool, “inc : 
bridge, 1916; for 1916-33, Dickson, Algebras and their ‘arishmetics, Chicago, 1923; for 
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1923-34, M, Deuring, Algebren, Berlin, 1935. The like for the theory of ideals in W. 
Krall, Zdealiheorie, Berlin, 1935. 
B. Amer. Jour. Math., 4, 1881, 229. Previously by Frobenins, Journ, fiir Math., 84, 
1878, 59. 
6, Non-associative algebras have been iess extensively investigated; a famous one 
is Cayley’s of order 8, which found an application in the quantum theory. 
7. This marks the beginning of the modern structural theory of linear associative 
algebra. 
8 From 4, 1916, 66. 
9. Werke, 2, 169. 
10. Son of the mathematician G. D. Birkhoft. 
11. Ore’s, with a few verbal changes to suit our terminology. See also $, MacLane, 
Amer, Math. Monthly, 46, 1939, 3. 
12. "The Jordan-Halder decomposition theorem, described carlier, an, 
ments, also Wedderbura’s theorem on the structure of linear algebras, are’ 
Chap, 12 ° 


1. W.F, Osgood, Functions of real variables, Peking, weg 
2, E, Landan, Grundlagen der Analysis, Leipzig, 1930. 

3B. Galileo Galilei, Discorsi e dimestranion’ matematiche@anorno @ due nuove sclenze, 
Leida, 1638, espec. 32-3. 

4. First English translation of 8: Galilacus Galilagus} Mathematical discourses and 
demonstrations, ete., London, 1665, 25-7. This gives kphuch sharper rendition of Gali- 
leo’s arguments on the infinite than any other se 


ances. 


6. Terms used interchangcably by several Butfors. 

G. Paradoxien des Unendlichen, 1850 ( mous ed., F. P¥inhonsky). 

1. Phil. Werke (ed., Gerhardt), 1, 338Deibniz was right, but not for the reason he 
gave; see end of this chapter. 

8. Unter einer “Menge” verstehep wir jede Zusammenfassung M von bestimmten 
woblunterschiedenen Objecten m unt¥er Anschauung oder unseres Denkens (welche die 

von M gennant werden) 2u cinen Ganzen.—-G. Cantor, Ges. Abkandlungen, 

Berlin, 1932, 282. No two ofgegezen mathematicians and scientists bilingual in English 
and German agreed on t ‘ning of this definition; two said it was meaningless. This 
definition is one sour juble in the foundations of mathematics. 

9. F. V. Huntingto} 


3. 


2(1939) worked in this ficld. 

r has some claim to have been the founder of ‘operationalism” 
) philosophy in science. 

incipal works: Begriffschrift, 1879; Die Grundlagen der Arithmetik, eine 
mathematische Untersuchung aber den Begriff der Zahl, 1884; Grundgesetze der 
etik, 1 (1893), 2 (1903). 

16. It seldom is in mathematics. 


Chap. 18 

1. Also in C, Maclaurin’s Treatise on fuxions, Edinburgh, 1742, the locus classicus 
for fluxions. 

2. Ostwald’s Klassiker, u.s.w., No. 211. 

8. Analyse des infintment petits, Paris, 1730. 

4, Exasperated by some of his pupils from Canada, E, H. Moore called ‘nothing’ 
“the Canadian zero.” 

5. Exceptions noted in connection with asymptotic expansions. : 

6. The Diderot-I’Alembert Encyclopédie, ou dictionnaire raisonné, ete. Paris, 
1754, Geneva, 1772; Acts. Limite, diférentiet. 
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2. Oeuores, 9, 15-20. 

8. Oewores, 9, 141. 

9, For a critical mathematician's defense of Lagrange’s method when it was com- 
paratively new, see A, De Morgan, Penny Encyclopedia, London, 1837; Art. Differential 
Caleutus. 

10, Der Polynomiscke Lehrsats u.s.w., son Tetens, Kliigel, Krampf, Pfaff wad Hin 
denburg, Leipzig, 1796. 

LL. Is, Uber,” L'intermédiare des Mathématiciens, 23, 1916, 164, 

12. Werke, 3, 123. 

18. Serious oversight noted in later chapter. 

45. In one proof of the fundamental theorem of algebra, he arsumed that if f(x) is a 


polynomial in x, and if f(a), f(8) are of opposite signs, for a, b real and a <6, then 

J) = 0 for some ¢ such thata <¢ <b. ¢ & 
16, Noted in later chapter. N 
17. The analytical theory of heat (trans., A. Freeman), Cambridge, 1878, Tl tues. 

ascribed (p. 7) by Fourier to mathematics are precisely those which this, his lece, 


lacks, 
18. ibid., 168. ay 

19. ibid., 184. S 

20. ‘The general French opinion, Darboux dissenting. 4 

21. See 17, 185. Euler also had almost found the theo! thi matter is resumed 
in a later chapter. 

22. Werke, 1, 135. » 

23. Published posthumously, 1867. 

24, HH, J. 8. Smith, (Coll. papers, 2, 313) in 


Riemann’s statements. ee 
25. Compte rendu du 2™* congrés internation 2s mathimaticiens . . . 1900; publ., 


Paris, 1902; 120-2. 
gu 


dlusive of the analytic theory) to 1923, L. E. 
20-23, 3 vols. 

first detected by Dickson 
see Dickson, Modern 


rected and amplified some of 


For references to the Jiterat 
Dickson, History of the theory zers, Washington, 1919~ 
1. The disastrous fallagelG rt. 299 of the Disquisitiones, 
(1921), retarded or misl sphantine analysis for 120 years; 
elementary theory of nugabep?, Chicago, 1939, Chap. 9. 


2, Customaril O74 the Pellian equation, after an obscure English mathe- 
matician, J. Pell 1685). 

3. Reprodudedy 1913. ; 

4, As p But first by Jacobi, Journ, fir Math, 30, 1845, 184. The Weierstras- 


primary factors was necessary. 
‘eal claims in behalf of the crystallographi 
fees, seem to be based on a misapprehension o| 


er Bravais, based on his work on 
f what the geometry of numbers 


Used by Gauss, 1801, in the composition of binary quadratics. 

7, Sufficient to assume the roots of f(s) distinct andc #0. ; 
8, A’ brilliant suggestion by an emineat American historian of mathemalss 

scribes the invention cf congruence to the 12-hour day and the 365-day year, facts wit 


which Gauss undoubtedly was acquainted, "The same authority detects finite sroups in 
the Babylon of 2000 x.c., and even in prehistoric times. Not to be outdone, a ‘ rman 
specialist ascribes a ‘consciousness’ of group theory to practically all peoples who ever 


made or used a pot, becatise of the repeat patterns decorating primitive pottery. Anyone 
personally acquainted with Indians may be pardoned a little skepticism.—Both con- 
jectures were advanced as serious contributions to the history ‘of mathematics, They 
may be. 

9 History, 3, vii. 
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40. Posthumously published work of Gauss on the binary quadratic class-number 
indicates that he used analysis organically in 1834 and possibly earlier. Dirichlet has 
priority of publication and complete independence. 

LL. For example, the prime number theorem. 

42. Proceeding from his work on functions defined by Taylor series, Paris thesis, 
1892. 

18. Outline history to 1909 incidentally in E, Landau’s Handbuch der Lehre von der 
Verivilung der Primaahlen, Leipzig, 1909, 1, 2. Evaluations of Tchebycheff’s contribu- 
tions, ibid,, 1, 11-18; and of Riemann’s, 29-36, For more recent related work, Landau, 
Vorlesungen ber Zahlentheorie, Leipzig, 1927, 2. 

14, Six properties of {(3); Landau, Primzaklen, 31-3. 

15. The crucial point is to find all positive integers #, or to show that none-exist, for 


which N 
C-LQ]-- OO] y2 


where [N] denotes the greatest integer < the positive integer us 


Chap. 16 Re) 


1. L. E. Dickson, in Miller, Blichicldt and Dicksgdy Finite groups, New York, 1916, 

2. Historical note in G. Salmon, Geometry of tHaedimensions, ed. 2, Dublin, 1865, 
422, 

8. As by the calculus of variations. XC) 

4. Stationary, as by 3. 

6. D. M. Y, Sommerville’s, St. Andselys, 1911. 

8. ‘The interpretation of a seomere not in that geometry, More on this point is 
implied in the concluding one 


c\ Chap. 16 


4, By count of the p als reported on in the abstract-journals. 
2, An estimate, i trade journals, gave about 70,000 in 1930. 


Chap. 17 
1, The cal; ‘of spinors, the nearest approach to novelty, demanded the inven- 


tion of no nm hematics. 

2. The gathcucted remark of d’Alembert, attributed by him to a nameless gentle 
man, that mechanics can be considered as a four-dimensional geometry, had no influence 
whateve?on subsequent developments. 

< most extinct in living mathematics as contrasted with mathematical physics. 

. The only object of theoretical physics is to calculate results that can be com- 

ed with experiment.”—P, A. M. Dirac, The principles of quantum mechanics, Cam- 
ridge, 1930, 7. 

5, If there is a potential function, the system is said to be conservative. 

6. The brachistochrone; are of a cycloid. 

7. G. D. Birkhofi, Dynamical systems, New York, 1927. ; 

8, Account, with historical references, in E. T. Whittaker, Analytical dynamics, 
ete., Cambridge, 1917. K. F. Sundman (Finland), Acta Soc. Scientatis Fennicae, 1906, 
1909, proved the existence of an analytic solution, the single case of triple collision 
excluded; see also Acta Mathematica (Stockholm), 36, 1912, 105, 

9. Mathematical comparison in 7, 55-8. 

10. Zenodorus (¢. 150 n.c.), Archimedes. % 
AL, Virgil’s Aeneid, 1, 369: . . . taurine quantum possent circumdare tergo- 
12. Stated and incorrectly solved by Galileo in his Dialogues, 1630, 
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18, Just apportionment of credit between James and John hes been a source of 
much controversy. 
14, Detailed account and references to original sources in G. A. Bl 
Monthly, 43, 1936, 598. a ies Aaa Mest 
15, ‘Too technical for discussion here; see Bliss, Galeulus of variations, Chica 
1925, 131; 0. Bolaa, Lectures on the calculus of variations, New York, 1931 *riat from 
1915, 15150 of lew York, 1931 (reprint from 
16. First course not later than 1872. 


Chap. 18 
4. Accounts of the special functions mentioned here are given in texts on advanced 
calculus, or in introductory texts on mathematical physics. 
2. Originating with Euler (1755) and Lagrange (1778), who obtained the general, 
equations by different methods. XN 


3. Comm, Sci, Imp. Petrop. (St. Petersburg) 6, publ, 1738. gy 
4. Leibnixens Ges. Werke, 34 seq., Halle, 1855, 75. < 
B. Novi Comm. Acad. Petrop., 10, publ. 1766, 243. 
6, V2 in three dimensions is the Laplacian operator 38/22" + ata ato8, in 
two dimensions, Y? = 64/dx? + a%/dy* > 
Prsented to the 


7. « denotes the diffusivity; Z time. Fourier’s first paper wa 
Paris Academy in 1807, and in improved form, 1811. In his Dior analytigue de to 
chaleur, 1822, Fourier practically ignored the objections 1 Laplace, Lagrange, 
and Legendre to earlier work. 

8. Simplified requirement. 

9, Bither by modifying the restrictions impo jentific requirements, or by 
passing from 3 independent variables to r, as in imglégate generalizations of Laplace’ 
equation and the corresponding ‘harmonic’ funcgigat= The latter type of generalization, 
in spite of its elegance, has been called point modern analysts. 

10. He also made notable contributions tothe theory of permutation groups. 

11, Detailed statement in any moderpext on potential theory. 

12, 0. D. Kellogg, Foundations of potdutial theory, Beslin, 1929, (historical notes), 

43. So dubbed by W. H. on "roc. London Math, Soc., 24, 1925-6, ‘Stokes’ 

sic 


theorem’ should be named aft in (W. Thomson), who knew it by 1850; see 
G. G. Stokes, Mathematical cal papers, Cambridge, 5, 320. 

4A, See Young, 13. ; 

15. ‘This philosophy Js {not copyrighted. There is a partial generalization by abelian 
Fo ee ee Gen number of dimensions. It is no silier than the resurrected 
Fane et cad abnsense of the English engineer J.W. Dunne, or of the English 
novelist. J. ay, and others, for the interpretation of dreams. Any trained 
mathematiciay Guemystic the time-mysties at their own crazy game, were it 
worth hie teByble. At that it might be: educated people have paid from one to three 
dollars a, héRd to listen to a lecture on this kind of ‘higher mathematics.” 


46, GGn of the mathematician Count Riceati. ; 
red in the publications of the 


fost of Euler’s work on elliptic integrals appea! oft 
St. Petersburg Academy. Publication was often delayed; éo that the dates of printing 
and receipt of a completed manuscript sometimes differ by two or three yeart- 
18. London Roy. Soc. Phil. Trans., 1771, 1775. 
ie condor Ry ee ge hiyperbolae, Novi Comm. Acad. Sci. Petrap., 1766. The 
relevant pastage is: “Imprimis autem hic idoneus signandi modus desiderari viderur, 
vode in calculo exprimi queant, ac jam logarithm! et 


cujus ope arcus elliptici aeque comm > expe 2 hm 
areus exreulares ad insigne Analyseos per idonea signa in ealculum sunt introducti 


20. Made as early as 1825. : 
BL. Ip the levter wo Bessel, 30 March, 1828, Gauss (Werke, 10,, 247) seems to imply 


that Abel had anticipated only a third of his (G's) work. If this is what Gauss meat 
Pee et aeaaciated by anything thus far found in his papers. Abel went far beyond 
what ie actwally published (posthumously) of Gauss’ work in elliptic functions, 
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22. Werke, 2, 29. Jacobi overlooked the necessary restriction to single-valuedness in 
his proof. A.Gdpel's well-founded objection (Journ. fir Math., 35, 1847, 302) is dis- 
missed by Jacobi with the incredulous footnote “!?.” 

3. It astonished Legendre. 

24, Modernized account, to 1927, in R. Fueter, Vorlesungen aber die singuldren 
Moduln, u.s.w., Leipzig, 1924, 1927. 

265. Their literature is a mass of conflicting notations, 

26, Meromorphic functions. 

27, Posthumously published; developed from his now almost abandoned theory of 
arithmetic-geometric means. 

28, Thus there is the complete and popular theory of Weierstrass. 

29, The wave surface in optics is an interesting example. ‘The reasons w 
geometric applications will appear in connection with algebraic functions, dis 
later chapter. 

80. Jacobi gave the first treatment by elliptic functions. Since th is a top, 
fat books on the motion of tops and gyroscopes have been written, all IF peppered 
with elliptic thetas and elliptic functions. Why anybody should yngvter such works 
today is not clear. ey 


Chap. 19 <O 
1. Methodus fluxionum et serierum infinitarum, waltiss probably composed 
about 1671. 8) 
2. J. Francesco. un 
8. Leibniz’ work (1692-4) on ex might Weve an earlier claim on geometric 
considerations. y 
4. First used, apparently, by John Be 
equation of the first order, dy/de 4 fy = 
his Principia used 2 geomettic equival 
B. An American author was 


in 1697 to solve the general linear 

¢ functions of x alone). Newton (1687) ia 
‘discussing the motion of the moon. 
ly lectured (1939) by an English critic for 
using the “Americanism” ‘cal ? instead of ‘calculi.’ The plural ‘calculuses’ 
originated in England. Lord Kare ‘died, 1907), among other scientists, staged several 
modernized grammarians’ als for the schoolmasterish pedants afflicted with 
‘calculi.’ ‘Schoolmasterigh? &§ is English. 

6. Often denoted ndgby an enormous capital ‘S.” 

7. For the formulas mentioned, see any text on interpolation or finite differences. 

B. Ars conject asel, 1713. 

9. E, GourpagZecons sur le problme de Pfaff, Paris, 1922; J. M. Thomas, Difer- 
ential systems York, 1937. ; 

10. Hiseorgy etc., in A. R. Forsyth, Theory of differential equations, Cambridge, 


1890, volt 
LLARNblished in abstract, 1835; more fully by Abbé Moigno, 1844, who reported 
Cay 's lectures. ‘ 

. For partial differential equations, the method (1908) of W. Ritz, sharpening 
<DH Rayleish’s of 1870, 199, bas proved useful practically. : 

13. Through a generalization of Olivier's generalized circular and hyperbolie 
functions. % 

14. P. A. MacMahon, Combinatorial analysis, Cambridge, 1915, Vol. 1 

15. R.A, Fisher, The design of experiments, ed. 2, Edinburgh, 1937. 

46. In later life a leader in French politics and holder of high offices. ; 

17. Some of his original work is reproduced in his Treatise on differential equations 
London, 1859, Supplementary volume, 1865. 

18. N. W. McLachlan, Complex variable and operational caleulus 
applications, Cambridge, 1939 (with bibliography, 222 titles). 

19. ©. T, Whittaker, Calcutta Math, Soc. Commemorative Fol., Caleutta, 1930, 216 

20. Exhibition in G. Doetsch, Theorie und Anwendung der Laplace Transformations 
Berlin, 1937. 


with technical 
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21. Existing work in differential equations sufficed to justify Heaviside’s expansion 
theorem; see F. D, Murnaghan, Bull. Amer. Math. Soc., 1927, 

22, Criticism and history in A. R. Forsyth, Anti del IV (1908) congresso internazionale 
de atemasii Rome, 1909, 86; Theory of diferential equations, Cambridge, 1906, 
vol. 6. 

23, J. Hadamard, Lectures on Cauchy's problem, New Haven, 1923. 
24, References in FP, R. Moulton, Differential equations, New York, 1930, 375. 
26, O. Veblen, 
Chap. 20 
1. General definition of algebraic invariance from modern standpoint, H. Weyl 
Duke Math. Journ., 8, 1939, 493; also, Weyl, The classical groups, ete., Princeton, 1938 
2, Adapted from C. J. Keyser, Hibbert Journ., 3, 1904-5, 313. 
&, Square of determinant of the transformation; in Lagrange’s exam, le Dye 
determinant is 1. x 


ry 


4, Modern usage favors ‘invariant’ for both species, as in ‘theory of jnivafiants.” 
5. A quantic is an algebraic form as already defined. The theory seers by 
Sylvester has a luxuriant vocabulary, the greater part of which is now’adead language. 


6, Used in a technical sense different from that in algebra. < 
7. Galilean, * 
& Werke, ed. 2, Leipzig, 1892, 402. SS) 
. Specimen in Lie’s Theorie der Transformationsgrup, ) xvii, 

10, Sometimes assigned to the year 1870, Date of ation is 1872, and Klein 
himeelf (Ges, math. abhand., Leipzig, 1921, 1, 411), 10 claim for an earlier origin, 
except that he imagined the incomplete project in 

11, Such an invariant is an integral, extended oer a certain region of space of one 
or more dimensions, whose value is unchang functional transformations of the 
coordinates of any point in the region. 

12, 0. Veblen and J. H.C. Whitehead ‘oundations of differential geometry, Cam- 
bridge, 1932; 0, Veblen, duti del congress ¥nternat. dei matematici, Bologna, 1928, 1, 81. 

18, History to 1890 by F. Meyer, Bericht, u.s.w., in Jahresbericht der deutschen 
Mathematiker-Vercinigung, Bering i0- 

14, A 8, 2, 433, c 


15. According to “ee compatriots. 


16. A 8, 2, 701. 

17. For brevity he fe nature of the factor is included in the statement; it can 
he proved that the fa€tOr’stated is necessary. 

18. Cayley pri ‘the finiteness for invariants of quantics up to degree 6, for 
covariants to degree 4, and found the complete systems in these cases. 

19. Stight rtainty in date duc to publication later than explanation in lectures. 
se ae bindren algebraischen Formen, Leipzig, 1872; Vorlesungen itber 

Ipzig, 1875, 1876. 

ch of interest was found; for example, Sylvester's theory of canonical forms, 
an mite’s law of reciprocity. But all now seem dead or, at liveliest, strangely 
antiquated, 

22, As late as 1940, a few belated veterans and stragglers from the Grand Army of 
Finite Groups of the 1890's were still garnering special groups as if starvation were 
staring them in the face, which it was not- 

23. H. Weyl, Duke Math. Journ., 5, 1939, $00. 

24. Possible priority dispute heres Lie has a strong claim. 

26. Historically necessitated by early imprecise notions of a ‘group’ as now tech- 
nically defined, Some of the earlier work needs restatement on this account. 

26, Theorie der Transformationsgruppen, Leipzig, 1893, 3, Vorrede. 

27. H. Weyl, Gittingen Nachrichtunz, 1930, 293; 1931, 36. i) 

28. For example, in a suitably restricted region, the functions fi, . . . , fx defining 
the transformation are analytie with non-vanishing Jacobian. 


20. 
Geometr 
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29. See 25. 

80, The + parameters must be ‘essential’; not all the transformations are to be 
obtainable in terms of fewer than r parameters. 

81. Inexact. 

32. Rigorously. 

33. This is only a rough description; see any modern text on transformation groups. 

84, Ges. Abhand., Leipzig, 1924, 5, 583. Lie’s works give the best historical account of 
his theory, as he was always just, if occasionally a little less than generous, to his 
predecessors and contemporaries. 

88. Traité Panalyse, ed. 2, vol. 3, Paris, 1908, Chap. 17, 

86, Report to 1924 in Proc. Internat. Math. Congress, Toronto, 1924, 1, 473. 


87. See 38. OD 

88. Differential equations from the algebraic standpoint, New York, 1932 > 

39. Diferential systems, New York, 1937. 

40. This is either a definition of a rigid body or a postulate of cou gan space. 
Thus in a Euclidean plane, a triangle may be freely slid about withoit alteration in 


either its sides or its angles. 
41, Weyl’s work on the representation of continuous groupgppened a new field, 
42. For obvious reasons, Hilbert is not included in this ‘statement; nor are the 
leaders in mathematical logic since 1909. S 
42a. O. Veblen, in Veblen and J. W. Young, Proje geometry, Boston, 1918, 
vol. 2, Chap. 3. 
43, J. H.C. Whitehead, Science Progress, ey 76. 


44. Veblen’s terminology. 

AB. Algebraic geometry also might have beepyincluded, had the theory of Cremons 
and birational transformations in higher snake n sufficiently developed—‘Steiner’s 
transformation’ is said to have been used\before Steiner. 

46. See 12, V. and W., 38. 

47. See 12, 0. Veblen, The i ts of quadratic differential forms, ed. 2, Cam- 
bridge, 1933; T. ¥. Thomas, Differential inoariants of generalized spaces, Cambridge, 
1934, These contain abundant feferences, 

48. A. S. Eddington, id shematical theory of relativity, Cambridge, 1923, 70. 

49. For example, ear! tober, 1939, the German universities, with the excep- 
tion of Berlin, hi , and Vienna were closed; 22 shut up shop. 


50. See 12, V. 
Bi, See 12, Ww. 
52. Folloy 


cely S, Lefschetz, Topology, New York, 1930. 
71, 4005 103, Abh. 4, 46. ; 
, 605; a generalization of Ampixe’s fundamental law. (No attempt is 


58. As by G. D. Birkhoff, Proc. Edinburgh Math Soc., 2, 1930, 83. ‘5 

59. Cayley (1878) publicized the problem, already known (1840) to Mabius. 
Veblen (1912) reduced the problem to one in a finite geometry. There is an extensive 
and inconclusive literature on this ‘Fermat’s last theorem’ of combinatorial topology: 

60. So-called here as an equivalent of the German mengentheoretische. 

61. Lefschetz, B2, 391. ' 

62. Going back to the theorems of Ampére, Green, Gauss, and Stokes (Kelvin) in 
electromagnetism. 

68, P, Alezandroff and H. Hopf, Topologie, Berlin, 1935. 


Chap. 24 


1. From an uncompleted (1940) compendinm by H. Bateman. Probably 1,400 is 
an upper limit. 


NOTES 607 


2. ‘Function’ introduced by Leibniz, 1692, with meaning different from later usage. 
John Bernoulli, 1718, gave ‘‘a quantity composed in any manner from variables and 
constants”; Euler, 1748, repeated the foregoing with “any whatever analytic expres- 
sion” instead of “quantity.” 

8. Oruores, 6, 348. 

4. K. Knopp, Theory and application of infinite series (trans., R. C. Young), 
London, 1928, Historical notes. 

B. Analyse algebrique, Paris, 1821. 

6, Newton knew its importance in a special cate, 

1. Lecons sur les séries divergentes, Paris, 1901. 

8. For other contributors, A 8, 2, 507-11. 

9. Maclaurin is said to have given a ‘geometrical equivalent’; but as the wl 
point here is rigor, it is difficult to see what the assertion could mean, : 

* 


10.) anes, the Ro real, Wi <B2 S++ << + complet 


nel Ph 
11. 0. Perron, Die Lehre von den Kettenbrichen Leipzig, 1913. Seleeibtiogenrhy 
(to 1913), 541-17, ey 

12. Applications of elementary parts of theory occur, as inife, Gaussian theory of 
systems of lenses. 

18. Werke, 3, 143. S 

14. The basic F. Riesz-Fischer theorem dates only fe6xq\19075 ite powerful general- 


ization, tom 1923. 

16. i Sele, Theory of the integral (teans., R. Goung), Warsaw, New York, 1937. 

16, Numerous previous attempted proofs, pewhaps satisfactory for their tme, 
proved nothing. ws: ; 

17, Darboux (1875) showed that Riemghn's definition produces an infinity of con- 
tinuous functions having no derivatives, OS : 

18. As it is not yet (1945) Secced DY the principals who did exactly what, our 
account is purposely ambiguous. 

19. Lebesgue’s integration 


is seldom practical. 
20. Journ, fir Math..7&1872, 188; Annales de P Ecole Normale, 1895, 51. 
‘0c, 35, 1902, 387. 


21. Proc. London Mz 
22. Math. Ann 


Yestated in terms of Riemann’e, but the reduction 


24. Mémoizelsarles intigrales difinies prises entre des limites imaginatres. 
Oe A eee ee on analetie functions also exists. Report to 1930 in E, R. Hedrick, 
Bull. Caleutsa Math. Soc., 20, 1933. , ; 

26. hyn esuivalent definitions. Analyticity is defined for a specified region of the 


tegration in the usual presentation is Riemana’s (Werke, 259), P 
Definitions, etcy in G. Ar Bliss, Algebraic functions, New York, 1953: A region 
face Sis ‘connected’ if any two points on it can be joined by 4 continuous are 
lying entirely on S. If $ is connected, and if every closed contour C on S separates 
into two connected parts, of which one has C as its complete boundary, $ imply 
connected, A crons cut joining two points on the rim (if there is one) of simply con- 
nected surface S severs S into two simply connected surfaces. Mag 

29, Implicit ia a memoir of 1814, on definite integrals, Qewores, 1, 3195 explicitly in 
24, published, 1827. ; < 

80. A converse of Cauchy’s theorem was proved by E. Morera, Lombardi Rendi- 
conti, 22, 1889, 191. 

$1, But not preferable; it assumes the existence of the exp 
See any text for the integral definition. ‘ 

82. Generalized by Poincaré to functions of two complex variables. 

33. So named by Gauss, Werke, 5, 200. 

84. Werke, 4, 189. 


ansion noted presently. 
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36. Oewores, 4, 189. 

36. Werke, 4, 259. 

87, Proof many times refined since 1901. Aceount to 1929 in O. D. Kellogg, Founda- 
tions of potential theory, Berlin, 1929. 

38. Exact account in any modern text; only a description here. 

39, Removable singularities are easily included. 

40. The French put Cauchy first; the Germans and German-educated Americans, 
Weierstrass. 

ZL. Cauchy had done practically the same. 

42. Between any two there is another. 

43, Term introdaced by Briot and Bouquet (who declined to state theit-initials), 
Théorie des fonctions elliptiques, ed. 2, Paria, 1875, 15. A 

44. Paris, Comptes rendus, etc., 17, 1843, 938. : 

45. Werke, 5. < 

46. A function having this property is called monogenic; but thef@t no point here 
in eaultiplying technical terms. > 

47. The details of sign and units are immaterial here. 

48, From unpublished historical notes by H. Bateman. qh@Reount by P. Stickel, 
A.8, 1900, 109, is incomplete. Re) 

49. Ocueres, 1, A71. NS 

50. Werke, 10;, 365. > 

BL, See Bliss, 28. fey 

52. H. EF, Baker, Abel's theorem, ete., Casapntige, 1897, 209. 

53. The theta functions are not strict} petiodic. Simultaneous increase of the 
variables by integer multiples of the (p periods restores the original fonction 
multiplied by a certain constant, Si Jd periodic fanetions are quotients of 
the thetas, as in the special case Bf elliptic functions. 

64, He introduced theta functigh? Wf p variables in 1849; Werke, 1,111. 

6. For history of algebraic ‘peoinetry, Bull, National {U.S.A Research Council, 
Washington, 63, 1929; 96, 1934\iby a committee). 

BG. Journ. fiir Math 

57. Bibliography 
New York, 1929. 

88, ForlesungenCiber die Theorie der automorphen Funktionen, (with R. Fricke), 
Leipzig, 1897, 1912 

59. Properly Wiscontinuous, 

80. Also’glatined by some for F. Casorati (1835-1890, Italian). . 

8: Mung und Begriindung ciniger neurer Ergebnisse der Funksionentheority 


81, 301. 
(00 titles) to 1929 in L. R. Ford, Automorphic functions, 


jrother of the physicist, N. Bohr. 
A. 8. Besicovitch, Almost periodic functions, Cambridge, 1932. 
4. As a rather extreme instance, compare the discussion in Salmon’s Geomeiry of 
ree dimensions, any edition, with that of O. Zariski, The reduction of the singularities 
of an algebraic surface, Annals of Math., 45, 1939, 639. 2 
@5. Klein’s acceptance by his German colleagues was slow; some never altered their 
early conviction that, whatever it might be that Klein was doing, it was not mathe- 
matics. Others granted him standing as an able expositor of others’ (Galois, Hermite, 
Clebsch, Lie, ete.) ideas in his peculiarly individual fashion. 


Chap. 22 


1. He overlooked the restricted interval in which the expansion is valid. | 

2, H, Burkhardt, Entoicklungen nach oscillirenden Functionen, 0.5-W-r (history), 
Jahresbericht der deutschen Math~Verein., Leipzig, 10, 1908, 33. 

8. Sophie Germain (1776-1831, French) might also be mentioned, although the 
validity of her work was disputed. 


NOTES 609. 


4, Usher lineare Differentialgleichungen der ssociten Ordnung (lithographed lectures), 
Gittingen, 1894. 

5. Ucher die Reihenentwicklungen der Potentialtheorie, Leipzig, 1894, 193-4. (His- 
torical sketch, 195.) 

a Contrary to the verdict in 2, delivered in 1908 before ‘modern’ physics got well 
started. 

7. Disputed by some who attribute Taylor's expansion with remainder to John 
Bernoulli. The expansion can be restated as an integral equation. Others exhibit this as 
a typical example of the kind of mathematical history which reads the future into the 
past. 

8. According to some who should know. But there is the possible catch that the 
integral equation corresponding to the two-variable case may be difficult. ; 

. In the earlier development, experts waxed quite lyrical about this; faced At 
the unavoidable calculations involved, some lapsed into silence. ° 

10. Grundsiige einer allgemitine Theorie der linear Integralgleichungen, Leiptig, 1912. 

14, Also biorthogonal functions for boundary-value problems in the dif 
ferential equations are not self-adjoint. ov 

42. Historical accounts, bibliographies, and expositions of thisyand lied, topics 
int V. Volterra, Lecons sur les éguations intégrales et les équationsGrhegro-différentielles, 
Paris, 1913; Theory of functionals and of integro-difeerential cgasi0as (trans.), London, 
1930; G. C. Evans, Functionals and their applications, ete, ork, 1918. 

18, Huygens also has a claim; but Bernoulli seems ¢ been the first to state 
the principle explicitly. < 

14. Itis suficient; but whether it is also 2: p¥eems to be an open question, 

15, As an approximation up to ‘small suas f the first order. 

18. Journ. de P Ecole Polytechnique, 13, 1832602" 

17, In the theory of linear operators, n« jater. 
48, Proposed for consideration by Leibii) 1695; Euler discussed it in 1729. Nothing 
adequate was possible at this primiti ;, and nothing came of the early attempts. 

19. See 12, Volterra. 


20. If a metric is to be impo! 
21, Without qualification, {flvbert space’ since 1927 means the apace abstracted 


from classical Hilbert space b}Jy'von Neumana. Theory in M. H, Stone, Linear trans 
jormetions in Hilbert spdue, New York, 1932. The classical space is that of all real 


vectors (wy « « « p RaQe- ) such that D) xf converges. 
1 


= 
22. H. Weyh{@hcory of groups and quantum mechanics (trans 
London, Tosh be 31-40. ae 

23. SupGuelquer points du calcul fonctionel, Palmero Rendiconti, 22, 1906, 1 ; 

2: jescription condensed from R. W. Barnard’s synopsis in General analysis 
+ Amer. Phil. Soc., Philadelphia, 1935, 1959. : 
ory to 1928, with critical evaluations, in M. Fréchet, Les espace abstraits et 
Je ‘orie considirée comme introduction 4 Panalyse générale, Paris, 1928, 

26, Grundaiige der Mengeniehre, Leipzig, 1914 (1917), But an earlier explicit use of 
‘space’ in this sense may well have been overlooked in the voluminous literature. 

QT, Tor the hatovieal and other relations of Menger’s work to that of others, 
espec, P, Urysohn (Russian), see Menger, Dimensionsheorie, Leipzisy 1932. 


H, P. Robertson) 


1, 


matical physics of the past, and try to imagine what kept them alive, 


8. Boole’s expansion in symbolic logic; 
calculus for functions of several variables. 
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4, C. 8, Peirce may have had it eaclier, If 20, it was not published where it would 
attract mathematical attention. 

6. No relation to W. R. Hamilton, the mathematician, 

6. Foundations of logic and mathematics, Chicago, 1939. 

7. Bull. Amer. Math. Soc. (trans., A. Dresden), 20, 1913-14, 81. 

8. There is plenty of it (1940) in the U.S.A. 

9. If these labore represent the ‘Siegfried line’ of the formalists, their opponents are 
already overarmed. 

Ga, R.A. Fisher, Statistical methods for research workers, Edinburgh, 1938. 

10. Or sardonically. Laplace was nobody’s fool, not even Napoleon’s, He came 
through the French Revolution and the restoration of the monarchy with his head on 
his neck, and with more money in his pockets than when all the fuss start 

11. ‘Common sense’ has changed meaning many times. Today (1945), ‘common 
sense’ is the one thing the so-called ‘common man’ never acquires. Whose European 
masses: the kind of sense, or lack of it, which they exhibit is be yon ‘calculation.’ 
Laplace, then, must have been jesting. 

12. See R.C. Tolman, The principles of statistical mechani 

13. Exposition and history in E. Hopf, Ergodentheorie, 

14. History of probability to 1899 in E. Czuber, Di 
lichbeitstheorie ws.%., Jahresbericks der deutschen Mathet 
‘This supersedes some of the older work of I. Todhugter? 

15. In a lecture, 

16. History, with attention to educational apBlications, in Helen M, Walker, 
Studies in the history of statistical method, Baltimote, 1929. 

‘eae K. Pearson, The life, letters and 1s of Francis Galton, Cambridge, 1914, 

18. Pearson's enthusiasm for W. iford’s intuitive dynamics and physics, 
for Clifford’s violent hostility to tradjtienal beliefs, influenced at least his earlier think- 
ing. Both Clifford and Pearson wes creative mathematicians; neither fitted the milk 
and-water, namby-pamby See ideal of the ‘great mathematician’ which seems 


ford, 1938. 
» 1937. 
fcklung der Wahrscheins 
cin., Leipzig, 1899, vol. 7. 


to be the accepted norm i ical accounts of mathematicians; and at least one of 


them would have hoot adhe idea that he was, or was to become, an object of rever- 
ence to generations of nts. 
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Four-color problem, 458 
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Fubini, G. G., (1879-1943), 357 

Fuchs, L., (1833-1902), 356, 412, 508 
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Functionality, generalized, 533-537 

Functionals, 378, 419, 530, 533-537 

Functions, 32, 141, 272, 283, 288, 289, $70 
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Fusetions, algebraic, 226, 346, 508, 509, 
510 
almost periodic, 509 
analytic, 290, 486, 493, 497 
arbitrary, 293, 516 
arithmetical, 306 
automorphic, 165, 412, 414, 506-508 
Bessel, 383-386, 919, 522, 523 
beta, 395 
circular, 106, 236, 288, 391, 506 
elliptic, 236, 288, 290, 304, 305, 312, 346, 
391-399, 494, 503, 507, $19, 520, 
534 XN 
modular, 238, 306, ROY 
theta, 313, 398, 503 
entire, transcendentalpd94495 
Euler’s, 310 . 
Fuchsian, 412 eS 


gamma, 2! 
harmo: 9, 491, 496, 523 


hyp ic, 497, 506 


hypttalliptic, 277, 321, 346 
ity of variables, $39 
itegral transcendental, 494-495 


“Lagrangian, 373 
Legendre, 523, 527 
of lines, 378 
logarithmic, 162 
Matheiu, 386, $23 
meromorphic, 494 
multiform, 499 
orthogonal, 106, 527-528 
periodic, 106 ‘ 
doubly, 165, 236, 391-399, 503 
multiply, 20, 499, 503 
quadruply, 503, 506 
potential, 389, 390, 470, 489, 490, 496, 
526, $39 
propositional, 557, 561, 562, $76 
rational, 492 
real variables, 470-485 
Riemannian, 496 
Riemann’s zeta, 315 
stream, 497 
theta, 290 
vector, 204 
Fundamenta mathematicae, 461 
Fundamenta nova by Jacobi, 304, 396 
Fundamental theorem, algebra, 120, 178, 
494 


analysis, 485 
arithmetic, 49, 218, 221-224, 256 
calculus, 153 

Furstenau, E., 476 
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Galois, E., (1811-1832), 178, 186, 197- 
198, 206, 212, 214, 218, 234, 236, 237, 
242-244, 357, 436-438, 448 

Galois field, 231, 251, 308 

Galois imaginaries, 311 

Galois theory, 212, 214, 218, 229-231, 
238, 240, 246, 255, 305, 321, 399, 401, 
423, 429, 431, 437, 466, 579, 599n., 
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Galton, F., (1822-1911), 589-590, 610n, 

Ganguli, S. K., $96n. 
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principle of, 539 
Gentzen, G., 575 o> 
Genus, S045 
Geodesic, Tah 379, 439, 450 
Geodesy, 58353, 491 
Geometiepbject, 44, 446 
by Descartes, 131, 139 
fe der Lage by von Staudt, 348 
Geometrie der Wirbelfelder by Féppel, 207 
Geometry, abstract, 248, 333, 465 
algebraic, 20, 187, 224, 228, 326-327, 
348, 349, 429, 499, 501, 503, S09 
510, 512 
analytic, 15, 19, 136, 138-145, 227, 288, 
336 
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Babylonian, 40 
bivector, 449 


Gelfond, A,, 276 

Genetics, 400, 589 we 

Géonitirie de position by Carnot, 338 
affine, 262, 264, 265 
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Geometry abstract, circle, 310-311 
codified, 442-446 
consistency of, 548 
on curves, 348 
defined, 419, 443, 452 
descriptive, 354 
differential, 19, 206, 211, 326, 353-360, 
370, 379, 515 
Egyptian, 42, 43 
elliptic, 331 
enumerative, 340, 463 
Euclidean, 327-329, 331-833, 364 | a. 
finite, 335 "< 
foundations of, 210, 212, 215 
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hyperbolic, 329, 331 
metric, 41, 69, 326329, 351 
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non-Archimedea 


intrinsic, 37 
non-Eucli 


Tine, 344-345 
gdh wie, 19, 354, 448-449 


ber, 306-307 
rabolic, 331 

postulates of, 183 

projective, 19, 59, 225, 260, 262, 263, 
264, 265, 326, 338-353 

projective differential, 356-358 

pure, 336, 348 
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Riemannian, 358, 359-360, 448, 449, 
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spherical, 331 
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synthetic, 18, 57, 80, 594 
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Girard, A., (71590-21633), 176, 178 
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G. Boole’s, 555 
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God, Archbishop Hildebert’s, 92 
C.G. f. Jacabi’s, 190 
L. Kronecker’s, 170 
G. W. Leibniz’s, 473 
Florence Nightingale’s, 588-589 
Plato’s, 190 
Gédel, K., 283, 553, 557, 572, 574, S75— 
576, 577, 581, 600%, 
Goldbach, C., (1690-1764), 316 
Goldbach’ conjecture, 316 
Golden section, 115 
Gombaud, A., 155 
Gépel, A., (1812-1847), 499, 6Odn. 
Gordan, P., (1837-1912), 227, 228, 429, 
430, 431, 432, 509, S61 
Goursat, E., (1858-1936), 604n. 
Gradient, 496 
Graffe, C. H,, (1799-1873), 597". 
Graphs, chemical, 456 
Grassmann, H. G., (1809-1877), 168, 180, 
195, 198-206, 207, 208, 209, 211, 231, 
342, 425 
Gravitation, Newtonian, 389, 447, 470, 


relativistic theory of, 210 
universal, 160, 162 
Great plague, 146 
G. ce (‘greatest common divis: 
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Green, G., (1793-1841), 112, 389, ae. 

Green, G.'M., (1891-1919), 356. 

Green’s theorem, 389, 498 

Gregory, D. F., (1813-1 

Grossmann, M., (187 
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i, 414 
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finite, 233264, 260, 322, 432 
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lina, 507 


ngruence, 311 
homogeneous, 241-242 
order of, 235 
orthogonal, 432 
manifold, 203, 254, 359 
permutation, 232, 240, 242, 432, 445 
postulates, 215-216, 240-241 
pseudo, 446 
quotient, 235 
solvable, 233, 236-237 
subgroup, 234-259 
normal, 234, 265 
proper, 235 
symmetric, 233 
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translation, 507 
Growth, 495 
Grundlagen der Geometrie by Hilbert, 334, 
335, 568, 575 
Guichard, C., (1861-1924), 408 
Guldia, P., (1577-1643), 59 
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484, 495, $29, 535, 5 ne 
Halley, E., (1656-174), 47, 287 


Halphen, G. H., (1 
Hamburger, M. 1903), 412 
Hamilton, W, 1856), 553 
Hamilton, (1805-1865), 20, 82, 
178, 129)"182, 184, 189, 198-206, 207, 
2 , 212, 231, 374, 459, 601n. 
Haal (1814-1899), 181, 482, 596n. 


Wc, H,, (1877-), 73, 314-316, 318, 
$478, $96n. 
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Harnack, A., (1885-), 482 
Harriot, T., (1560-1621), 174 
Harrison, J., (1693-1776), 416 
Hasse, H., (1898-}, 599, 
Hausdorff, F., (1868)-, 461, 543 
Heap, 127 
Heat, conduction, 293, 384, 422, 518, 522 
Fourier’s, 219, 293 
phlogiston theory of, 54 
theory of, 165 
Heath, T. L., (1861-1940), 5931., $961. 
Heaviside, O., (1850-1925), 207, 413, 384, 
605n. 
Hedrick, E. R., (1876-), 6070. 
Hegel, G. W. F., (1770-1831), 8& 
Heine-Borel theorem, 484 
Heisenberg, W., (1901-), 211, 587 
Hellinger, E., (1983), S41 
Helmert, F. R., (1843-1917), 592 
Hensel, K., (1861-), 226, 247, 510, S14 
Herbrand, J., (1908-1931), 575 
Hereditary, 30 
Hereditary genius by Galton, 589 
Hereditary phenomena, 528 
theory of, 536 
Heredity, 589, 592 
Hermite, C., (1822-1905), 237, 275, 302, 
305, 307, 311, 327, 399, 428, 499, 507, 
522, 605n., 608n. 
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Heron, (2nd cent. 2.c.), 38, 58 

Hertz, H. R., (1857-1894), 375 

Hexagram, Pascal's, 323, 333 

Heyting, A., (1888-), $72 

Hierarchy, of types, 562 

Hiero, 74 

Hilbert, D., (1862-1943), 72, 182-183, 
184, 212, 215, 226, 227, 228, 231, 238, 
246, 248, 263, 266, 318, 332-335, 376, 
379, 390, 416, 429, 438, 491, 526-529, 
537, $38, 539, $40, S41, 544, 548, 550, 
552, 587, 559, 561, 566, 569-570, S75~ 
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Hilbert-Schmidt method, $28 

Hildebert, Archbishop, (Lith cent.), 92 

Hill, G. W., (1838-1914), 417, 537 

Hindenburg, C. F., (1741-1808), 290 

Hindus, 18, $1-52 

Hipparchus, (2nd half 2nd cent. w.c.), 
38, 58, 136, 163 

Hippias, (4th cent. u.c.), 78, 80 

Hippocrates, (470?-? n.c.), 57, $96n. 

Hire, P. de la, (1640-1718), 159 

Hobson, E, W., (1856-1933), 196 

Halder, O., (1859-1937), 236, 260, 445, 
£78, 5991. 600n. 


(See also Jordan-Hélder theorem) 
Holonomic, 372-373 
Homomorphism, 167 


Hooke, R., (1635-1703), 162, 519 
Hopf, H. (HL), (894), 606n., 
Hopper, V. F., 596n. fe) 


Horace, 501 59, te 


Horner, W. G., (177318: 


Horology, 166 
Horticulture, 59 
(1661-1704), 284, 


Hospital, G. F, 


285, 374 
Hotelling, 95), S91 
Hudde, 28-1704), 174 


ears War, 109, 113, 659 


Hundry 
aot ton, E, V., (1874-), 335, 599n.) 


rt, 
& itz, A. (1859-1919), 218, 250, 431 
luygens, C., (1629-1695), 149, 156, 166, 
82, $53, 609. 
Hydrostatics, 75 
Hypatia, (d. av, 415), 85-86, 596n. 
Hyperbola, 59 
Hyperboloids, 75 
Hyperdeterminant, 425, 427 
Hyperquadrics, $37 
Hypocycloid, 336 
Hypothesis, ergodic, 40-541 
Riemann’s, 315, 316 
Hysteresis, 530 
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Icosakedron, regular, 238, 322 
Idea, Eternal, 54, 73, 139, 463 
Ideal, 218, 246, 260, 265, 555 
algebraic, 224 
arithmetical, 503 
division, 224 
number, 223 
polynomial, 227 
prime, 171, 224, 260 
rincipal, 324 iN 
broth, 54 \ 
unit, 224 Q 
Idempotent, 249 \ 
Identity, abstract, 217, ©) 
analytic, 339 oy 
Fibonacci’s, 108, ahs 


square, 268 


triangular, 253 
Iafeld, L., (1898-), 598n. 
Inference, calculus of, 555 
Infinite, 272-275 
descent, 157 
mathematical, 548 
paradoxes, 294 
totality, 193 
Infinitesimal, 289, 295 
Infinity, axiom of, 5637 
denumerable, 154, 275 
non-denumerable, 195 
Inflection, 346 
Inquisition, 
Institutiones cateuli differentialis by Euler, 


Institutiones calculi integralis by Euler, 
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Integer, 221, 223 
algebraic, 167, 171, 218, 221, 223, 260 
complex, 22: 
Gaussian, 222 
rational, 193, 221, 223 
Integral, abelian, 499, 503, 505, 506 
definite, 75, 292, 293 
elliptic, 165, 237, 288, 391-394, 
503, 506, 519 
Eulerian, 290 
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Integral, Hellinger, 541 
hyperelliptic, 506 
invariant, 379 
inversion of, 395-396 
minimized, 374 
Stieltjes, 476-477 
Integral formula, Cauchy's, 487 
‘Intégrale, longueur, aire by Lebesgue, 482 
Integration, Cauchy, 480 
complex, 498 
Denjoy, 482 
Lebesgue, 482, 541 
Riemann, 481-482 
theory of, 481-483, 543 
Integrity, domain of, 236 
Intelligence, testing, 585, 588 
Intelligence tests, 588 
International Mathematical Congress, 321 
Interpolation, 37, 406, 407, 475 
trigonometric, 517 
Intersection, postulates of, 264, 369 
Introductio in analysin infinitorum by 
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Intuition, 45, 464 
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geometric, 263, 49% 
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original, 559, 570 RN 
scientific, 387-390 
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Invariance, 228, 233, 0 

Invariant, 321 
algebraic, 211, 
differential, 
functional 


pro} 
moe 
venion, 172-175 
metric, 347-348, S04 


21, 438 


acobi’s, 503 
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